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Space-time  Line-element Chapter 

Einstein cylinder 𝑑𝑠2 = −𝑑𝑡2 + (𝑎0)
2(𝑑𝜃2 + sin2 𝜃 (𝑑𝜙2 + sin2𝜙𝑑𝜓2)) 9 (4), 13 

Gödel metric 𝑑𝑠2 =
1

2𝜔2
((𝑑𝑡 + 𝑒𝑥𝑑𝑧)2 − 𝑑𝑥2 − 𝑑𝑦2 −

1

2
𝑒2𝑥𝑑𝑧2) 2,9 

Linearized metric 𝑑𝑠2 = (𝜂𝑎𝑏 + 𝜖ℎ𝑎𝑏)𝑑𝑥
𝑎𝑑𝑥𝑏 9, 12, 14 

9 The Energy-Momentum Tensor 

9.1 aConservation of energy 
In GR the conservation of energy is expressed in the conservation equation 
 ∇𝑎𝑇𝑎𝑏 = 0  
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Where 𝑇𝑎𝑏 is the stress energy tensor – the right hand side of the Einstein Equation. Notice that only the 
index 𝑎 is summed over here. This indicates that the conserved quantity is not a scalar but a vector, namely 
the well known energy- momentum 4-vector, 𝑝𝑎. 
The 𝑇𝑎𝑏 tensor includes all the different densities and fluxes of energy and momentum, and we will in the 
following chapters look at some examples. You might also want to look at the chapter on cosmology where 
the Robertson-Walker spacetime is analysed for some different 𝑇𝑎𝑏 (The Friedmann Equations). 

9.2 b The Einstein equation with source 
You can show that in a spacetime of dimension 𝑛 + 1 > 2, the Einstein equation with sources is equivalent 

to 𝑅𝑎𝑏 ≡ 𝜅 (𝑇𝑎𝑏 −
𝑇𝑐
𝑐

𝑛−1
𝑔𝑎𝑏) 

The Einstein equations with sources and a cosmological constant are  
 

𝐺𝑎𝑏 = 𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅 + Λ𝑔𝑎𝑏 = 𝜅𝑇𝑎𝑏  

Contracting with 𝑔𝑎𝑏 

⇒ 𝑔𝑎𝑏𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑔𝑎𝑏𝑅 + Λ𝑔

𝑎𝑏𝑔𝑎𝑏 = 𝜅𝑔𝑎𝑏𝑇𝑎𝑏 
 

⇒ 𝑅 −
1

2
(𝑛 + 1)𝑅 + (𝑛 + 1)Λ = 1𝜅𝑇 

 

⇒ −
1

2
(𝑛 − 1)𝑅 + (𝑛 + 1)Λ = 𝜅𝑇 

 

⇒ 
1

2
𝑅 = −

1

(𝑛 − 1)
(𝜅𝑇 − (𝑛 + 1)Λ) 

 

⇒ 
1

2
𝑔𝑎𝑏𝑅 = −

1

(𝑛 − 1)
(𝜅𝑇𝑔𝑎𝑏 − (𝑛 + 1)Λ𝑔𝑎𝑏) 

 

Substituting this into the Einstein equation we find 

⇒ 𝑅𝑎𝑏 = 𝜅𝑇𝑎𝑏 +
1

2
𝑔𝑎𝑏𝑅 − Λ𝑔𝑎𝑏 

 

  = 𝜅𝑇𝑎𝑏 −
1

(𝑛 − 1)
(𝜅𝑇𝑔𝑎𝑏 − (𝑛 + 1)Λ𝑔𝑎𝑏) − Λ𝑔𝑎𝑏 

 

  = 𝜅 (𝑇𝑎𝑏 −
𝑇

(𝑛 − 1)
𝑔𝑎𝑏) +

2

(𝑛 − 1)
Λ𝑔𝑎𝑏 

 

If Λ = 0 we have 

 𝑅𝑎𝑏 = 𝜅 (𝑇𝑎𝑏 −
𝑇𝑐
𝑐

(𝑛 − 1)
𝑔𝑎𝑏) (9.1.) 

In four dimensions (𝑛 = 3) these will have the more familiar looks 

 𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅 + Λ𝑔𝑎𝑏 = −8𝜋𝐺𝑇𝑎𝑏  

 𝑅𝑎𝑏 = −8𝜋𝐺 (𝑇𝑎𝑏 −
1

2
𝑇𝑔𝑎𝑏) + Λ𝑔𝑎𝑏  

9.3 cPerfect Fluids 
The most general form of the stress energy tensor is 
 𝑇𝑎𝑏 = 𝐴𝑢𝑎𝑢𝑏 + 𝐵𝑔𝑎𝑏  
In the local frame we know that 
 

𝑇𝑎̂𝑏̂ = {

𝜌 0 0 0
0 𝑃 0 0
0 0 𝑃 0
0 0 0 𝑃

}  

                                                           
1 𝑔𝑎𝑏𝑅𝑎𝑏 = 𝑅, 𝑔𝑎𝑏𝑔𝑎𝑏 = 𝑛 + 1, 𝑔𝑎𝑏𝑇𝑎𝑏 = 𝑇 = 𝑇𝑐

𝑐  
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where 2𝜌 is the mass density and 𝑃 is the pressure. 
The four velocity of a point particle in a local frame is 
 𝑢𝑎̂ = (1,0,0,0)  
Then we choose the metric with negative signature 
 

𝜂𝑎̂𝑏̂ = {

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

} 

 

This we can use to find the constants 𝐴 and 𝐵 
 𝑇0̂0̂ = 𝐴𝑢0̂𝑢0̂ + 𝐵𝜂0̂0̂ = 𝐴 + 𝐵 = 𝜌  

 
𝑇 𝑖̂𝑗̂ = 𝐴𝑢𝑖̂𝑢𝑗̂ + 𝐵𝜂𝑖̂𝑗̂ = −𝐵 = {

𝑃 𝑖𝑓 𝑖 = 𝑗
0 𝑖𝑓 𝑖 ≠ 𝑗

 
 
 

 ⇒ 𝐵 = −𝑃 and 𝐴 = 𝜌 − 𝐵 = 𝜌 + 𝑃  
Which leaves us with the most general form of the stress energy tensor for a perfect fluid for a metric with 
negative signature 
 𝑇𝑎𝑏 = (𝜌 + 𝑃)𝑢𝑎𝑢𝑏 − 𝑃𝑔𝑎𝑏  
If we instead choose the metric with positive signature 
 

𝜂𝑎̂𝑏̂ = {

−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

}  

 𝑇0̂0̂ = 𝐴𝑢0̂𝑢0̂ + 𝐵𝜂0̂0̂ = 𝐴 − 𝐵 = 𝜌  

 
𝑇 𝑖̂𝑗̂ = 𝐴𝑢𝑖̂𝑢𝑗̂ + 𝐵𝜂𝑖̂𝑗̂ = 𝐵 = {

𝑃 𝑖𝑓 𝑖 = 𝑗
0 𝑖𝑓 𝑖 ≠ 𝑗

 
 

 ⇒ 𝐵 = 𝑃 and 𝐴 = 𝜌 + 𝐵 = 𝜌 + 𝑃  
Which leaves us with the most general form of the stress energy tensor for a perfect fluid for a metric with 
positive signature 
 𝑇𝑎𝑏 = (𝜌 + 𝑃)𝑢𝑎𝑢𝑏 + 𝑃𝑔𝑎𝑏  

9.4 More examples on stress-energy tensors 

9.4.1 dPure Matter 
In the case of pure matter with no pressure the stress-energy tensor is 
 𝑇𝑎𝑏 = 𝜌𝑢𝑎𝑢𝑏 (9.2.) 
Where 𝑢 is the unit flow velocity and 𝜌 is the rest-mass density. 
eFor a co-moving observer the four velocity reduces to 
 𝑢𝑎 = (1,0,0,0) (9.3.) 
And the energy-momentum tensor reduces to 
 

𝑇𝑎𝑏 = {

𝜌 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

}  

fIn the case of a stationary observer the dust particles have a four velocity 
 𝑢𝑎 = (𝛾, 𝛾𝑢𝑥 , 𝛾𝑢𝑦, 𝛾𝑢𝑧)  
And the energy-momentum tensor is 
 

𝑇𝑎𝑏 = 𝜌𝛾2

{
 

 
1 𝑢𝑥 𝑢𝑦 𝑢𝑧

𝑢𝑥 (𝑢𝑥)2 𝑢𝑥𝑢𝑦 𝑢𝑥𝑢𝑧

𝑢𝑦 𝑢𝑦𝑢𝑥 (𝑢𝑦)2 𝑢𝑦𝑢𝑧

𝑢𝑧 𝑢𝑧𝑢𝑥 𝑢𝑧𝑢𝑦 (𝑢𝑧)2}
 

 
  

                                                           
2 This is not to be confused with the tensor 𝜌𝑎𝑏  mentioned above 
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9.4.2 gMore complicated fluids 
The most general form of a matter-stress-energy-tensor is the non-perfect fluid with viscosity and shear. 
 𝑇𝑎𝑏 = 𝜌(1 + 𝜀)𝑢𝑎𝑢𝑏 + (𝑃 − 𝜁𝜃)ℎ𝑎𝑏 − 2𝜂𝜎𝑎𝑏 + 𝑞𝑎𝑢𝑏 + 𝑞𝑏𝑢𝑎  
Where the various quantities are defined as 
 𝜀 - Specific energy density of the fluid in its rest frame  
 𝑃 - Pressure  
 ℎ𝑎𝑏 = 𝑢𝑎𝑢𝑏 + 𝑔𝑎𝑏 – The spatial projection tensor  

 𝜂 - shear viscosity  
 𝜁 - bulk viscosity  
 𝜃 = ∇𝑎𝑢

𝑎 – expansion  
 𝜎𝑎𝑏 =

1

2
(∇𝑐𝑢

𝑎ℎ𝑐𝑏 + ∇𝑐𝑢
𝑏ℎ𝑐𝑎) −

1

3
𝜃ℎ𝑎𝑏 – shear tensor  

 𝑞𝑎 - energy flux tensor  

9.4.3 hThe electromagnetic field 
The stress energy tensor of an electromagnetic field is the Maxwell tensor 
 𝑇𝛼𝛽 = 𝐹𝛼

  𝜆𝐹𝛽𝜆 −
1

4
𝜂𝛼𝛽𝐹

𝜇𝜈𝐹𝜇𝜈  

9.4.3.1 iThe Maxwell equations 
The electromagnetic field tensor 𝐹𝜇𝜈 is defined by 
 

𝐹𝜇𝜈 = {

0 −𝐸1 −𝐸2 −𝐸3

𝐸1 0 −𝜖123𝐵3 −𝜖132𝐵2

𝐸2 −𝜖213𝐵3 0 −𝜖231𝐵1

𝐸3 −𝜖312𝐵2 −𝜖321𝐵1 0

} = {

0 −𝐸1 −𝐸2 −𝐸3

𝐸1 0 −𝐵3 𝐵2

𝐸2 𝐵3 0 −𝐵1

𝐸3 −𝐵2 𝐵1 0

} 

 

i.e.  
 𝐹0𝑖 = −𝐸𝑖  
 𝐹𝑖𝑗 = −𝜖𝑖𝑗𝑘𝐵𝑘  
Expressed by the vector potential3 𝐴𝜇 
 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇  
Or 
 𝐁̅ = 4 − ∇̅ × 𝐀̅  

This we can use to find the four Maxwell equations 
a) Notice that  

 ∇ ⋅ 𝐁̅ = −∇ ⋅ (∇̅ × 𝐀̅)  
 

 = −∇ ⋅ {

𝜕2𝐴
3 − 𝜕3𝐴

2

𝜕3𝐴
1 − 𝜕1𝐴

3

𝜕1𝐴
2 − 𝜕2𝐴

1

}  

  = 𝜕1(𝜕2𝐴
3 − 𝜕3𝐴

2) + 𝜕2(𝜕3𝐴
1 − 𝜕1𝐴

3) + 𝜕3(𝜕1𝐴
2 − 𝜕2𝐴

1) (9.4.) 
  = 0  

b) Also notice 

                                                           
3 Definition: Vector potential: A function 𝐀̅ such that 𝐁̅ ≡ ∇ × 𝐀̅. The most common use of a vector potential is the 
representation of a magnetic field. If a vector field has zero divergence, it may be represented by a vector potential 
http://mathworld.wolfram.com/VectorPotential.html  

4 𝜖𝑖𝑗𝑘𝐵𝑘 = −𝐹𝑖𝑗 = −(𝜕𝑖𝐴𝑗– 𝜕𝑗𝐴𝑖) ⇒ 𝐁̅ = {
𝐵1

𝐵2

𝐵3
} = − {

𝐹23

−𝐹13

𝐹12
} = − {

𝜕2𝐴3– 𝜕3𝐴2

−(𝜕1𝐴3– 𝜕3𝐴1)

𝜕1𝐴2– 𝜕2𝐴1
} = − {

𝜕2𝐴3– 𝜕3𝐴2

𝜕3𝐴1– 𝜕1𝐴3

𝜕1𝐴2– 𝜕2𝐴1
} =

−{

−𝜕2𝐴
3 + 𝜕3𝐴

2

−𝜕3𝐴
1 + 𝜕1𝐴

3

−𝜕1𝐴
2 + 𝜕2𝐴

1

} = {

𝜕2𝐴
3 − 𝜕3𝐴

2

𝜕3𝐴
1 − 𝜕1𝐴

3

𝜕1𝐴
2 − 𝜕2𝐴

1

} = ∇̅ × 𝐀̅ 
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 𝐄̅ = 5 − 𝜕0𝐀̅ − ∇̅𝐴0  

⇒ ∇̅ × 𝐄̅ = ∇̅ × (−𝜕0𝐀̅ − ∇̅𝐴0)  

  = −∇̅ × {

𝜕0𝐴1 + 𝜕1𝐴0
𝜕0𝐴2 + 𝜕2𝐴0
𝜕0𝐴3 + 𝜕3𝐴0

}  

 

 = −{

𝜕2(𝜕0𝐴3 + 𝜕3𝐴0) − 𝜕3(𝜕0𝐴2 + 𝜕2𝐴0)

𝜕3(𝜕0𝐴1 + 𝜕1𝐴0) − 𝜕1(𝜕0𝐴3 + 𝜕3𝐴0)

𝜕1(𝜕0𝐴2 + 𝜕2𝐴0) − 𝜕2(𝜕0𝐴1 + 𝜕1𝐴0)
} 

 

 

 = −{

𝜕2(𝜕0𝐴3) − 𝜕3(𝜕0𝐴2)

𝜕3(𝜕0𝐴1) − 𝜕1(𝜕0𝐴3)

𝜕1(𝜕0𝐴2) − 𝜕2(𝜕0𝐴1)
} 

 

 

 = −𝜕0 {

𝜕2(𝐴3) − 𝜕3(𝐴2)

𝜕3(𝐴1) − 𝜕1(𝐴3)

𝜕1(𝐴2) − 𝜕2(𝐴1)
}  

  = −𝜕0(∇̅ × 𝐀̅)  
  = −𝜕0𝐁̅ (9.5.) 

c)  The Lagrangian 
 

ℒ = −
1

4
𝐹𝜇𝜈𝐹

𝜇𝜈  

The Euler-Lagrange equation 
 

0 = 𝜕𝜇 (
𝜕ℒ

𝜕(𝜕𝜇𝐴𝜈)
) −

𝜕ℒ

𝜕𝐴𝜈
  

 𝜕ℒ

𝜕𝐴𝜈
 = 0 

 

 𝜕ℒ

𝜕(𝜕𝜇𝐴𝜈)
 =

𝜕 (−
1
4𝐹𝜌𝛿𝐹

𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
 

 

 
 = −

1

4
[𝐹𝜌𝛿

𝜕(𝐹𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
+ 𝐹𝜌𝛿

𝜕(𝐹𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
] 

 

  
= −

1

4
[𝐹𝜌𝛿

𝜕(𝐹𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
+ 𝐹𝜌𝛿

𝜕(𝐹𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
] 

 

  
= −

1

2
𝐹𝜌𝛿

𝜕(𝐹𝜌𝛿)

𝜕(𝜕𝜇𝐴𝜈)
 

 

  
= −

1

2
𝐹𝜌𝛿 (

𝜕(𝜕𝜌𝐴𝛿 − 𝜕𝛿𝐴𝜌)

𝜕(𝜕𝜇𝐴𝜈)
) 

 

  
= −

1

2
𝐹𝜇𝜈 (

𝜕(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇)

𝜕(𝜕𝜇𝐴𝜈)
) −

1

2
𝐹𝜈𝜇 (

𝜕(𝜕𝜈𝐴𝜇 − 𝜕𝜇𝐴𝜈)

𝜕(𝜕𝜇𝐴𝜈)
) 

 

  
= 6 −

1

2
𝐹𝜇𝜈 +

1

2
𝐹𝜈𝜇 

 

  
= −

1

2
𝐹𝜇𝜈 −

1

2
𝐹𝜇𝜈 

 

  = −𝐹𝜇𝜈  
⇒ 𝜕𝜇(𝐹

𝜇𝜈) = 0  

if 𝜈 is space-like we get 

                                                           
5𝐸𝑖 = −𝐹0𝑖 = −(𝜕0𝐴𝑖– 𝜕𝑖𝐴0) = −(𝜕0𝐴

𝑖 + 𝜕𝑖𝐴0) ⇒ 𝐄̅ = −𝜕0𝐀̅− ∇̅𝐴0 
6 𝐹𝜈𝜇 = 𝜕𝜈𝐴𝜇 − 𝜕𝜇𝐴𝜈 = −(𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇) = −𝐹𝜇𝜈 
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 𝜕𝜇(𝐹
𝜇𝜈) = 𝜕𝜇(𝐹

𝜇𝑖) = 𝜕0(𝐹
0𝑖) + 𝜕𝑗(𝐹

𝑗𝑖) = −𝜕0𝐸
𝑖 + 𝜕𝑗(−𝜖

𝑗𝑖𝑘𝐵𝑘) = 0  

⇒ 0 = {

−𝜕0𝐸
1 + 𝜕𝑗(−𝜖

𝑗1𝑘𝐵𝑘)

−𝜕0𝐸
2 + 𝜕𝑗(−𝜖

𝑗2𝑘𝐵𝑘)

−𝜕0𝐸
3 + 𝜕𝑗(−𝜖

𝑗3𝑘𝐵𝑘)

} 

 

  = {

−𝜕0𝐸
1 + 𝜕3(−𝜖

312𝐵2) + 𝜕2(−𝜖
213𝐵3)

−𝜕0𝐸
2 + 𝜕3(−𝜖

321𝐵1) + 𝜕1(−𝜖
123𝐵3)

−𝜕0𝐸
3 + 𝜕2(−𝜖

231𝐵1) + 𝜕1(−𝜖
132𝐵2)

} 

 

  

= −𝜕0𝐄̅ + {

−𝜕3(𝐵
2) + 𝜕2(𝐵

3)

𝜕3(𝐵
1) − 𝜕1(𝐵

3)

−𝜕2(𝐵
1) + 𝜕1(𝐵

2)

} 

 

  = −𝜕0𝐄̅ + ∇̅ × 𝐁̅  
⇒ ∇̅ × 𝐁̅ = −𝜕0𝐄̅ (9.6.)  

d) If 𝜇 is space-like we get and 𝜈 is space-like we get 
 𝜕𝜇(𝐹

𝜇𝜈) = 𝜕𝑖(𝐹
𝑖0) = −𝜕𝑖𝐸

𝑖 = −div 𝐄̅ = 0 (9.7.) 

Collecting the results 
 ∇ ⋅ 𝐄̅ = 70 (9.7.) 

 ∇ ⋅ 𝐁̅ = 0 (9.4.) 
 

∇ × 𝐄̅ = −
𝜕𝐁̅

𝜕𝑡
 (9.5.) 

 
∇ × 𝐁̅ = 8

𝜕𝐄̅

𝜕𝑡
 (9.6.) 

9.5 jThe Gödel Spacetime 
The Gödel spacetime is an exact solution of the Einstein field equations in which the stress-energy tensor 
contains two terms, the first representing the matter density of a homogeneous distribution of swirling 
dust particles, and the second associated with a nonzero cosmological constant. 
The line element 
 

𝑑𝑠2 =
1

2𝜔2
((𝑑𝑡 + 𝑒𝑥𝑑𝑧)2 − 𝑑𝑥2 − 𝑑𝑦2 −

1

2
𝑒2𝑥𝑑𝑧2) 

 

  
=

1

2𝜔2
(𝑑𝑡2 + 2𝑒𝑥𝑑𝑡𝑑𝑧 − 𝑑𝑥2 − 𝑑𝑦2 +

1

2
𝑒2𝑥𝑑𝑧2) 

 

The metric tensor 
 

𝑔𝑎𝑏 =
1

2𝜔2

{
 
 

 
 
1 0 0 𝑒𝑥

0 −1 0 0
0 0 −1 0

𝑒𝑥 0 0
1

2
𝑒2𝑥

}
 
 

 
 

 

 

and its inverse 
 

𝑔𝑎𝑏 = 2𝜔2 {

−1 0 0 2𝑒−𝑥

0 −1 0 0
0 0 −1 0

2𝑒−𝑥 0 0 −2𝑒−2𝑥

} 

 

The stress energy tensor 

                                                           
7 Recall, if a charge is present the equation is Gauss law: ∇ ⋅ 𝐄̅ =

𝜌

𝜀0
 

8 Recall, if a charge is present the equation is Amperes law: ∇ × 𝐁̅ = 𝜇0𝑗̅ + 𝜇0𝜀0
𝜕𝐄̅

𝜕𝑡
 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
http://en.wikipedia.org/wiki/Exact_solutions_in_general_relativity
http://en.wikipedia.org/wiki/Einstein_field_equations
http://en.wikipedia.org/wiki/Stress-energy_tensor
http://en.wikipedia.org/wiki/Cosmological_constant
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𝑇𝑎𝑏 =
𝜌

2𝜔2
{

1 0 0 𝑒𝑥

0 0 0 0
0 0 0 0
𝑒𝑥 0 0 𝑒2𝑥

} 

 

The Einstein equation for a metric with a cosmological constant and non-zero energy-momentum tensor 
 𝑇𝑎𝑏 = 𝐺𝑎𝑏 + 𝑔𝑎𝑏Λ  
⇒ 𝑔𝑎𝑏𝑇𝑎𝑏 = 𝑔𝑎𝑏𝐺𝑎𝑏 + 𝑔

𝑎𝑏𝑔𝑎𝑏Λ  

⇒ 9 𝜌 = 𝑔𝑎𝑏 (𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑅) + 4Λ = 𝑔

𝑎𝑏𝑅𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑔𝑎𝑏𝑅 + 4Λ 

 

  = 𝑅 −
1

2
4𝑅 + 4Λ = −𝑅 + 4Λ 

 

To find 𝑅 we work in the non-coordinate basis 

9.5.1 The Basis one forms 

𝜔𝑡̂ =
1

√2𝜔
(𝑑𝑡 + 𝑒𝑥𝑑𝑧) 𝑑𝑡 = √2𝜔𝜔𝑡̂ − 2𝜔𝜔𝑧̂ 

𝜔𝑥̂ =
1

√2𝜔
𝑑𝑥 𝑑𝑥 = √2𝜔𝜔𝑥 

𝜔 𝑦̂ =
1

√2𝜔
𝑑𝑦 𝑑𝑦 = √2𝜔𝜔𝑦̂ 

𝜔 𝑧̂ =
1

2𝜔
𝑒𝑥𝑑𝑧 𝑑𝑧 = 2𝜔𝑒−𝑥𝜔𝑧̂ 

𝜂𝑖̂𝑗̂ = {

1
−1

−1
−1

} 

9.5.2 Cartan’s First Structure equation 
 𝑑𝜔𝑎̂ = −Γ    𝑏̂

𝑎̂ ∧ 𝜔𝑏̂  

 
𝑑𝜔𝑡̂ = 𝑑

1

√2𝜔
(𝑑𝑡 + 𝑒𝑥𝑑𝑧) =

𝑒𝑥

√2𝜔
𝑑𝑥 ∧ 𝑑𝑧 =

𝑒𝑥

√2𝜔
(√2𝜔𝜔𝑥) ∧ (2𝜔𝑒−𝑥𝜔𝑧̂) = 2𝜔𝜔𝑥 ∧ 𝜔𝑧̂ 

  = −𝜔𝜔𝑧̂ ∧ 𝜔𝑥 +𝜔𝜔𝑥̂ ∧ 𝜔𝑧̂  

⇒ Γ    𝑡̂
𝑡̂  = Γ    𝑦̂

𝑡̂ = 0  

 Γ    𝑥̂
𝑡̂  = 10Γ    𝑡̂

𝑥̂ = 𝜔𝜔𝑧̂  

 Γ    𝑧̂
𝑡̂  = 11Γ    𝑡̂

𝑧̂ = −𝜔𝜔𝑥̂  

 𝑑𝜔𝑥 = 𝑑𝜔𝑦̂ = 0  

 
𝑑𝜔𝑧̂ = 𝑑 (

1

2𝜔
𝑒𝑥𝑑𝑧) =

1

2𝜔
𝑒𝑥𝑑𝑥 ∧ 𝑑𝑧 =

1

2𝜔
𝑒𝑥(√2𝜔𝜔𝑥) ∧ (2𝜔𝑒−𝑥𝜔𝑧̂) 

 

  = −√2𝜔𝜔𝑧̂ ∧ 𝜔𝑥 (9.8.) 

⇒ Γ    𝑡̂
𝑧̂  = Γ    𝑦̂

𝑧̂ = 0  

 Γ    𝑥̂
𝑧̂  = 12 − Γ    𝑧̂

𝑥 = √2𝜔𝜔𝑧̂  

Summarizing the curvature one forms in a matrix: 

                                                           
9 𝑔𝑎𝑏𝑇𝑎𝑏 =

𝜌

2𝜔2
2𝜔2(−1 ⋅ 1 + 2𝑒−𝑥𝑒𝑥 + 2𝑒−𝑥𝑒𝑥 − 2𝑒−2𝑥𝑒2𝑥) = 𝜌(−1 + 2 + 2 − 2) = 𝜌 

10 Γ    𝑥̂
𝑡̂ = 𝜂𝑡̂𝑡̂Γ𝑡̂𝑥̂ = −𝜂𝑡̂𝑡̂Γ𝑥̂𝑡̂ = −𝜂

𝑡̂𝑡̂𝜂𝑥𝑥Γ    𝑡̂
𝑥 = Γ    𝑡̂

𝑥  
11 Γ    𝑧̂

𝑡̂ = 𝜂𝑡̂𝑡̂Γ𝑡̂𝑧̂ = −𝜂
𝑡̂𝑡̂Γ𝑧̂𝑡̂ = −𝜂

𝑡̂𝑡̂𝜂𝑧̂𝑧̂Γ    𝑡̂
𝑧̂ = Γ    𝑡̂

𝑧̂  
12 Γ    𝑥̂

𝑧̂ = 𝜂𝑧̂𝑧̂Γ𝑧̂𝑥 = −𝜂𝑧̂𝑧̂Γ𝑥𝑧̂ = −𝜂
𝑧̂𝑧̂𝜂𝑥𝑥Γ    𝑧̂

𝑥 = −Γ    𝑧̂
𝑥  

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
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Γ    𝑏̂
𝑎̂  =

{
 

 
0 𝜔𝜔 𝑧̂ 0 −𝜔𝜔𝑥

𝜔𝜔𝑧̂ 0 0 √2𝜔𝜔𝑧̂

0 0 0 0

−𝜔𝜔𝑥̂ −√2𝜔𝜔𝑧̂ 0 0 }
 

 
 

 

Where 𝑎̂ refers to column and 𝑏̂ to row. 

9.5.3 The curvature two forms and the Riemann tensor 
 

Ω   𝑏̂
𝑎̂  = 𝑑Γ    𝑏̂

𝑎̂ + Γ    𝑐̂
𝑎̂ ∧ Γ    𝑏̂ 

𝑐̂ =
1

2
𝑅   𝑏̂𝑐̂𝑑̂
𝑎̂ 𝜔𝑐̂ ∧ 𝜔𝑑̂ 

 

 𝑑Γ    𝑥̂
𝑡̂  = 𝑑(𝜔𝜔𝑧̂) = 𝜔𝑑𝜔 𝑧̂ = 13𝜔(−√2𝜔𝜔𝑧̂ ∧ 𝜔𝑥) = −√2𝜔2𝜔𝑧̂ ∧ 𝜔𝑥 = 𝑑Γ    𝑡̂

𝑥   

 𝑑Γ    𝑧̂
𝑥  = 𝑑(−√2𝜔𝜔𝑧̂) = −√2𝜔𝑑𝜔𝑧̂ = 14 − √2𝜔(−√2𝜔𝜔𝑧̂ ∧ 𝜔𝑥) = 2𝜔2𝜔𝑧̂ ∧ 𝜔𝑥̂ = −𝑑Γ    𝑥̂

𝑧̂   

 Ω   𝑥̂
𝑡̂  = 𝑑Γ    𝑥̂

𝑡̂ + Γ    𝑐̂
𝑡̂ ∧ Γ    𝑥̂

𝑐̂ = 𝑑Γ    𝑥̂
𝑡̂ + Γ    𝑧̂

𝑡̂ ∧ Γ    𝑥̂
𝑧̂ = −√2𝜔2𝜔𝑧̂ ∧ 𝜔𝑥 −𝜔𝜔𝑥 ∧ √2𝜔𝜔𝑧̂ = 0  

 Ω   𝑧̂
𝑥  = 𝑑Γ    𝑧̂

𝑥 + Γ    𝑐̂
𝑥̂ ∧ Γ    𝑧̂

𝑐̂ = 𝑑Γ    𝑧̂
𝑥 + Γ    𝑡̂

𝑥 ∧ Γ    𝑧̂
𝑡̂ = 2𝜔2𝜔𝑧̂ ∧ 𝜔𝑥 +𝜔𝜔𝑧̂ ∧ (−𝜔𝜔𝑥) = 𝜔2𝜔𝑧̂ ∧ 𝜔𝑥̂ 

Summarized in a matrix 
 

Ω   𝑏̂
𝑎̂  = {

0 0 0 0
0 0 0 𝜔2𝜔𝑥̂ ∧ 𝜔𝑧̂

0 0 0 0
0 −𝜔2𝜔𝑥 ∧ 𝜔 𝑧̂ 0 0

} 

 

Where 𝑎̂ refers to column and 𝑏̂ to row 
Now we can see that the only nonzero element of the Riemann tensor in the non-coordinate basis is 
 𝑅   𝑧̂𝑥𝑧̂

𝑥̂  = −𝜔2  

9.5.4 The Ricci Tensor and Ricci Scalar 
 𝑅𝑎̂𝑏̂ = 𝑅   𝑎̂𝑐̂𝑏̂

𝑐̂   

The non-zero elements 
 𝑅𝑥𝑥̂ = 𝑅   𝑥̂𝑐̂𝑥̂

𝑐̂ = 𝑅   𝑥̂𝑧̂𝑥
𝑧̂ = 𝑅   𝑧̂𝑥𝑧̂

𝑥 = −𝜔2  

 𝑅𝑧̂𝑧̂ = 𝑅   𝑧̂𝑐̂𝑧̂
𝑐̂ = 𝑅   𝑧̂𝑥𝑧̂

𝑥 = −𝜔2  

Summarized in a matrix: 
 

𝑅𝑎̂𝑏̂ = {

0 0 0 0
0 −𝜔2 0 0
0 0 0 0
0 0 0 −𝜔2

} 

 

Where 𝑎̂ refers to column and 𝑏̂ to row 
The Ricci scalar: 
 𝑅 = 𝜂𝑎̂𝑏̂𝑅𝑎̂𝑏̂ = 𝜂

𝑡̂𝑡̂𝑅𝑡̂𝑡̂ + 𝜂
𝑥𝑥̂𝑅𝑥𝑥̂ + 𝜂

𝑦̂𝑦̂𝑅𝑦̂𝑦̂ + 𝜂
𝑧̂𝑧̂𝑅𝑧̂𝑧̂ = −𝑅𝑥𝑥̂ − 𝑅𝑧̂𝑧̂ = 2𝜔

2  

Now we can find Λ and 𝜌. 
 𝑇𝑦̂𝑦̂ = 𝑅𝑦̂𝑦̂ −

1

2
𝜂𝑦̂𝑦̂𝑅 + 𝜂𝑦̂𝑦̂Λ 

 

⇒ 0 = −
1

2
(−1)(2𝜔2) − Λ 

 

⇒ Λ = 𝜔2  
 𝜌 = −𝑅 + 4Λ = 2𝜔2  
The term 𝜌 represents the matter density of a homogeneous distribution of swirling dust particles, and 
the second term Λ = 𝜔2 is associated with a nonzero cosmological constant. 
Now we can also see the connection to the energy tensor. 

                                                           
13 Eq. (9.8.)  
14 Eq. (9.8.) 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
http://en.wikipedia.org/wiki/Cosmological_constant
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 𝑇𝑎̂𝑏̂ = 𝑅𝑎̂𝑏̂ −
1

2
𝜂𝑎̂𝑏̂𝑅 + 𝜂𝑎̂𝑏̂Λ = 𝑅𝑎̂𝑏̂ − 𝜂𝑎̂𝑏̂ (

1

2
𝑅 − Λ) = 𝑅𝑎̂𝑏̂ = {

0 0 0 0
0 −𝜔2 0 0
0 0 0 0
0 0 0 −𝜔2

} 

 

 𝑇𝑎𝑏 = 𝑅𝑎𝑏 = {

1 0 0 𝑒𝑥

0 0 0 0
0 0 0 0
𝑒𝑥 0 0 𝑒2𝑥

} 

 

9.5.5 Other formulations of the Gödel spacetime 

9.5.5.1 kHawking-Ellis 
The line element 
 
𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 −

1

2
exp(2√2𝜔𝑥)𝑑𝑦2 + 𝑑𝑧2 − 2exp(√2𝜔𝑥)𝑑𝑡𝑑𝑦 

 

If we compare this with the former line element 
 
𝑑𝑠′

2
 =

1

2𝜔2
(𝑑𝑡′

2
+ 2𝑒𝑥

′
𝑑𝑡′𝑑𝑧′ − 𝑑𝑥′

2
− 𝑑𝑦′

2
+
1

2
𝑒2𝑥

′
𝑑𝑧′

2
) 

 

We find 
 𝑡′ = √2𝜔𝑡  

 𝑥′ = √2𝜔𝑥  

 𝑦′ = √2𝜔𝑧  

 𝑧′ = √2𝜔𝑦  

And can conclude that 
 𝑅 = −2𝜔2  
 Λ = −𝜔2  
due to the change in time signature.  

9.5.5.2 lMcMahon 
The line element 
 
𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 −

1

2
exp(2𝜔𝑥)𝑑𝑦2 + 𝑑𝑧2 − 2exp(𝜔𝑥)𝑑𝑡𝑑𝑦 

 

If we compare this with the former line element 
 
𝑑𝑠′

2
 =

1

2𝜔2
(𝑑𝑡′

2
+ 2𝑒𝑥

′
𝑑𝑡′𝑑𝑧′ − 𝑑𝑥′

2
− 𝑑𝑦′

2
+
1

2
𝑒2𝑥

′
𝑑𝑧′

2
) 

 

We find 
 𝑡′ = 𝜔𝑡  
 𝑥′ = 𝜔𝑥  
 𝑦′ = 𝜔𝑧  
 𝑧′ = 𝜔𝑦  
And can conclude that 
 𝑅 = 𝜔2  
 

Λ =
𝜔2

2
 

 

15Because the two line-elements are conformally related by a factor 
1

2
. 

                                                           
15 𝑑𝑠′

2
=

1

2
𝑑𝑠2 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
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9.6 mThe Einstein Cylinder 

9.6.1 The line element 
The Einstein cylinder has the line element 
 𝑑𝑠2 = −𝑑𝑡2 + (𝑎0)

2(𝑑𝜃2 + sin2 𝜃 (𝑑𝜙2 + sin2𝜙𝑑𝜓2))  

Make the coordinate transformation 
 𝑟 = sin𝜃  
⇒ 𝑑𝑟 = 𝑑(sin𝜃) = cos 𝜃 𝑑𝜃  

⇒ 𝑑𝑠2 = −𝑑𝑡2 + (𝑎0)
2 (

𝑑𝑟2

cos2 𝜃
+ 𝑟2(𝑑𝜙2 + sin2𝜙𝑑𝜓2)) 

 

  
= −𝑑𝑡2 + (𝑎0)

2 (
𝑑𝑟2

1 − sin2 𝜃
+ 𝑟2(𝑑𝜙2 + sin2𝜙𝑑𝜓2)) 

 

  
= −𝑑𝑡2 + (𝑎0)

2 (
𝑑𝑟2

1 − 𝑟2
+ 𝑟2(𝑑𝜙2 + sin2𝜙𝑑𝜓2))  

9.6.2 The Ricci tensor 
To find the Ricci tensor we can compare with calculations made for the Robertson Walker space-time and 
find a proper transformation of the coordinates. 
The Einstein cylinder 
 

𝑑𝑠2 = −𝑑𝑡2 +
(𝑎0)

2

1 − 𝑟2
𝑑𝑟2 + (𝑎0𝑟)

2𝑑𝜙2 + (𝑎0𝑟)
2 sin2𝜙𝑑𝜓2 

 

The Robertson Walker line element 
 

𝑑𝑠2 = −𝑑𝑡′
2
+

𝑎2(𝑡′)

1 − 𝑘𝑟′2
𝑑𝑟′

2
+ 𝑎2(𝑡′)𝑟′

2
𝑑𝜃′

2
+ 𝑎2(𝑡′)𝑟′

2
sin2 𝜃′ 𝑑𝜙′

2
 

Comparing the line elements 
 𝑑𝑡 = 𝑑𝑡′  
 𝑎0

√1 − 𝑟2 
𝑑𝑟 =

𝑎(𝑡′)

√1 − 𝑘𝑟′2
𝑑𝑟′ 

 

 𝑎0𝑟𝑑𝜙 = 𝑎(𝑡′)𝑟′𝑑𝜃′  
 𝑎0𝑟 sin𝜙 𝑑𝜓 = 𝑎(𝑡′)𝑟′ sin𝜃′ 𝑑𝜙′  
A proper transformation would be 
 𝑡′ = 𝑡  
 𝑎(𝑡′) = 𝑎0  
 𝑘 = 1  
 𝑟′ = 𝑟  
 𝜃′ = 𝜙  
 𝜙′ = 𝜓  
The Ricci tensor in the non-coordinate basis is16 
 

𝑅𝑡̂𝑡̂ = −3
𝑎̈

𝑎
= 0 

 

 
𝑅𝑟̂𝑟̂ =

𝑎̈

𝑎
+ 2

(𝑎̇2 + 𝑘)

𝑎2
=
2

𝑎0
2 

 

 
𝑅𝜙̂𝜙̂ =

𝑎̈

𝑎
+ 2

(𝑎̇2 + 𝑘)

𝑎2
=
2

𝑎0
2 

 

 
𝑅𝜓̂𝜓̂ =

𝑎̈

𝑎
+ 2

(𝑎̇2 + 𝑘)

𝑎2
=
2

𝑎0
2 

 

                                                           
16 The chapter is named: The Robertson Walker metric 
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The Ricci scalar 
 

𝑅 = 𝜂𝑎̂𝑏̂𝑅𝑎̂𝑏̂ = 𝜂
𝑡̂𝑡̂𝑅𝑡̂𝑡̂ + 𝜂

𝑟̂𝑟̂𝑅𝑟̂𝑟̂ + 𝜂
𝜙̂𝜙̂𝑅𝜙̂𝜙̂ + 𝜂

𝜓̂𝜓̂𝑅𝜓̂𝜓̂ = 3 ⋅
2

𝑎0
2 

 

To find the Ricci tensor in the coordinate basis we need the basis one-forms 

𝜔𝑡̂ = 𝑑𝑡     

𝜔𝑟̂ =
𝑎0

√1 − 𝑟2
𝑑𝑟 𝑑𝑟 =

√1 − 𝑟2

𝑎0
𝜔𝑟̂   

𝜔𝜙̂ = 𝑎0𝑟𝑑𝜙 𝑑𝜙 =
1

𝑎0𝑟
𝜔𝜙̂ 𝜂𝑖𝑗 = {

−1
1

1
1

} 

𝜔𝜓̂ = 𝑎0𝑟 sin𝜙 𝑑𝜓 𝑑𝜓 =
1

𝑎0𝑟 sin𝜙
𝜔𝜓̂   

 

The transformation 
 𝑅𝑎𝑏 = Λ  𝑎

𝑐̂ Λ  𝑏
𝑑̂ 𝑅𝑐̂𝑑̂  

⇒ 𝑅𝑡𝑡 = 0  
 

𝑅𝑟𝑟 = Λ  𝑟
𝑐̂ Λ  𝑟

𝑑̂ 𝑅𝑐̂𝑑̂ = (Λ  𝑟
𝑟̂ )

2
𝑅𝑟̂𝑟̂ =

𝑎0
2

1 − 𝑟2
2

𝑎0
2 =

2

1 − 𝑟2
 

 

 
𝑅𝜙𝜙 = Λ  𝜙

𝑐̂ Λ  𝜙
𝑑̂ 𝑅𝑐̂𝑑̂ = (Λ  𝜙

𝜙̂
)
2

𝑅𝜙̂𝜙̂ = (𝑎0𝑟)
2
2

𝑎0
2 = 2𝑟

2 
 

 
𝑅𝜓𝜓 = Λ  𝜓

𝑐̂ Λ  𝜓
𝑑̂ 𝑅𝑐̂𝑑̂ = (Λ  𝜓

𝜓̂
)
2

𝑅𝜓̂𝜓̂ = (𝑎0𝑟 sin𝜙)
2
2

𝑎0
2 = 2𝑟

2 sin2𝜙 
 

Summarized in a matrix 
 

𝑅𝑎𝑏 =

{
 
 

 
 
0 0 0 0

0
2

1 − 𝑟2
0 0

0 0 2𝑟2 0
0 0 0 2𝑟2 sin2𝜙}

 
 

 
 

  

Where 𝑎 refers to column and 𝑏 to row 

9.6.3 The Einstein Equations 
To find the Einstein tensor we once more copy the result from the Robertson Walker metric 
 

𝐺𝑡̂𝑡̂ = 3
𝑎̇2 + 𝑘

𝑎2
=
3

𝑎0
2 

 

 
 𝐺𝑟̂𝑟̂  = −(2

𝑎̈

𝑎
+
𝑎2̇ + 𝑘

𝑎2
) = −

1

𝑎0
2 

 

 
𝐺𝜙̂𝜙̂ = −(2

𝑎̈

𝑎
+
𝑎̇2 + 𝑘

𝑎2
) = −

1

𝑎0
2 

 

 
𝐺𝜓̂𝜓̂ = −(2

𝑎̈

𝑎
+
𝑎̇2 + 𝑘

𝑎2
) = −

1

𝑎0
2 

 

Summarized in a matrix 
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𝐺𝑎̂𝑏̂ =

{
 
 
 
 

 
 
 
 
3

𝑎0
2 0 0 0

0 −
1

𝑎0
2 0 0

0 0 −
1

𝑎0
2 0

0 0 0 −
1

𝑎0
2}
 
 
 
 

 
 
 
 

 

 

Where 𝑎 refers to column and 𝑏 to row 

9.6.4 The Stress Energy Tensor 
In case of a perfect fluid, the stress energy tensor is 
 𝑇𝑎̂𝑏̂ = 𝜇𝑢𝑎̂𝑢𝑏̂ + 𝑝(𝜂𝑎̂𝑏̂ + 𝑢𝑎̂𝑢𝑏̂) = 𝜇𝜂𝑎̂𝑎̂𝑢

𝑎̂𝑢𝑏̂ + 𝑝(𝜂𝑎̂𝑏̂ + 𝜂𝑎̂𝑎̂𝑢
𝑎̂𝑢𝑏̂)  

⇒ 𝑇𝑡̂𝑡̂ = 17𝜇𝜂𝑡̂𝑡̂𝑢
𝑡̂𝑢𝑡̂ + 𝑝(𝜂𝑡̂𝑡̂ + 𝜂𝑡̂𝑡̂𝑢

𝑡̂𝑢𝑡̂) = 𝜇(−1)(−1) + 𝑝((−1) + (−1)(−1)) = 𝜇  

 𝑇𝑟̂𝑟̂ = 𝜇𝜂𝑟̂𝑟̂𝑢
𝑟̂𝑢𝑟̂ + 𝑝(𝜂𝑟̂𝑟̂ + 𝜂𝑟̂𝑟̂𝑢

𝑟̂𝑢𝑟̂) = 𝑝  

 𝑇𝜙̂𝜙̂ = 𝜇𝜂𝜙̂𝜙̂𝑢
𝜙̂𝑢𝜙̂ + 𝑝(𝜂𝜙̂𝜙̂ + 𝜂𝜙̂𝜙̂𝑢

𝜙̂𝑢𝜙̂) = 𝑝  

 𝑇𝜓̂𝜓̂ = 𝜇𝜂𝜓̂𝜓̂𝑢
𝜓̂𝑢𝜓̂ + 𝑝(𝜂𝜓̂𝜓̂ + 𝜂𝜓̂𝜓̂𝑢

𝜓̂𝑢𝜓̂) = 𝑝  

Summarized in a matrix 
 

𝑇𝑎̂𝑏̂ = {

𝜇 0 0 0
0 𝑝 0 0
0 0 𝑝 0
0 0 0 𝑝

} 

 

Where 𝑎 refers to column and 𝑏 to row 

⇒ 𝑝 = −
1

𝑎0
2 < 0 

 
 

𝜇 =
3

𝑎0
2 

9.6.5 The Einstein tensor with a cosmological constant 
A negative pressure is problematic in classical physics and we include a cosmological constant. The Einstein 
equation with a cosmological constant 
 𝐺𝑎̂𝑏̂ = 𝑇𝑎̂𝑏̂ − 𝜂𝑎̂𝑏̂Λ  

⇒ 

{
 
 
 
 

 
 
 
 
3

𝑎0
2 0 0 0

0 −
1

𝑎0
2 0 0

0 0 −
1

𝑎0
2 0

0 0 0 −
1

𝑎0
2}
 
 
 
 

 
 
 
 

 = {

𝜇 0 0 0
0 𝑝 0 0
0 0 𝑝 0
0 0 0 𝑝

} − Λ{

−1
1

1
1

}  

⇒ 𝜇 =
3

𝑎0
2 − Λ  

 
𝑝 = −

1

𝑎0
2 + Λ  

                                                           
17 𝑢𝑎̂ = (1,0,0,0), 𝑢

𝑎̂ = 𝜂𝑎̂𝑏̂𝑢𝑏̂ = (−1,0,0,0) 
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And we can conclude that the Einstein cylinder is a solution of the Einstein equations with a positive cos-
mological constant with a perfect fluid source with positive energy and pressure if 
 3

𝑎0
2 > Λ >

1

𝑎0
2 > 0  

9.7 nThe Newtonian Approximation – The right hand side! 
The newtionian approximation is characterized by a weak gravitational field and bodies of low masses and 
velocities. 
The Einstein space-time in a weak and slowly varying gravitational field can be described by the linearized 
metric which differs only slightly from the Minkowsky space-time. 
 𝑑𝑠2 = 𝑔𝑎𝑏𝑑𝑥

𝑎𝑑𝑥𝑏  
 𝑔𝑎𝑏 = 18𝜂𝑎𝑏 + 𝜖ℎ𝑎𝑏  

 

𝜂𝑎𝑏 = {

1
−1

−1
−1

} 

 

We look at a particle in a weak field with velocity 𝑣𝑖 =
𝑑𝑥𝑖

𝑑𝑥0
, |𝑣| ≪ 𝑐.  

⇒ 𝑑𝑠2 = 𝑔𝑜𝑜(𝑑𝑥
0)2 + ∑ [(𝑔0𝑖 + 𝑔𝑖0)𝑑𝑥

𝑖𝑑𝑥0 + 𝑔𝑖𝑖(𝑑𝑥
𝑖)
2
]

1,2,3

𝑖

 
 

⇒ (
𝑑𝑠

𝑑𝑥0
)
2

 = 𝑔𝑜𝑜 + ∑ [(𝑔0𝑖 + 𝑔𝑖0) (
𝑑𝑥𝑖

𝑑𝑥0
) + 𝑔𝑖𝑖 (

𝑑𝑥𝑖

𝑑𝑥0
)

2

]

1,2,3

𝑖

 
 

 
 

= 𝑔𝑜𝑜 + ∑ [(𝑔0𝑖 + 𝑔𝑖0)(𝑣
𝑖) + 𝑔𝑖𝑖(𝑣

𝑖)
2
]

1,2,3

𝑖

 
 

 
 

= (1 + 𝜖ℎ00) + ∑[(𝜖ℎ0𝑖 + 𝜖ℎ𝑖0)𝑣
𝑖 + (−1 + 𝜖ℎ𝑖𝑖)(𝑣

𝑖)2]

1,2,3

𝑖

→ 1 + 𝜖ℎ00 (9.9.) 

i.e. in the approximation where 𝑣 ≪ 𝑐, the time component ℎ00 is dominant with respect to the space-
components (ℎ0𝑖, ℎ𝑖0, ℎ𝑖𝑖). 

9.7.1 19The Ricci tensor 
In this linearized theory we have the Christoffel symbols 
 

Γ   𝑏𝑐
𝑎  =

1

2
𝜖𝜂𝑎𝑑 (

𝜕ℎ𝑏𝑑
𝜕𝑥𝑐

+
𝜕ℎ𝑐𝑑
𝜕𝑥𝑏

−
𝜕ℎ𝑏𝑐
𝜕𝑥𝑑

) (9.10.) 

 𝑅𝑎𝑏 = 𝜕𝑐Γ   𝑎𝑏
𝑐 − 𝜕𝑏Γ   𝑎𝑐

𝑐   
⇒ 𝑅00 = 𝜕𝑐Γ   00

𝑐 − 𝜕0Γ   0𝑐
𝑐   

Assuming20 the time derivatives 𝜕0ℎ𝑎𝑏 are small compared to the space derivatives 𝜕𝑖ℎ𝑎𝑏 
⇒ 𝑅00 = 𝜕𝑐Γ   00

𝑐   

  = 𝜕0Γ   00
0 + ∑ 𝜕𝑖Γ   00

𝑖

1,2,3

𝑖

 
 

                                                           
18𝜖 is a small dimensionless parameter of order 

𝑣

𝑐
 so 𝜖 ≪ 1 

19 For a detailed calculation of the Christoffel symbols, the Riemann and Ricci tensors, the Ricci scalar and the Einstein 
equation (The left hand side!) see a later chapter named “Linearized metric” 
20 In the Newtonian approximation we work in a regime where frequencies are low and wavelengths long. This is 
sometimes stated as the ‘slow-motion approximation’ and has the effect that all derivatives with respect to time 

(
𝜕

𝜕𝑥0
) are negligible. 
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  = ∑ 𝜕𝑖 (
1

2
𝜖𝜂𝑖𝑑 (

𝜕ℎ0𝑑
𝜕𝑥0

+
𝜕ℎ0𝑑
𝜕𝑥0

−
𝜕ℎ00
𝜕𝑥𝑑

))

1,2,3

𝑖

 
 

 
 

= −
1

2
𝜖 ∑ 𝜂𝑖𝑖

𝜕2ℎ00
𝜕𝑥𝑖𝜕𝑥𝑖

1,2,3

𝑖

  

 
 

= 21
1

2
𝜖∇2ℎ00 (9.11.) 

9.7.2 The Stress-energy Tensor 
Earlier22 we found that 
 

𝑅𝑎𝑏 = 𝜅 (𝑇𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑇𝑎𝑏𝑔𝑎𝑏) = 𝜅𝜌𝑎𝑏 

 

Where 
 

𝜌𝑎𝑏 = 𝑇𝑎𝑏 −
1

2
𝑔𝑎𝑏𝑇𝑎𝑏𝑔𝑎𝑏 = 𝑇𝑎𝑏 −

1

2
𝑇𝑔𝑎𝑏 

 

The stress-energy tensor is23 
 𝑇𝑎𝑏 = 𝜇𝑢𝑎𝑢𝑏  

In the simplest case, pure matter no pressure24, 𝑢𝑎 = (
𝑑𝑥0

𝑑𝑠
,
𝑑𝑥𝑖

𝑑𝑠
) = 25(

1

√1−𝜖ℎ00
, 0,0,0) and the only non-

zero element in the stress energy tensor is 
 

𝑇00 = 𝜇(𝑢0)
2 = 𝜇 (

1

√1 − 𝜖ℎ00
)

2

=
𝜇

1 − 𝜖ℎ00
≈ 𝜇(1 + 𝜖ℎ00) → 𝜇 

 

and 
 𝑇 = 𝑔𝑎𝑏𝑇𝑎𝑏 = 𝑔

00𝑇00 = 𝑔
00𝜇  

⇒ 𝜌00 = 𝑇00 −
1

2
𝑇𝑔00 = 26𝜇 −

1

2
𝜇𝑔00𝑔00 =

1

2
𝜇 

 

Now, because 

 𝑅00 = 27
1

2
𝜖∇2ℎ00 = 𝜅𝜌00 =

1

2
𝜅𝜇 

 

We can see the equivalence with the Poisson’s equation for gravity (the variation in the gravitational field, 
𝜙 ,caused by a mass distribution, 𝜌) 

 ∇2𝜙 = 284𝜋𝐺𝑁𝜌  

9.7.3 The Equation of Motion 
We can also find the equation of motion in this approximation. In GR a test particle follows geodesics 

described 𝑥𝑖 

 
𝑑2𝑥𝑖

𝑑𝑠2
 = 29 − Γ   𝑏𝑐

𝑖
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
= −Γ   00

𝑖 (
𝑑𝑥0

𝑑𝑠
)

2

− Γ   𝑏𝑐
𝑖
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 (9.12.) 

                                                           
21 ∇2= ∑

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑖
1,2,3
𝑖  

22 Eq. (9.1.):  𝑅𝑎𝑏 = 𝜅𝑇𝑎𝑏 −
𝜅𝑇𝑎

𝑎

(𝑛−1)
𝑔𝑎𝑏 = 𝜅 (𝑇𝑎𝑏 −

1

2
𝑔𝑎𝑏𝑇𝑎𝑏𝑔𝑎𝑏) = 𝜅𝜌𝑎𝑏  𝑖𝑓 𝑛 + 1 = 4 

23 Eq. (9.2.): 𝑇𝑎𝑏 = 𝜌𝑢𝑎𝑢𝑏 
24 Eq. (9.3.) 

25 
𝑑𝑥0

𝑑𝑠
=

1

√−1+𝜖ℎ00
 eq. (9.9.) 

26 𝑔00𝑔00 ≈ 1 because the off-diagonal elements are ≪ 1. 
27 Eq. (9.11.) 
28 If we identify 

1

2
𝜖ℎ00 = 𝜙 and 4𝜋𝐺𝑁𝜌 =

1

2
𝜅𝜇 

29 The general equation is: 
𝑑2𝑥𝑎

𝑑𝑠2
+ Γ   𝑏𝑐

𝑎 𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
= 0 
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Rewriting left hand side of eq.(9.12.)  

 
𝑑2𝑥𝑖

𝑑𝑠2
 = (

𝑑𝑥0

𝑑𝑠
)

2

 
𝑑2𝑥𝑖

(𝑑𝑥0)2
 

 

Rewriting right hand side of eq. (9.12.) 

 Γ   𝑏𝑐
𝑖
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 = Γ   𝑏𝑐

𝑖 (
𝑑𝑥0

𝑑𝑠
)

2
𝑑𝑥𝑏

𝑑𝑥0
𝑑𝑥𝑐

𝑑𝑥0
= Γ   𝑏𝑐

𝑖 (
𝑑𝑥0

𝑑𝑠
)

2

𝑣𝑏𝑣𝑐 → 300 𝑏, 𝑐 = 1,2,3 

⇒ (
𝑑𝑥0

𝑑𝑠
)

2

 
𝑑2𝑥𝑖

(𝑑𝑥0)2
 = −Γ   00

𝑖 (
𝑑𝑥0

𝑑𝑠
)

2

 
 

⇒  
𝑑2𝑥𝑖

(𝑑𝑥0)2
 = −Γ   00

𝑖  
 

We use eq. (9.10.) to find 

 Γ   00
𝑖  =

1

2
𝜖𝜂𝑖𝑑 (

𝜕ℎ0𝑑
𝜕𝑥0

+
𝜕ℎ0𝑑
𝜕𝑥0

−
𝜕ℎ00
𝜕𝑥𝑑

) 
 

  = 31 −
1

2
𝜖𝜂𝑖𝑖

𝜕ℎ00
𝜕𝑥𝑖

 
 

  =
1

2
𝜖
𝜕ℎ00
𝜕𝑥𝑖

 𝑖 = 1,2,3 

⇒  
𝑑2𝑥𝑖

(𝑑𝑥0)2
 = −Γ   00

𝑖 = −
1

2
𝜖
𝜕ℎ00
𝜕𝑥𝑖

 (9.13.) 

Because 𝑥0 = 𝑡 we can rewrite eq. (9.13.) 

  
𝑑2𝑥𝑖

𝑑𝑡2
 = −

1

2
𝜖
𝜕ℎ00
𝜕𝑥𝑖

 
 

Again we see the equivalence to Newton’s law, where the left side represent the force (acceleration) and 

the right side the gradient of the potential (𝜙 =
1

2
𝜖ℎ00). Recall 

 𝐹̅ = −∇𝜙  
With 

 𝜙 = −
𝐺𝑀𝑚

𝑟
 

 

Leads to Newton’s famous equation 

 𝐹 = −
𝐺𝑀𝑚

𝑟2
 

 

Now, this was a classical Newtonian interpretation. 32Later we will use eq(9.11.) (9.13.) to calculate a rela-
tivistic time dilation. 
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