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9 The Energy-Momentum Tensor

9.1 aConservation of energy
In GR the conservation of energy is expressed in the conservation equation

VaTab = 0
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Where T, is the stress energy tensor — the right hand side of the Einstein Equation. Notice that only the
index a is summed over here. This indicates that the conserved quantity is not a scalar but a vector, namely
the well known energy- momentum 4-vector, p,.

The T,;, tensor includes all the different densities and fluxes of energy and momentum, and we will in the
following chapters look at some examples. You might also want to look at the chapter on cosmology where
the Robertson-Walker spacetime is analysed for some different T,j, (The Friedmann Equations).

9.2 b The Einstein equation with source
You can show that in a spacetime of dimensionn + 1 > 2, the Einstein equation with sources is equivalent
toRgp =k (Tab - nT—_CClgab)
The Einstein equations with sources and a cosmological constant are
Gap = Rgp — %gabR + Agap = KTqp
Contracting with g%?

1
= g%Ry - EgabgabR + A9 g = KGPTyp

1
= R—s(m+DR+ @+ DA =T
1
= —E(n—l)R+(n+1)A = kT
1 1
"R =- T — (n+ DA
= 5 (n—l)(K (n+ 1)A)
1 1
= S9apR =-— =D (kT gap — (n+ 1DAGap)

Substituting this into the Einstein equation we find
1
= Rap  =kTqp + EgabR —Agap

1
=KTgp — m (KTgab - (n+ 1)Agab) —AGap

T 2
=K (Tab - m%w) + mAgab

If A = 0 we have
Tf
Rap =K |Tap — 1) Ja (9.1)
In four dimensions (n = 3) these will have the more familiar looks
1
Rap — EgabR +A9ap = —8mGTyp
1
Rgp = —8mG (Tab - ETgab> + A9ap

9.3 cPerfect Fluids
The most general form of the stress energy tensor is
T = Au®ub + Bgab
In the local frame we know that
p 0

0 0
pab —J0 P 00

00 P O
000 P

Y9%Rap =R, 9" gap =n+1,9%Tey =T =T¢
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where ?p is the mass density and P is the pressure.
The four velocity of a point particle in a local frame is

u? =(1,0,0,0)
Then we choose the metric with negative signature
1 0 0 0
ab )0 -1 0 0
n 0 0 -1 0

0 0 0o -1

This we can use to find the constants A and B

T =Auu’+Bn® =A+B=p

TV = Aulw) + Byl = —B = {g ;’:; ;j

= B=—-PandA=p—-B=p+P

Which leaves us with the most general form of the stress energy tensor for a perfect fluid for a metric with
negative signature

TAab  — (,0 + P)uaub _ Pgab
If we instead choose the metric with positive signature

-1.0 0 0
a5 _J)J0 1.0 0
™ 7)o 01 0
0 0 0 1

T = Au0u® +Bn® =4—-B=p
o s I Pifi=j
TY =Au‘u1+Bn”=B={0l.fl.¢j
= B=Pandd=p+B=p+P
Which leaves us with the most general form of the stress energy tensor for a perfect fluid for a metric with
positive signature
T = (p+ P)u*ub + pge

9.4 More examples on stress-energy tensors

9.4.1 dPure Matter
In the case of pure matter with no pressure the stress-energy tensor is
T = puub (9.2.)
Where u is the unit flow velocity and p is the rest-mass density.
¢For a co-moving observer the four velocity reduces to

u® =(1,0,0,0) (9.3.)
And the energy-momentum tensor reduces to
p 0 0 O
ap )0 0 0 O
T 0 0 0 O
0 0 0 O

fIn the case of a stationary observer the dust particles have a four velocity
a

u® = (y,yut,yu?,yu?)
And the energy-momentum tensor is
1 u* uv u”
x x\2 X,y X,,Z
Tab :pyz{u w*)> v*u¥ utu }
w wu* W)? wu?

u?  ufu*  utuY (ub)?

2 This is not to be confused with the tensor p,;, mentioned above

3
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9.4.2 sMore complicated fluids
The most general form of a matter-stress-energy-tensor is the non-perfect fluid with viscosity and shear.
T =p(1+uub + (P — 0)h* — 2nc® + q*ul + qPu®
Where the various quantities are defined as
e - Specific energy density of the fluid in its rest frame
P - Pressure
he = y%yP + g —The spatial projection tensor
1 - shear viscosity
¢ - bulk viscosity
6 = V,u®-expansion
g% = %(chahw + VY ubhee) — %Qhab — shear tensor

q® - energy flux tensor

9.4.3 hThe electromagnetic field
The stress energy tensor of an electromagnetic field is the Maxwell tensor

Tap = F'F, e
a I'pa 4na[3 uv

9.4.3.1 iThe Maxwell equations
The electromagnetic field tensor F*V is defined by

0o —E ~E? —E3 0 —E' —E?> —E3
v El 0 —612333 _613282 El 0 _B3 BZ
F = EZ —6213B3 0 —6231B1 = EZ B3 0 _Bl
E3 —6312B2 —6321B1 0 E3 _BZ Bl 0
i.e.
FOi — _Ei
Fij — —€ijkBk

Expressed by the vector potential® A#
FHV' = 0gHAY — gVAH
Or
B =4-VxA
This we can use to find the four Maxwell equations
a) Notice that
V-B =-V-(VxA)
0,43 — 05A%
—V-{0;A — 9,43
0,4% — 0,A!
= 0,(0,43 — 0;A4%) + 0,(0;A — 0,A43) + 05(0,4% — 9,AY) (9.4.)
=0
b) Also notice

3 Definition: Vector potential: A function A such that B = V x A. The most common use of a vector potential is the
representation of a magnetic field. If a vector field has zero divergence, it may be represented by a vector potential
http://mathworld.wolfram.com/VectorPotential.html

B B o _ B! F23 0243-0342 02A43-0342
4 cljkpgk — _Fij =—(6‘A1—61Al)$B= B2t = —{_F13} = — —(81A3—83A1) = —19341-9143; =

B3 F12 81A2_ azAl alAZ_ aZAl

_62A3 + 63A2 62A3 - 63A2
- _03A1 + 61A3 = 631‘11 - 61A3 = v X K
_alAz + 62A1 alAz - azAl
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=5—09A — VA,
=V X (—0,A —VA,)
doA1 + 0/4,
= -V X {a(,A2 + aon}
00Asz + 034,
0,(09A3 + 0340) — 03(0pA; + 0240)
= —103(0pA1 + 0140) — 91(0pA3 + 934,)
01(00Az + 0;,40) — 0,(09A1 + 014,)
0,(09A3) — 03(0p42)
= —1{03(0pA1) — 0,(0pA43)
01(09A2) — 02(0pA1)
02(A43) — 03(A2)
= —00405(41) — 9:(43)
(01(42) — 02(41)
= —0y(VXxA)
= —0,B
c) The Lagrangian

1
L :_ZF‘“’FW
The Euler-Lagrange equation
. _a< oL )_ oL
“\a(a,4,)) 04,
aL
dA,
o o(-4ur)
9(9:4v) =7 3(a,4)
§
o 20 S
41 a(a,4,) 2(9,4,)
_E[Fpa a(FPS) + FpS a(FptS)
2(9,4,) 0(9,4,)

E
= VXE

=0

4
— _lppﬁ a(Fp‘S)
2 9(0,4,)
s <6(6,,A5 - agA,,)>
2(9,4,)

2

- _ lFuv <a(au‘4v — aVAM)) _ EFW‘ <a(avAu — aMAV)>
2 16(6MAV) 2 9(0,4)
—6__FHv 4 Zpvu
6 > FH + > F
- _ EF#V — lplﬂ/
2 2
— _F}ﬂ/

= 0,(F¥) =0
if v is space-like we get

SEL = —F% = —(9°41-0'A%) = —(8,A" + 9;A,) = E = —9,A — VA,
°F,, = 8,4, — 9,4, = —(8,4, — 8,4,) = —F,

http://physicssusan.mono.net
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9, (F*)

0, (F*) = 09(F) + 0;(F/') = —0oE* + 0;(—e/*B*) = 0
—0oE* + 0;(—€/**B¥)
= 0 ={-00E%+ 9;(—e/**B¥)
—0oE3 + 0;(—€/3kB¥)
—0oE* + 03(—€312B?) + 0,(—€?13B%)
—0oE? + 05(—€32'BY) + 0, (—€123B®)
—0oE® + 8,(—€?31BY) + 0, (—€132B?)
—03(B%) + 0,(B?)
—00E +4 95(BY) — 0,(B)
—0,(B") + 0,(B?)

=—0,E+VxB

> UxB =—0,E (9.6.)

d) |If uis space-like we get and v is space-like we get
0u(F*) = 0;(F®) = —0;E' = —divE=0 (9.7.)

Collecting the results
V-E =70 (9.7.)
V-B =0 (9.4.)
VxE = _0B (9.5.)
dat
VxB = s OE (9.6.)
at

9.5 IiThe Godel Spacetime
The Godel spacetime is an exact solution of the Einstein field equations in which the stress-energy tensor
contains two terms, the first representing the matter density of a homogeneous distribution of swirling
dust particles, and the second associated with a nonzero cosmological constant.
The line element

1
ds? ((dt + e*dz)? — dx? — dy? — Eezxdzz)

- 2w?2

1 1
- 2 x A2 A2 42X ,2
=502 (dt + 2e*dtdz — dx* — dy +2e dz)

1 0 0 x
(0 -1 0 eO \
0

The metric tensor

1
Jab = —20)2{ 0 0 -1 . }
X ~,2x
ke 0 0 5 e )
and its inverse
-1 0 0 2e7 %
gab — 202 0 -1 0 0

The stress energy tensor

7 Recall, if a charge is present the equation is Gauss law: V- E = sﬁ
0

8 Recall, if a charge is present the equation is Amperes law: V X B = uoj + Hoso%

6
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
http://en.wikipedia.org/wiki/Exact_solutions_in_general_relativity
http://en.wikipedia.org/wiki/Einstein_field_equations
http://en.wikipedia.org/wiki/Stress-energy_tensor
http://en.wikipedia.org/wiki/Cosmological_constant

Chapter 9 — The Energy Momentum Tensor

Susan Larsen Tuesomg, Mareh 21, 2023
1 0 0 e*
T _ p 0O 0 0 O
ab T 2w2)0 0 0 0
e 0 0 e**

The Einstein equation for a metric with a cosmological constant and non-zero energy-momentum tensor
Tap = Gap + Gaph
= 9Tap = 9*Gap + 9** gapA

9 ab 1 ab 1 ab
= p =g Rab_zgabR +4A=g Rab_ig JapR + 4A

1
=R—§4R+4A=—R+4A

To find R we work in the non-coordinate basis

9.5.1 The Basis one forms

. 1 . .
wt = N (dt +e*dz) dt =\2ww'-2ww?
w
N 1 "
w* =—dx dx =\2ww*
\/gw
12w
w? =—e*dz dz =2we *w?
2w
1
i -1
=
1 -1
-1
9.5.2 Cartan’s First Structure equation
do? =-T% AP
dot = dL (dt + e*dz) = ¢ dx ANdz = i (\/Eww’?) A (Zwe‘xwf) = 20w* A w?
20 2w V2w
= —ww? A w* + ww* A w?
t _rt _
= Fﬂf =T 9= A
rt, =1r% = ww?
Ffi = 111“25 = —ww*

do* =dw? =0
do? = d(iexdz) =iexdx/\dz =iex(\/§ww’?)A(2we‘xw2)
2w . . 2w 2w
= —2ww? A w* (9.8.)
= Fff = FZ}A, :AO A
r;, =12-r* =\2wuw?
Summarizing the curvature one forms in a matrix:

2 gT,, = 2%2(»2(—1 1+ 2e e+ 2e ¥eX —2e ) =p(—1+2+4+2-2)=p
0Tt = 1T = —n'fTy = —ninel® = 1%
BT, =0Ty = 0"y = —n'inel% = T%

http://physicssusan.mono.net logik.susan@gmail.com
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(0 ww? 0 —a)a)’?\
ré. = { ww? 0 0 V2ww? }
b 0 0 0 0

k—ww’? —\/Ea)Aa)é 0 0 )
Where d refers to column and b to row.

9.5.3 The curvature two forms and the Riemann tensor

N . . 1 . o
QaB = dFa5+Fa5AFCE :ERaECAa(UC/\(J)d
dri, = d(ww?) = wdw? = Bo(—V2ww? A w?) = —V202w? A w* = dT'%;
rf, = d(—V2ww?) = —V2wdw? =14 = V20(—V2ww? A 0*) = 202w? A w* = —dr?,

Oty =drt 4+ TE AT =dlt, + T8, ATZ, = V20202 A 0 — we® AV2ow? = 0

X

0F, =dr¥, + 1%, AT, = dr¥, + T, ATY, = 20%0% A 0F + wo? A (—wo®) = w?e? A w*
Summarized in a matrix
0 0 0 0
i. =)0 0 0 w2w®Aw?
b 0 0 0 0
0 —wo*Aw? 0 0

Where @ refers to column and b to row

Now we can see that the only nonzero element of the Riemann tensor in the non-coordinate basis is
£ — 2
R%%% =-w

9.5.4 The Ricci Tensor and Ricci Scalar

Rab = Rgep
The non-zero elements
Ree = Rz08 = R3¢ = R¥302 = —w?
Rz =R e = R0, = —*
Summarized in a matrix:
0 0 0 0
R.. = 0 —w? 0 0
ap 0 0 0 O
0 0 0 —w?

Where @ refers to column and b to row
The Ricci scalar:

Now we can find A and p.
1
Tyy = Ryy =5 ny9R + 150
1
= = -5 (D) - A

(1.)2

p =-R+4A=2w?
The term p represents the matter density of a homogeneous distribution of swirling dust particles, and
the second term A = w? is associated with a nonzero cosmological constant.
Now we can also see the connection to the energy tensor.

> o
I

=

3 Eq. (9.8.)
1Eqg. (9.8.)
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0 0 0 0

1 1 0 —w?2 0 0

Tap = Rap —5MapR +Naph = Rap — Nas (ER _A) =Ra5=39 0 o0 o

0 0 0 —w?

1 0 0 e*
0O 0 0 o0
e 0 0 e**

9.5.5 Other formulations of the Gdédel spacetime

9.5.5.1 kHawking-Ellis
The line element

1
ds? = —dt? +dx?— Eexp(Z\/fwx) dy? + dz? — 2 exp(V2wx) dtdy
If we compare this with the former line element

1 , 1,
ds’? = —(dt’z +2e7dt'ds’ — dx' = dy' + 5 e dz’z)

" 2w?

We find

t'" =\2wt

x' =\2wx

y' =\2wz

z' =\Rwy
And can conclude that

R = —2w?

A = —-w?

due to the change in time signature.

9.5.5.2 'McMahon
The line element

1
ds? = —dt?+dx? - Eexp(wa) dy? + dz? — 2 exp(wx) dtdy
If we compare this with the former line element
1 ' 1 ..
ds'* = m(dt’2 +2eXdt'dz’ —dx'* —dy'* + Eezx dz’z)
We find
t' =wt
x' = wx
vy =wz
z' =wy
And can conclude that
R = w?
2

. 1
15Because the two line-elements are conformally related by a factor >

2 1
s’ = Eds2

http://physicssusan.mono.net logik.susan@gmail.com
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9.6 mThe Einstein Cylinder

9.6.1 The line element
The Einstein cylinder has the line element

ds? = —dt? + (ag)?(d6? + sin? 0 (d¢? + sin? ¢ dip?))
Make the coordinate transformation
r =sinf
= dr =d(sinf) = cos8do
dr?
2 _ _q¢2 2 2 2 2 2
= ds dt* + (ay) <c0529 +1r°(d¢p* + sin® ¢p dy ))
= —dt? + (ay)? . + r2(dp? + sin? ¢ dyp?)
0 1 —sin28
dr?
= —dt? + (ay)? Tz +1r2(d¢p? + sin? ¢ dp?)

9.6.2 The Ricci tensor
To find the Ricci tensor we can compare with calculations made for the Robertson Walker space-time and

find a proper transformation of the coordinates.
The Einstein cylinder

ds®> = —dt? + 1(a_—0122dr2 + (agr)?d¢? + (ayr)? sin? ¢ dy?
The Robertson Walker line element
ds? = —dt'* + 161_241“1;2),2(11"’2 +a?(t)r'*de’ + a?(t)r'* sin® 6’ d'*
Comparing the line elements
dt =dt’
%o dr = —a(t’) dr'

aprdp =a(t)r'de’
aprsingdy = a(t')r'sinf’ deo’
A proper transformation would be

t' =t
a(t) =ag
k =1
r =r
o =
¢ =y
The Ricci tensor in the non-coordinate basis is'®
R =-3-=0
a
i _(@*+k) 2
Foe =t~ &
i _(@*+k 2
Rep = T @
a a ag
R _G (@*+k 2
vy = a2 - a(z)

16 The chapter is named: The Robertson Walker metric

http://physicssusan.mono.net logik.susan@gmail.com
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The Ricci scalar

ab Py Ap e . 2
To find the Ricci tensor in the coordinate basis we need the basis one-forms
wt =dt
a 1 — 2
o = =—dr  dr = 1-r w’
V1 —1r2 ao
-1
_ 1 - iy 1
w¢ = aord¢ d¢ = H(ud’ nU = 1
1 1
) aprsing dy dy aorsing W
The transformation
Rep = AéaAdbRéa
= Ry =0
2
A 5 n 2 ao 2 2
R, = ACrAdrRéa = (Arr) Rpp 1 — 12 a_(zJ = 1—r2
é \ 2 2
Rep =Nph%Req = (%) Rz = (aor) kil
. .2
Ryy =AyA%Rsq = (A w) Ryg = (aorsin (;b)za—g = 2r? sin?
Summarized in a matrix
0 0 0 0
0 2 0 0
Rab = 1—1r2
0 0 2r? 0
0 0 0 2r?sin2¢)

Where a refers to column and b to row

9.6.3 The Einstein Equations
To find the Einstein tensor we once more copy the result from the Robertson Walker metric

a+k 3

Gig =3—; s
Grp =—<Zg+dz+k>=—i
a a? a’
G35 =—<2§+az+k>=—l
a a? a’
Gy =—<25+az+k>=—l
a a? a’

Summarized in a matrix

11
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(3
a_g 0 0 0
1
0 ——= 0 0
Gap =1 %o 1 >
0 0 — a_(z) 0
1
\ 0 0 0 - a_g

Where a refers to column and b to row

9.6.4 The Stress Energy Tensor
In case of a perfect fluid, the stress energy tensor is

Tap = Hugus + P(Map + uaup) = unaau®up +p(Nap + Naau®us)
= umgputug + p(nee + meeutug) = p(—DED +p(CD + (D(ED) = 4w
Top = M’?ﬁuf}lf +p(nsr + nffufuf) =p
T30 =unggu’ug +v(ngs +nggu’ug) =p
Ty = ungguug +p(ngg + nggubug) =p
Summarized in a matrix

[
[ 3

=

H
>
>

<!

u 0 0 O
T.. = 0 p 00
ab =130 0 p O
0 0 0 p
Where a refers to column and b to row
> =-——<0
p ag
_3
u _ag

9.6.5 The Einstein tensor with a cosmological constant
A negative pressure is problematic in classical physics and we include a cosmological constant. The Einstein

equation with a cosmological constant

3
(2 0 o o)
Qo
0 —lz 0 0 p 000 -1
ag _)0o p 0 O 1
= <O . 1 . [ =0 0 p 0 A 1
2 000 p 1
0 0 0 !
\ ag
= u =2
1
p :—a—(z)+A
v Ug = (1;0:0,0); uﬁ = naBuB = (—1,0,0,0)
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And we can conclude that the Einstein cylinder is a solution of the Einstein equations with a positive cos-
mological constant with a perfect fluid source with positive energy and pressure if
3 1
— >A>—=>0
ag ag
9.7 nThe Newtonian Approximation - The right hand side!
The newtionian approximation is characterized by a weak gravitational field and bodies of low masses and
velocities.
The Einstein space-time in a weak and slowly varying gravitational field can be described by the linearized
metric which differs only slightly from the Minkowsky space-time.

ds? = ggdx®dx?
Jab = 1814, + €hgy
1
-1
nab = _1
We look at a particle in a weak field with velocity v' = %, lv| < c.
1,2,3
; N2
= ds? = goo(dx®)? + Z [(QOi + gio)dx'dx® + gy;(dx') ]
i
1,2,3 . .
ds \? dx! dxt\
= (@) = oo + Z (Goi + 9i0) | 75 | + 9 710
L

1,23
- A2
= goo + Z [(901’ +gi0)(v') + gu(v') ]
' 12,3
= (14 €hy) + Z [(eho; + €hig)V' + (=1 + €hy)(W)?] = 1 + €hgy (9.9.)
7

i.e. in the approximation where v < c, the time component hg, is dominant with respect to the space-
components (ho;, hig, hij).

9.7.1 19The Ricci tensor
In this linearized theory we have the Christoffel symbols
M == e (ah”d g e ah’”) (9.10.
2 0x¢ = dxb  ax4
Rap =0T, — 9pT e
= Roop = 0:T %0 — 90T
Assuming® the time derivatives dyh,;, are small compared to the space derivatives 9;h,
= Roo =0T

1,23
= 0ol + Z i 0o
7

8¢ is a small dimensionless parameter of order E soe K1
1% For a detailed calculation of the Christoffel symbols, the Riemann and Ricci tensors, the Ricci scalar and the Einstein

equation (The left hand side!) see a later chapter named “Linearized metric”
20 |n the Newtonian approximation we work in a regime where frequencies are low and wavelengths long. This is
sometimes stated as the ‘slow-motion approximation’ and has the effect that all derivatives with respect to time

(%) are negligible.
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1,2,3
1 . /0h dh dh
_ 2L, i od od %Moo
B z % (2 €1 (axo + ox°  o9x4 ))
"o123
1 - 0%hgo
——€ 7’]”*
2 L Oxtoxt

A

1
= 21zevzh00 (9.11))

9.7.2 The Stress-energy Tensor
Earlier’> we found that

1
Rap =k (Tab - EgabTabgab) = KpPab
Where

1 1
_ b _
Pab = 1gp — E.ga TapGap = Tap — ETgab
The stress-energy tensor is?3
Tap = Huquy _
In the simplest case, pure matter no pressure?, u, = (d—xo d—xl) = 25(; 0,0,0) and the only non-
’ rra ds ’ ds J1—€hgo’
zero element in the stress energy tensor is
u

2
1
= u(u )2=M< ) =
0 ° J1—€hy 1—€hgo

To

~ (1 + €hgyg) - p

and
T =g%Ta = g%To = g°°n
i

1 1
= Poo =Too =5Tgoo = *U =5 Hg "Goo =5

Now, because

1, 1
Roo = 27§6V hoo = Kpoo = 5 K
We can see the equivalence with the Poisson’s equation for gravity (the variation in the gravitational field,

¢ ,caused by a mass distribution, p)
V2 = 284nGyp

9.7.3 The Equation of Motion
We can also find the equation of motion in this approximation. In GR a test particle follows geodesics

described x!

d?xt - dxP dx© o (dx®\* o dxb dx©
=297t — =7t (—] -T¢, ——— 9.12.
ds? be ds ds 00 < ds > be ds ds ( )

1,23 02
nvi= Zi dxtaxt
TS 1 .

2Eq.(9.1.): Ry = kTgp — %gab =K (Tab - EgabTabgab) =Kpgpifnt+1=4
BEQ.(9.2.): T = puaub
% Eq. (9.3)
25 4x° _ 1

ds - J—1+€hgo
% g0 g.0 = 1 because the off-diagonal elements are « 1.
7 Eq. (9.11.)
8 If we identify iehoo = ¢ and 4nGyp = %KH

eq. (9.9.)

d?x? dxb dx¢
+TI4

ds? bc gs as

2 The general equation is:
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Rewriting left hand side of eq.(9.12.)
d2x! (dx°>2 d2xt

ds? ds | (dx©)?
Rewriting right hand side of eq. (9.12.)
- dxb dx€ Cfax®\*dxPdx¢ . [dx®\’
Mg =) G = () oo bemias
dx®\’ d2x C (dx®\?
= V| Tio0v2 :_Floo -
ds | (dx%)2 ds
d?xt .
— L
N @y~

We use eqg. (9.10.) to find

. 1 . /0h dh doh
rio—Z ld( 0d 0d oo)
00 2 \gx0 + 0x®  ox4
=31 _ le it oo
=_¢—0 i=1.23
y 2 0Oxt
d°xt . 1 0hgyo
= _— = —Fl = —— n 9.13.
(dx9)? 00 = T3 gy (913
Because x° = t we can rewrite eq. (9.13.)
dzxi _ 1 ahoo
dcz 2 o

Again we see the equivalence to Newton’s law, where the left side represent the force (acceleration) and
the right side the gradient of the potential (¢ = %ehoo). Recall

F =-V¢
With
GMm
¢ =-
r
Leads to Newton’s famous equation
GMm
F =-—
72

Now, this was a classical Newtonian interpretation. 3’Later we will use eq(9.11.) (9.13.) to calculate a rela-
tivistic time dilation.
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