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2 The Metric tensor and Vector Transformations.

2.1 ?Properties
Jarg™ =64

2.2 "The Time-Signature of a Metric
A metric can have either positive or negative time-signature and we always have to be careful in which
signature we are working because it affects various quantities.

2.2.1 Negative Time-Signature
Minkowsky space:

ds? =rng,dx%dx?
-1
1
nab = 1
1
Geodesics:

ds? < 0 geodesics are time-like
ds? > 0 geodesics are space-like

ds? = 0 null-vector?
Proper time:
dr? = —ds?

= dr? > 0geodesics are time-like
dt? < 0 geodesics are space-like
The four velocity is time-like
u-u =-1

2.2.2  3“Positive Time-Signature
Minkowsky space:
ds? =ng,dx%dx?

1 Often you will see that this is called positive signature because this refers to the sum of the diagonal

2 About the null-vector | would like to quote Roger Penrose (Penrose, 2004, s. 414): “... unlike the case for a massive
particle | ds is zero for a world line of a photon (so non-coincident point on the world-line can be ‘zero distance’ apart).
This would also be true for any other particle that travels with the speed of light. The time ‘experienced’ by such a
particle would always be zero, no matter how far it travels!”

3 Often you will see that this is called negative signature because this refers to the sum of the diagonal

4 About the positive time-sighature | would like to quote Roger Penrose (Penrose, 2004, s. 413):
“..ds? = dt? — dx? — dy? — dz? is more directly physical, because it is positive along the timelike curves that are the
allowable worldliness of massive particles, the integral fds being directly interpretable as the actual physical time
measured by an ideal clock ...”
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1
Nabp = 1 1
-1
Geodesics:
ds? > 0 geodesics are time-like
ds? < 0 geodesics are space-like
ds? = 0 null-vector
Proper time:
dt? =ds?
= dr? > 0geodesics are time-like
dt? < 0 geodesics are space-like

The four velocity is time-like
u-u =1

>It isimportant to notice that in Special Relativity the sign convention and notation for time-like trajectories
is

dr? =dt? —dx? — dy? — dz?
where T can be interpreted as the local time-coordinate for the moving particle.

What happens to various quantities when a metric g,; changes time-signature.

The metric tensor Jab Changes sign
The line element ds? = ggpdx®dx? Changes sign
: 1 09ap  99ac 99
a _ d c c
Christoffel symbols [ = 5 a (c’)xc oxb axd> No change
1 ,
Tape = E (0agpc + Op9ca — 0cYan) Changes sign
Riemann tensor R%ca =0.T%4—04T%,+T%,%. —T%.T%,; Nochange
Ropca = GaeR%bea Changes sign
Ricci tensor Ry =R No change
®Ricci scalar R = g%Ry,, Changes sign
1
Einstein tensor Gap =Ry — Eg“”R No change
Energy tensor 8nGT,, = Ggp No change
1
Cosmological constant, A Gap =Ry — EgabR + gapA Changes sign

2.3
Doing the theoretical calculations it is most convenient to work in geometrical units, i.e. c = G = 1. But
what are the dimensions of the various quantities.

[9ap] =1

agab
a —
D

] = length™!

5| recommend the video: https://www.youtube.com/watch?v=Cg2tOUTE2F4 and it's Q&A

6 The Ricci scalar is also referred to as the curvature of the space, where R > 0 and R < 0 represents positive and
negative curvature. But also here you have to be careful because the sign of R depends on the signature. Look at the
cover of (Charles Misner, 2017) to see a list of sign conventions.
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[R%ca]l = [[%p]? = length™

[Rab] = [Rabcd] = length_z

[R] = [R%cq] = length™®

[Gap] = [R%cal = length™?
[A] = [Ggp] = length™?

[T,,] = energy * voloume™?!

= mass * (length = time™1)% x length™3 = mass * length™! = time ™2

2.4 The conversion factors between length and mass:

Recall
[G] =m3kg~ls~?
[c] =ms™?
Now
[lenght] = [mass]?[G]P[c]¢
= m = (kg)a(m3kg—1s—2)b(ms—1)c — (kg)a—b(m)3b+c‘(s)—2b—c
= a—b =0
3b+c =1
—2b—c =0
= a =1
b =1
c =-2
mass(kg)G

= length(m) >
c

2.5 The conversion factor between G, and T,

We look at
[Gap] = [c'G/Ta] | .
= length™? = (lengt » time~Y)!(length® » mass~"! * time~%)/mass * length™" * time =2
= length'™3/=1 « time™""%/=2 x mass~/*!
= j =1
i =-—4
= [Gap] = [C_4GTab]

2.6 Afew remarks on geometry

2.6.1 ‘Length in spacetime compared to Euclidian space.
In two-dimensional Euclidian space the distance between two events (X1, X2) and (x;, x3) is defined
as

x| = (x1 —x1)% + (x3 — x)?
In a two-dimensional spacetime’ the distance between two events (x!, x!)and (xt', x1')isdefined as
@s)? = —(xt —xt)" 4 (x¥ —x1)"
We choose the three points (events)
A =1, 7)
B =(4, 10)
c =, 7)

And compare the distances between the events in the Euclidian and the two-dimensional spacetime re-
spectively.

7nab={_1 1}
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Euclidian Two-dimensional spacetime

[AB|? | = (4—1)>+(10—-7)2 =18 | (Asyp)? | = —(4— 12+ (10—7)> =0 | Null-vector
JACI2 | = (7T—1)2+(7—=7)2=36 | (Asyc)? | = —(7—1)2+ (7 —7)? = —36 | Time-like
|IBC|? | = (7 —4)?>+ (7 —10)2 =18 | (Asgc)? | = —(7—4)2 + (7 —10)> =0 | Null-vector

2.6.1.1 Change of signature

It is instructive to change the signature® an copy the calculation i.e.
4s)° = (x' —xt)" = (x¥ —21)’

Two-dimensional spacetime

|AB|? | = (4 —1)?+ (10 —7)> =18 | (Asy5)? | = (4 —1)?> — (10 — 7)? = 0 | Null-vector

JACI? | = (7—1)?+ (7 —=7)?%=36 | (Asyc)? | = (7—1)?> — (7 —7)? = 36 | Time-like

|BCI? | = (7—4)*>+(7—10)2 =18 | (Asgc)? | = (7 —4)? — (7 — 10)?> = 0 | Null-vector
And notice that

Euclidian

|AB| + |BC| > |AC|
ASAB + ASBC < ASAC

So, if we imagine the point ABC is a triangle, the distance along AC is the shortest in the Euclidian space,
as we would expect, but in the space-time it is not.

2.6.2 “Thecircle
The circle in the Euclidian plane is described by

r? =x2+y?2=7r2cos?0 +r?sin%6
x =rcosf
y =rsinf
The analogy to the circle in the two-dimensional spacetime is
r? = —t>+x?
t =rsinhf
x =rcoshf

Introducing hyperbolical geometry

2.7 °Flat Minkowski space-time: The space-time of special relativity

Flat Minkowski spacetime is the mathematical setting in which Einstein’s special theory of relativity is most
conveniently formulated. In Cartesian coordinates with ¢ = 1 the line element is

ds? = —dt?+dx?+dy?+dz?
and the metric
-1 0 0 O
~Jo 100
B =)0 0 1 0
0 0 0 1

ds? < 0: time-like, inside the light cone
ds = 0: null-vector, on the light cone
ds? > 0: space-like, outside the light cone

2.7.1 Flat Spacetime in Spherical polar coordinates
The spherical part of the metric can be transformed?® into spherical polar coordinates by
ds? = —dt?+dx? +dy? + dz?
x =rsinfcos¢
y =rsinfsing

Snabz{l _1}

% Notice: No mixing of space and time in this transformation

http://physicssusan.mono.net

logik.susan@gmail.com


http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — The Metric Tensor — Chapter 2 21 March 2023
Susawn Larsen

z =rcosf
=sinfcos¢ dr +rcosfcos¢pdf —rsinbfsing do
dy sinf@sin¢ dr + r cos @ sin¢ db + r sin 6 cos ¢ do
dz =cosfdr—rsinfdf
= (sin@ cos¢p dr + r cos cos p df — r sin 6 sin ¢ d¢p)?
= sin? 0 cos? ¢ dr? + 2r sin @ cos 6 cos? ¢ drdf — 2r sin? 0 sin ¢ cos ¢ drdep
+ 12 cos? 0 cos? p dB? — 2r? sin 6 cos O sin ¢ cos ¢p dOd¢
+ 72 sin? @ sin? ¢ d¢?
dy? = (sin@sin¢dr +rcos@sing df + rsinf cos p dp)?
= sin? @ sin? ¢ dr? + 2r sin @ cos 0 sin? ¢ drd6 + 2r sin? 0 sin ¢ cos ¢ drd¢p
+ 12 cos? @ sin? ¢p dB? + 212 cos 6 sin O cos ¢ sin p dOd¢p
+ 72 sin? @ cos? ¢ d¢p?

U
S
R
I

U

&

R
[\S}
I

dz? = (cos@dr —rsinfdf)? = cos?0dr? +r?sin? 8 dO? — 2r cos 6 sin 6 dOdr
= (s? =1011121314—dt2+dr2+r2d92+rzsin29d¢2
-1 0 O 0
“Jo 1 0 0
9w =30 0 2 0
0 0 0 r?sin?6

In this chapter we will look at an important transformation that mixes both space and time — Lorentz
boosts. Lorentz boosts is a hyperbolic Lorentz transformation?®, which mixes space and time.

!

We can connect the two systems (t, X, ¥, Z)and (t', x', y', z') with the transformations

t" =tcoshf — xsinh@ (2.1.)
x' = —tsinh + x cosh @ (2.2.)
y' =y (2.3.)
z' =z (2.4.)

Where the parameter 6 is the hyperbolic angle which can vary from —oo to 400 and is related to the con-
stant relative velocity (v) of the two systems. It can be found if we look at a particle at restin x’ = 0

= x' = —tsinh8 + xcoshf =0
= v =d—x=E=Sinh9=tanh9
dt t coshf
And @ can in this context be treated as a constant, some like to think of it as a rotation between the two
systems.
Next we check if ds? is conserved
We need

dt' = cosh@dt — sinh0 dx

10 = sin? @ cos? ¢ dr? + 2r sin 6 cos 0 cos? ¢ drd@ — 2r sin? 0 sin ¢ cos ¢ drde + r% cos? 6 cos? ¢ d9? —

212 sin 6 cos O sin ¢ cos ¢ dOd¢p + r? sin? 0 sin? ¢ dp? + sin? G sin? ¢ dr? + 27 sin 0 cos 6 sin? ¢ drd6 +

27 sin? @ sin ¢ cos ¢ drd¢ + r2 cos? 0 sin? ¢ d9? + 2r? cos 6 sin 6 cos ¢ sin p dOd¢p + r? sin” 6 cos® ¢ dp? +
cos? 0 dr? — 2r cos 0 sin 0 drdf + r? sin® 0 d6? =

1 = sin% @ cos? ¢ dr? + 2r sin 0 cos B cos? ¢ drdd + r? cos? 0 cos? ¢ dO? + % sin? O sin? ¢ dp? +

sin? @ sin? ¢ dr? + 2r sin 8 cos 8 sin? ¢ drd6 + r? cos? 8 sin? ¢ d9? + r? sin? 6 cos? p dp? + cos? § dr? —
2r cos 0sin 0 drdf + r? sin? 6 d9?

2 = (sin? 0 cos? ¢ + sin? O sin? ¢ + cos? B)dr? + (2r sin B cos B cos? ¢ — 2r cosfsin O +

27 sin @ cos 6 sin? ¢)drd8 + (r? cos? 8 cos? ¢ + r? cos?  sin? ¢ + r? sin? 8)dO? + (r? sin? O sin? ¢ +
r2sin? 0 cos? ¢p)dp? =

13 = (sin? 0 (cos? ¢ + sin? ¢) + cos? B)dr? + (2r sin 8 cos 8 (cos? ¢ + sin? ¢) — 2r cos O sin 8)drdf +
72(cos? 0 (cos? ¢ + sin? @) + sin? 8)dO? + r? sin? 6 (sin? ¢ + cos? p)dp? =

14 = (sin? @ + cos? 8)dr? + (2rsin 8 cos 8 — 27 cos 0 sin 0)drdf + r?(cos? 8 + sin? 0)dO? + r?sin?  d¢p? =
5> Remember that a Lorentz transformation conserves the line element ds?
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dx' = —sinh0dt + cosh6 dx

dy’ =dy

dz' =dz

dt’®> = 16cosh? 6 dt? + sinh? 6 dx? — 2 cosh 6 sinh 6 dtdx
dx'> =17sinh? 6 dt? + cosh? 6 dx? — 2 cosh 0 sinh 6 dtdx
dy,Z — dyZ

dz'*? =dz*

ds'’? = —dt'’ +dx"? + dy'? + dz'*

18 — (cosh? 8 — sinh? 8)dt? + (cosh? 8 — sinh? 8)dx? + dy? + dz?
= —dt? + dx? + dy? + dz*
Finally we rewrite eq. (2.1.), eq. (2.2.), eq. (2.3.) and eq. (2.4.) in the more familiar form, choosing

1
=19———==20cosh 6
Y V1 —v?
' = y(t—vx) = hH(t sinh 6 )—t h6 — xsinh 6 (2.1)
=y vX) = cos oshgX) = teos x sin 1.
, sinh 6
x' =y(x —wvt) = coshd (x — t) = —tsinhf + x cosh 8 (2.2.)
cosh 6
y =y (2.3.)
z' =z (2.4.)

So by requiring two things: 1) ds? has to be conserved, 2) Mixing of space and time, we get the well-known
transformation equations in special relativity.

2.8
Yet another realization of flat space-time in two dimensions is the line element
ds? = —-X?dT? + dX?
2
o =5
This can be found from the coordinate transformation
t = Xsinh(T)
x = X cosh(T)
= dt = Xcosh(T)dT + sinh(T) dX
dx = Xsinh(T) dT + cosh(T) dX
= ds? = —dt?+ dx? = —(sinh(T) dX + X cosh(T) dT)? + (cosh(T) dX + X sinh(T) dT)?
= 21(cosh?(T) — sinh?(T))dX? — X?(cosh?(T) — sinh?(T))dT? = dX? — X?dT?

The coordinate transformation can be written in terms of the Jacobian matrix

16 = (cosh 6 dt — sinh 0 dx)? =

7 = (—sinh @ dt + cosh 0 dx)* =

8 = —(cosh? 6 dt* + sinh? 6 dx? — 2 cosh 6 sinh 6 dtdx) + sinh? 6 dt? + cosh? 8 dx? — 2 cosh 6 sinh 0 dtdx +
dy? +dz? =

Y Actuallyitisy = 1

but we choose to work in a framewerec =1

1
62

inh 6\ 2 cosh? -1 1
201—172=1—tanh20=1—(Sln ) =1- =
cosh 6 cosh2 @ cosh2 6

2t = —5inh?(T) dX? — X2 cosh?(T) dT? — 2X sinh(T) cosh(T)dX dT + cosh?(T) dX? + X? sinh?(T) dT? +
2X cosh(T) sinh(T) dXdT =
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Jat dt
{dt} _)oT oXx {dT}
dx ox ox | ldX
aT ax
= dt _6th+6th
S aT aX
v =2 ar %y
T ar X
= dt? (at ar + 2 ax )2 = (at)z d7"2+(at)2 ax? + 2259 irax
oT 0X ~\ar aX aT 0X
dx? <ax ar + 2 dX)Z - <6x)2 dT? + (ax)z ax? +229% arax
oT aX —\or 0X aT 0X
= ds? =-—dt?+dx?
B (ax)z <6t)2 . (ax>2 (6t)2 ix?
—\\ar oT aX aX
= —X?%dT? + dX*?
2 2
o —x2 :<a_x) _<ﬂ) (2.5.)
aT , aT ,
1 = (6_x) _<ﬂ) (2.6.)
X X
If you look at eq. (2.6.) the solution is obviously hyperbolic i.e.
= t = Xsinh(T)
x = X cosh(T)
2 dx\* ot\* : 2 2 2 2 2
S —x =<6_T) _<6_T) — (X sinh(T))? — (X cosh(T))? = —X2(cosh2(T) — sinh2(T))
= X2
1 = <6x)2 <6t>2 = cosh?(T) — sinh?(T) = 1
=\3x %) = cos sin =
2.9
The following line element corresponds to flat space-time
ds? = —dt? + 2dxdt + dy? + dz?
with the metric tensor
-1 1 0 0
_)J1 000
Gab 0 0 1 0
0 0 0 1
Find a coordinate transformation that puts the line element in the usual flat space-time form
ds? = —dt"”” +dx"? + dy’ 2 4 dz"”
We want to find the matrix, A%, '’ that transforms Ja'p' INtO Gap
Gab = Accllb 9a'p’'
We have
-1 1 0 0(-1 0 0 O
' 1p! 1 0 0 O 0 1 0 0
a'b — aa'b — ab _—
A A ab ga b g gabg 0 0 1 0 O 0 1 O
0 0 0 1 0 0 0 1

22 Notice: Mixing of space and time in this transformation
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1 10 0
_,)-100 0
0 0 1 0
0 0 0 1
= t =t —x'
x =t
y = y,’
zZ =17Z
= dt =dt' —dx’
dx =dt’
dy =dy'
dz =dz’
= ds® = —dt? + 2dxdt + dy? + dz? = —(dt’ — dx')? + 2(dt')(dt’ — dx') + dy'* + dz'?

= —dt'? — dx'? + 2dt’dx’ + 2dt'? — 2dt'dx’ + dy'* + dz'*
=2 —dx"? +dt'2 + dy'* + dz'*

A Penrose diagram is a method to map the infinite coordinates such as t, with the range —oo <t < 400,
and r, with the range 0 < r < 400, into to coordinates with finite ranges.
Begin with the flat space-time line element in spherical polar coordinates

ds? = —dt?+dr?+1%d6? + r?sin? 0 dp?
and replace t and r by the coordinates
u =t—r v =t+r
Co=s+v) 7 o=
=5 u+v =3 Uu—1v)
1 1
dt = E (du + d'l?) dr = E (du - d'l?)
= ds? = —dt?+dr?+1r%d6? + r?sin® 0 d¢?

1 2 1 2 1 2
. (z (du+ dv)) ; <§ (du— dv)) ¥ (5 - v)) (d6? + sin” 0 dp?)

1 :
= —dudv + 7 (u—v)%(d6? +sin? 6 dp?)
The (u, v) axes are rotated with respect to the (t,1) axes by 45. Radial light rays travel on lines of either
constant u or constant v. Remember radial light rays has constant 8 and ¢ and ds? = 0, which leaves us

with dudv = 0.

Make a further transformation of u and v to new coordinates u’ and v'.
’ 1 ! 1

u =tan " u v =tan v
u =tanu’ v =tanv’
du =(1+tan?u)du’ dv = (1+tan?v")dv’
1
> ds? = —dudv+((u- 1)) (d6? + sin? 6 d¢p?)

1
= —(1+tan?u')(1 + tan? v')du'dv’ + 7 ((tanu’ — tan v’))z(al@2 + sin? 6 d¢?)
Map these coordinates into a (t', ") diagram, where

! !

u =tanlu=t'—-r" v =tanlv=t+71'

23 Notice: The transformation matrix is not necessarily symmetric.

1 1.0 0\(-1 0 0 0y (-1 1 0 0
" o _aw, _J-1 00 0(Jo 100(_)J1 000
We check: gar =Aap’ 9o’y =Y 0 o 1 o()o 0 1 o(")0 0 1 0
0o 00 1Jlo o0 0 1 0 0 0 1

10
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Because tan~ ! x lies between — % and + % the ranges for (u', v") and (t',r") are finite. This is another
example of how the infinite coordinates (t, ) is mapped into a finite region.

2.10
A local inertial frame is defined by the conditions

ap(X'p) = Nagp

09ap

ax'v
X=Xp
This means that if you have a system described by a metric g,it can locally in a point P be transformed
into the flat space-time metric 7,5. Furthermore the first derivatives of the transformed metric vanish.

This is best illustrated by an example.

=0

The line element of the geometry of a sphere with radius a is
dS? = a?(df? +sin? 0 d¢?)
At the north pole 8 = 0, and the metric doesn’t look like the metric of a flat plane at all. Can we find a
coordinate transformation so that
dS? =dx? +dy?
1 0
9ij = {0 1}
™The Riemann normal coordinates
x =afcos¢
y =alfsing
At the north pole both x and y are zero.
Next we calculate
x2+y? = (aBcosp)? + (absinp)? = a?62(cos? ¢ + sin? ¢) = a?H?
1

= 0 =—\x2+y?
a
y a6 sin ¢
- = =t
> x ab cos ¢ an ¢
1 (Y
_ 1(2
= 0] tan (x)
The differentials
1 1 1
de =d (—w/x2 + y2> =————(2xdx + 2ydy)
a az2\x?+y?
1

1
= e = (xdx + ydy)
d(tan¢) = (}—1)

X
1

> (I+tan?¢)dp =-dy—-2dx

y — — —

= <1+(;) )d¢ = —dy - dx

= (x2+y?)d¢ =xdy—ydx
xdy — ydx

d
= ¢ xZ +y2

The line element
dS? =a*(df?+sin?0d¢p?)

11
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2
xdy — de)2

02
2(xdx+ydy) + sin 9( 2Ty

I
Q

x2+y
x? y? 1
_ 2 ¢in2 2
= 2526 (xz )7 + T 15772 a“ sin (a\/xz + y2)> dx
y? x? 1
+ ( + 72 a? sin? (E\/xz + y2>> dy?

x2+y2 (x%2+y

xy xy . 1
+2 ( 2T G 1 57y a? sin? (a\/xz + y2>) dxdy

x%+y

The metric tensor , ,
Jxx = xzj—yz + o _}|/_y2)2 a®sin ( JxZ+y? )
2 2
Gyy = xz}-/l—yz + o -T—yz)z a®sin ( JxZ+y? )
G = 0= e i (LT 7)
If we evaluate these around the north pole where x and y are small?’

2
y
G =173g
Gy —1-2
xy
Ixy = Gyx = 342
2 2
y xy X
= dSZ =<1—ﬁ>dx2+2WdXdy+(1—W>dy2

At the north pole i.e. (x,y) = (0,0)
9ap((x,¥) = (0,0)) = nap
agaﬁ
Y
I | y=00)
We have proved that the sphere is locally flat at the North Pole. Of course, this is true for any set of coor-
dinates on the sphere, because it is simply a matter of rotation.

=0

B= =7 L (x2dx? + y?dy? + 2xydxdy) + (asme) (x2dy? + y?dx? — 2xydxdy) =
1 0 0 )
26 — P ((xz + axzsj:;z 2) dx? + (y n a? 251+n . 2) dy? + 2xy (1 _ ax sin? )dxdy)

27 Use wxMaxima http://maxima.sourceforge.net/to evaluate the Taylor polynomials to second order:
g xx(x,y) := xA2/(xA2+yr2)+ar2*sin(1/a*sqrt(xA2+yA2)) *sin(1/a*sqrt(xA2+y"2))¥yA2/(xA2+y~2)A2;
g_yy(xy) := yr2/(xA2+y"2)+ar2*sin(1/a*sqrt(xA2+y”2))*sin(1/a*sqrt(xA2+y"2))¥xA2/(xA2+yA2)A2;
g_xy(x,y) :=x*y/(x"2+y~2)-a”2*sin(1/a*sqrt(x*2+y~2))*sin(1/a*sqrt(xA2+y"2))*x*y/(xA2+y"2)A2;
taylor(g_xx(x,y),[x,y1,[0,01,[2,2]);

taylor(g_yy(x,y),[x,y1,[0,0],12,2]);

taylor(g_xy(x,y),[x,y1,0,01,[2,2]);

g xx(x,y)=1-y*2/(3*ar2)+...

g yy(x,y)= 1-xA2/(3*a”2)+...

g_xy(x,y) =(y*x)/(3*a"2)+...

12
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2.11

The line element is predicted by general relativity for small curvatures produced by time-independent
weak sources, and it is a good approximation to the curved spacetime geometry produced by the Sun.

ds? =—<1 2P ()>(d)2 ( Zdz( )>(d2+dy + dz?)

Cb(xi) is a function of position satisfying the Newtonian field equation® V2®(X) = 4mwGu(x)and assumed
GMg

to vanish at infinity. For example outside Earth ®(r) = —

We look at a system where two light signals are emitted in a system A, described by a world line (ct, x,4),
with a proper time separation At,. We want to predict: what is the proper time separation Atz in a system

B, described by a world line (ct, x) in a static weak field limit where ;—‘Z « 1.Thisimplies dx = 0, ®(x') =

2
®(x;,0,0) = d; and dt? = —dciz. Also notice that because the metric is independent of the coordinate t,
At is the same in both systems. This leads to
dr; ? ( ) (dt)?
20
= Aty = (1 + —2A> At
c

@,
Aty ~28 (1 + —2> At
c

Pp
c
Eliminating At we get
@p
(1+) @u\ (P
Aty = —cDArA~29 1 + — |1 —— Az,
(1+2%) ‘
CD D,
b ~ (14225 %),
which tells us the observed fact, that when the receiver B is at a higher gravitational potential than the
emitter 4, the signals will be received at a slower rate than they were emitted and vice versa.

Next we want to look at the motion of a particle in this weak field geometry and show how it leads to
Newton’s second equation.
"We use the Lagrange method of extremal path

First we find the proper time 17,5 between two points A and B.
1

B B/ Js2\Z
o= fl= [ (%)
1
B 2
:f <<1+2¢(x)>d £2 %(1 mm) (dx? + dy? +d22)>
4 c? c c?

28\/1+x~1+§xifx «1

9 1 1-_xifx«1
1+x

13
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N

[l (1+ 25 (- ) @) @)
fB dt( 2q>(x) %2(1 B Zng;z)) 2)5
1

20 (% V2 20(2)V2\2 B 20(%) V?
[ T Yt 200 T
c? c N c c

20(%) & B O(X) 1V?2
Y Yl Y Y LI L
4 2\ ¢ c 4 c 2¢
The Lagrangeis (c = 1)

1—> - 1 5 . . -
L =1—§V2+Cb(x)=1—§(x2+y2+zz+cb(x)

The Lagrange equation

<!

N[

d /0L JL
——( ) + 2 =0
dt\ox'/ dxt
oL 6(1——(x + 92+ 22+ (X)) '
0x = 9% -
d (aL) .
—— = —X
dt \0x
1 —
oL 1-5V2+ o
oL 6( SVe+ (x)) 00 (3)
dx = =
B0 ) dx 0x
> -+ =0
(’)xz
d*x S
= — =-=-Vox
Tz (x)
Multiplying by m on both sides
a3 _mVO (@)
Mgz
We recognize Newton’s second equation
ma =F

We can interpret this as a particle of mass m moving along a geodesic in a spacetime created by a gravita-
tional field ®(¥).

2.12

This is maybe not that relevant in the GR context, but when | came across this curious “back on the enve-
lope” calculation on how to use a some simple space-time calculation including a fifth dimension, | just had
to present it here.

To describe the consequences of a fifth dimension we can use the familiar Minkowsky spacetime plus an
extra spatial coordinate. We imagine the extra dimension as a small circle with angular coordinate Q
(0 < Q < 2m) and a fixed radius R

ds? = —dt?+dx? +dy? + dz* + R?dQ?

30 Emitting elements of higher order
VT +x~1+-xifx « 1
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= g pdx?dxB
& \

we

To detect the fifth dimension we can imagine an electromagnetic wave with the five-dimensional wave
vector k4. This wave can be described by
@, (x) o cos(k-x)
Where
kA = (kK k) = 32(w, k, k?)
The wave form implies that the wave has to be periodic in {1 with period 2m i.e.
(kq-x%) = gaak®x®
Now assuming that x* = 21 we find
R?k2m =n-2m
n
= ke = 2z
As in the four-dimensional case we assume conservation of five-vector i.e.
kok = gupkAk® = —w? + k2 + R2(k?)” = —w? + k% + R? (%)
2
= —w? +ﬁ+(f) =0

2

) R
2 _73. ("
= @7 =k%+ (R)
If n = 0 we are back to the well-known four-dimensional case were
E =hw=hk
In order to detect the fifth dimension we need an extra energy of minimum
h
E' >—
R
If R is of the order of the Planck lengtht:
hG
= |5 =~161-10"*m
c
With the corresponding Planck energyu:
hcS
Epp = -~ 122 10°GeV

We can see that the needed energy E' is much larger than any accelerator energy produced today*, and
we will not be able to detect these small extra dimensions with our current technology, should they exist.

2.13
Flat space in Cartesian coordinates
ds? =dx?+ dy?
Flat space in polar coordinates
ds? =dr? +r?d¢?

32 Remember the four-impulse: p* = (E,p) = (ha), hﬁ) ski=w
33 The LHC in CERN has reached 13 TeV in summer 2017 - https://arstechnica.com/science/2017/05/the-lhc-is-start-
ing-another-year-of-high-energy-physics/
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The coordinate transformation can be written in terms of the Jacobian matrix

dx Ox
{dx} _ig %f{dr}
dy) — |oy ody(ldo
ar 3¢
O0x O0x
= dx =§dr+£d¢
dy —a—ydr+g—3;d¢
> dx? :<a_xdr+a_xd¢)2=(a—x)2dr2+(a—x)2 dp? +2 2% Grde
ar " T or). 2 or 0
dy? (ayd +—¢d¢) =(Zi) dr2+(%) d¢2+23yg3];d rd

= ds? =dx?+dy?

2 2
(3o () + ) 2 e

=dr? + r2de¢?
2 2
> 1 = (a_x) n (a_y) (2.7.)
ar , ar ,
r?2 = <a_x) + <a_y) (2.8.)
do do
_0x0 dy d
xox + = el (2.9.)
~or 6¢ ar 6¢
If you look at eq. (2.7.) the solution is obviously a trigonometric function i.e.
= X =rcos¢
y =rsing
= 1 = (cos¢)?+ (singp)? =1 (2.7.)
r? = (-rsing)? + (rcos¢)? =1r? (2.8.)
0 =cos¢p(—rsing)+singprcos¢ =0 (2.9.)

Look at the line element of the two-dimensional plane in polar coordinates (68 = 0)
ds? =dr?+r?d¢?
and make the transformation, for some constant a

a
T = —
,rl
a?® a’®
J— — !
4
= dr? = %dr’z
4 2\ 2 4
a a a
> ds? = ﬁdr’z + (7) dp? = ﬁ(dr’z +1r'%d¢?)

This line element blows up atr’ = 0. Not because something physically interesting happens here, but

2
simply because the coordinate transformation r = % has mapped all the points atr - o intor’ = 0.

*We can show that that the distance between ' = 0 and a point with any finite value of r’ is infinite, which
corresponds to the distance between some finite value of r and r — oo:

16
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r’! 4 r’! 1 ddr2 r' 1
de :f \/a_ﬂ} (dr'2 +r'2d¢?) = azf dr'\]7<1 + r’z( ¢,> > = 34a2f —dr'
0o AT 0 r dr o T

!
r
aZ
=|—-——| -

r!
0

2.13.3 YThree-dimensional flat space in spherical coordinates and vector transformation
The line element
ds? =dr? +r?df? +r?sin? 9 d¢?
The metric tensor

1
Yabp = r?
r2sin? 0

xa ( 1 1 )
= TI-—I—
rsin® 'cos? @
Xo =YgapX®
= X =gnX = (1 )(T‘) =r

Xo = gooX? = () . )=—
6 =906 N rsin@/ sin®

X¢ = g¢¢X¢ = (T'Z sin2 9) ( ) =12 tan2 0

cos2 8

a — r 2 2
= X _(r'sine'r tan 9)
2.14 The line-element and metric of an ellipsoid

The line-element of an ellipsoid in Cartesian coordinates
|z

ds? = adx? + bdy? + cdz?
We use the parameterization

X =cos¢sind
y =sin¢sind
z =cos0

With 0 < ¢ < 2min the xy-plane and 0 < 8 < m where the z-axis corresponds to 8 = 0.

dx = a(cos¢pcosfdf —singsinb dep)

dy = b(sin¢ cosb db + cos ¢ sinb deo)

dz = —csinfdf
dx? = a?(cos¢ cosf df —sin¢sinf d¢)?

= a?[cos? ¢ cos? 8 dO? + sin? ¢ sin? 8 dp? — 2 cos ¢ cos O sin ¢ sin 8 dOdP]

dy? = b[sin? ¢ cos? 0 dB? + cos? ¢ sin? 0 dp? + 2 sin ¢ cos 6 cos ¢ sin 8 dOd¢]
dz? =c?sin?0do?

34 99 _
dr’
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Collecting the results in terms of d82, d¢? and d8d¢ we get the line element
ds? = [cos? 6 (a? cos? ¢ + b2 sin? ¢) + c? sin? B]dO? + sin? O (a? sin? ¢ + b? cos? Pp)d¢p?
+ 2(b? — a®)(cos ¢ cos @ sin ¢ sin 6)dOd P
and the metric tensor
_ {cos2 0 (a? cos? ¢ + b%sin® p) + c?sin?8 (b? — a?®)(cos ¢ cos @ sin ¢ sin 9)}
Gab = (b? — a?)(cos ¢ cos B sin ¢ sin B) sin? 6 (a? sin® ¢ + b? cos? ¢)
As a curious observation, you can now calculate the line-element and metric tensor of an idealized egg.
For an idealized egg we can choosea = b = %c
= ds? = a?[(cos?6 + 4sin?0)dH? + sin? 6 d¢?]
2 .2
:az{cos 0 + 4sin” 0 0 }
. 0 sin? 6

2.15
For a diagonal metric of the type
ds? = goodx°dx® + g,dxtdx + g,,dx?dx? + g33dx3dx3
you can define proper length elements in the various coordinates as
dit = .[gy dx?
dli> = .[g,,dx?
di} = .[gs3dx®
The area element
dA =dl*dl? = [gi19.,dx dx?
Notice, that it is not always the g;; and g, that are involved in the calculation of the area. As we shall
see below it can also be the g,, and g33
The three-volume element
dv  =dIdI*dI® = \[g11922933dx dx?dx3
The four-volume element

dv = \/—900911922933dx0dx1dx2dx3
In the case of a non-diagonal metric the four-volume element is

dv =.—gd*x

where g is the determinant of the matrix gqp

The line element of flat space-time in polar coordinates

ds? =—dt?+dr?+r2d6?+r?sin?0d¢
The proper length elements

dit =dr

dli> =rdo

dli® =rsinfd¢g
The area element

dA =dI?dI® =r?sin6dod¢
The area

T 2T
sin @ dej d¢ = 2mr?[—cos0]F

A =fdA=ffrzsin9d9d¢=r2_[
0

0
=2nr?(—(-1-1)) = 4mr?
The three-volume element
dv = dI*dI*dI® = drdA = r? sin 6 drdfd¢
The three-volume

18
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3
-1’ =—=r
3

T 1 .17 4
1% :de:fffrzsinerd9d¢=ffr2drdA=4nf rzdr=4n[ 3] = ;T
0 0

Collection the results

A = 4mr?
v _47‘[ 3

We recognize the familiar values.

The line-element of a peanut geometry is
3
ds? = a?d6?+ a?’f?(0)d¢?f(0) = sin6 (1 — Zsin2 9)
dl* =adb

dli> =af(8)deo
The distance from pole to pole (¢ = 0)
T

d :fdllzfad9=an
0

The circumference at a constant angle 6

2T 2T 3
C =/[dl*= f af(@)d¢ =af(0) | d¢ = 2naf(8) = 2nasinb (1 — Zsin2 6)
0 0
At the center or equator 8 = %

C = 2masin (g) (1 —%sin2 (g)) = 2Ta (1 —Z) = ga

The area of a peanut
T
A =[[adltdl? = azj f(G)def dp = 2na2f
0 0 0

T 3 -1 3
= 2ma? -[ (1 ——(1 — cos? 9)> sinf df = —2ma? f <1 ——(1- xz)) dx
0 4 1 4

s -1 i T
= —Eaz.[ (14 3x?)dx = —Eaz[x +x3]7t = —Eaz(—l -1-1-1) = 2na?
1

2T s

3
sin @ (1 - Zsin2 9) de

The line-element
ds? = a?[(cos? 6 + 4sin®6)dO? + sin? B dp?]
The circumference of the egg at constant

21
ce) = j asinfd¢ = 2masinf
0
The distance from pole to pole

s T
Apole—to—pole = f a\/cos2 6+ 4sin?20do = af V14 3sin?26d6 = 4,84a = 0,77 * 2ma
0 0

The ratio of the biggest circle around the axis to the pole-to-pole distance is
T
c(o=3) __2ma__
dpole—to—pole 0,77 x 2ma

The surface area of an egg

1,3

2T

T
A =a2J sin 0 1+3sin29d9_[ d¢ = 3,41 * 21 a?
0 0
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2.15.4 Distance, Area, Volume and four-volume of a metric
ds? =—(1—-A4r?)2dt? + (1 — Ar?)?dr? + r?d68? + r? sin? 8 d >
= dl® =(1-Ar?)dt
dit = (1-A4r®»dr
dli> =rdo
dlI® =rsinfd¢
The proper distance along a radial line from the center r = 0 to a coordinate radiusr = R

R 1 1f 1
I =fdl'*= f (1—-Ard)dr = [r — —Ar3] =R (1 ——ARZ)
0 3 0 3
The area of a sphere of coordinate radiusr = R
T 21
A = [ [dl?d :sz sinedef d¢ = 4mR?
0 0
The three-volume of a sphere of coordinate radiusr = R
R T 2T 1 1 R
v =[[[dl*dl?dI? =f r2(1 —Arz)drf sinfdf | d¢ =4n [§r3 —§Ar5]
0 0 0 0

4m 3
=5 R (1-548%)
The four-volume of a four-dimensional tube bounded by a sphere of coordinate radius R and two t =

constant planes separated by a time T
2m

T R T
v = [[[[di°di*di?dl® =f dtf r?(1 —Arz)zdrf sin@df | d¢
o Jo 0

R
1
= 47rTj r2(1 + A%r* — 2Ar?)dr = 4nT [§r3 +—r7 ——7r
0

Az 24 "
7 5 ],
4 64 , 34
=—TR3<1——R2+—R4>

5 7

2.15.5 Distance, Area and Volume in the Curved Space of a Constant Density Spherical Star or a Homogenous
Closed Universe
The spherical line element is (a is a constant related to the density of matter)

1
=———dr* +r*d6* + r?sin® 6 d¢?

ds? — r
1-(3)
The proper length elements
1
dit = —dr
1-(3)
di? =rdo

dlI® =rsinfd¢
The circumference around equator wherer = Rand 8 = %

2m
C =Jdl3=J rsinf d¢p = 2nR
0

The distance from the center (r = 0) to surface (r = R) along a line where 8 = const. and ¢ = const.

. _1 r R . _1R
= 35¢q [sm —] =asin” —
alog a

R 1 R a
= dll=f —dr=f ———dr
S f 0 [1_(1)2 o VaZz —r2
a

dx L1 X
=sin -
a2—x2 a

3 (Spiegel, 1990) (14.237) |
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The area of the two-surface atr = R
2T

T
A =fdA=fdlZfdl3=szsin9d9f d¢ = 4mR?
0 0

R 2
L ==l
0 T 0
- (@) )
= 36471q fsin_1 (z) S - ’ = 4ma’ lsin_1 (Z) - (1)2
2 a’ 2 0 2 a’  2a a
0
s (-2 -
= dma’ | osin™H — ) = o= .

IS Y 11(5)3 _ 5(1 _1(5)2) anat ) <11(5)3 +1<5)3)
2\a 23\a a 2\a 2\23\a 2\a
4n

= ?R3
Collecting the results:
The circumference around equator wherer = Rand 0 = %

C =2nR

The distance from the center (r = 0) to surface (r = R) along a line where 6 = const. and ¢ = const.

The volume insider = R is

b 2
=[dv=[[[di*di?dl® = sinfdf | d¢ =4mna r
0

fm

S =asin"1—
a

The area of the two-surface atr = R
A = 4nR?
The volume insider = R is

1 R R R
V =4na®| =sin?! (—) - |1- (—)
2 a 2a a

2

2.16

(9oo
Jabr = { g1 }

k 933)

|gan|l = 900911922933

xdx _ xyai-x2  a® . _jx

36 (Spiegel, 1990) (14.239) fJ — = K +—-sin”! >
13x5 | 135%7

(Splegel 1990) (20 27) sin™ X =X + - + a? + m7

(Splegel 1990) (20.12)V1+x =1+~ x ——x + i x3 ..
39 ;¢ R
lf " <1
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911922933
> g% = 1 900922933 .y
|ganl 900911933
900911922
2.16.2 Inverting a non-diagonal two-dimensional tensor.
_ {911 .912}
Yab 921 922
|ganl = 911922 — 912921
922 —Y12
ab —
Z 9 19ap] {—921 gi1 J
2.16.2.1 ®"Example
2
1
Gab — {xl _1}
|gap| =—-x*—-1 " "
-1 (-1 -1 !x2+1 x2+11
ab  — = 40
-9 peane | IERY 1 —x?
kx2 +1 x%2+ 1J
2.16.3 Inverting a non-diagonal four-dimensional tensor.
Yoo Jo3
9
Gap = 11 Gas
930 933
( 933 _ YJo3 )
900933 — Y0330 900933 — 903930
1
> g% =/ 911 ) !
922
_ 930 Yoo
\ 900933 — 903930 900933 — 903930 /

2.16.4 “Example: The Godel Metric tensor.
(1 0 0 e*

\
1 0O -1 o0 0
9Jap =533 0 0 -1 0

1
900933 — 903930 = Eer — e = —Eezx

e L B e Y .

2 —_—
a0 P 4 1) )x%+1 x2+1( _ X241 xZ+1 x2+1  x2+41 (_ (1 0
Checking: { 1 _1}{ A } = { . . . _xz} = {0 1}

xZ2+1  x%2+1 t (_1) xZ+1

xZ+1  x2%2+1 x2+1
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-1 0 0 2e7%
- ab  — 4192 -1 0 0
9 2w 0 -1 0
2e7 0 0 —2e%

21 March 2023

The Kerr metric of a spinning black hole with mass m and angular momentum S.

5 2mry . 4amrsin® 0 DI 5 , . o, 2a*mrsin®@\ 5
ds? = (1—T)dt e dtd — T dr? = 3d6? — (12 + a2 + ————— ) sin? 6 dp
A =7r2-2mr+a?
Y =r?2+a?cos?f=r?+a%—a?sin? = A+ 2mr —a?sin? 0
S
a = —
m
The metric tensor
f(l Zmr) 2amr sin? 0 )
) )
X
Gap = A \
—X
2amr sin? 0 , . o, 2a*mrsin®@\
—|r*+a*+——-—sin* 0
\ X >
with the inverse
(gtt gtqﬁ\
A 1
X
T
gl¢t g%9) ,
amr
fﬂ ((r? + a®)? — Aa?sin? 0) A
A
_ 2
=< 1 g
hX
2amr (A — a? sin? @)
A YAsin29 /
where we can calculate gt¢, g*®?, g®% from the inverse®
1 9o —9te
@ = 2(—9¢t YGtt
9ttdep — (9¢t)
10 o0 -1 0 0 2
0 -1 O 0
. 1 0 -1 0 0
“Checkingis—=40 o0 -1 0 (20 0 0 -1 0
eX 0 0 e 2e* 0 0 —2e7%
—1+e*2e™™ 0 0 2e7* + e*(—2e7%%) 100 0
0 (=1)(=1) 0 0 o100
0 0 (—1)(—1) 0 “J)o 0 1 O
Lex(—l) +-e2*2e7 0 0 e*2e™* +§eZX(—2e—ZX)J 000 1
ofa bY'_ 1 (d b
{C d} " ad-bc {—C a }
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First we calculate the common factor

1 2mr\( ,  ,  2a’mrsin®@\ 2amrsin? 6\
2 = —(1——) r’+a?+—————|sin? - | ————
9ee9p — (9gt) z z z

3 (1 2mr> 2, 2+20L2mrsin29 <2amr)2 2 1
- AU 3 x )0 sin? 0

1
s o 2a’mrsin? 0\ 2mr 5 5
Bl—|r“+a”+ 5 + 5 (r*+a*)

sin2 @

_1
2mr 2mr
2 2 2 in2 2 2
< (r +a* + S a“ sin 9>+ S (r +a)> Sz o

-1
2mr 1
=#|—-0?+a?)+— (12 +a’cos? ) _
P sin2 @
2mr \" 1 1
— [ —(2 2 > — (—(+2 2 2 -1
( (" +a%) + z ) sin2 @ (=(r" +a%) + 2mr) sin2 @
= T Asin?0
Now we can calculate the inverse metric
2a?mrsin? 0
— (42 2 e Itrolll V) .2
gt 9o ~ 9o (r +a°+ 5 )sm o
- 2~ Asin2g in2
Gee9pp — (9¢t) Asin® 0 Asin< 6
1/, ,  2a*mrsin®6 1 s 5 -
=3 r +a +# =ﬂ(2(r + a*) + 2a“mr sin“ 9)

1
= ﬁ((rz +a%cos?0)(r? + a?) + (r? + a* — A)a?sin? 9)

1
= ﬁ((’"z +a%cos?0)(r? + a?) + (r? + a®)a?(1 — cos? ) — Aa?sin? 6)
1

= ﬂ((rz + a?)? — Aa®sin? 9)
' It Jte 1 2amrsin?@ 2amr
g == 2 = ) = — =
gttg¢¢_(g¢t) Asin“8 Asin“ 6 X A
o6 = Gt __9n 1 ( 3 2mr>
g AsinZ 6 AsinZ @ T

9etGop — (9¢t)2

1 1
=T r o 32n = 2 in2
__EAsinZH(E_zmT)__EASmZQ(A'l'Zmr_a sin® 6 — 2mr)
_ (A—a*sin®6)

>Asin2 0

2.17
Two metrics are conformally related if
g,ab = fz(x)gab
A metric is conformally flat if
ab = fz(x)nab

-1
2a?mrsin? @ 2mr 2a?mrsin? @ 2amr\2 . 1
43:(—(r2+a2+ > )+ Z(r2+a2+ P )_(2 )szg inZo

4= (— (rz +a®+ 2):ﬂa2 sin? 9) + Zzﬂ(rz + a? cos? 0 + a? sin? 9)) =
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