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8 The Einstein Field Equations

8.1

aThe vacuum Einstein equations

Prove that the Einstein field equations G,;, = kT, reduces to the vacuum Einstein equations R, = 0 if
we set Ty, = 0.
The Einstein tensor

1
Gap = Ryp — EgabR
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If Gab = KTab =0:

1
= Gap = Rop — EgabR =0
1
= Rop = EgabR
Contracting with g%?
1
= 9Ray = EgabgabR
using the definition
R = gabRab
and that in 4 dimensions g*? g,;, = 4
1
= R = E4R = 2R
Now this can only be true if
Rab =0

8.2 The vacuum Einstein equations with a cosmological constant
Prove that the Einstein field equations G, = kT, reduces to Ry, = ggp/A and R = 4A°.
The Einstein equation in vacuum with a cosmological constant

1
0 =Rgp— EgabR + garA

ab 1 ab ab 1
= 0 =9%Rap =59 gapR + gapg®’A =R =5 4R + 47

= R =14A
Next we rewrite the Einstein equation

1 1
0 = Rap — EgabR + garA = Rgp — Egab(‘l'A) + gavA = Rap — GanA

= Ry =9gwh Q.E.D.
In the non-coordinate basis
Rap = mgp/

8.3 c<General remarks on the Einstein equations with a cosmological constant

If we demand that the gravitational field equations are

(1) generally covariant

(2) be of second differential order in g,

(3) involve the energy-momentum T, linearly
it can be shown that the only equation which meets these requirements is

Rap + URGap + Agap = KTgp

where u, A, and k are constants.
The demand that T, satisfies the conservation equation

VbTab =0
leads to
o =—-=
Proof:

VbTab =0
= Vy (R + uRg® + Ag®’) =0
= VR + uv,(Rg™) + AV,g?" =10

1 vbgab — O
2
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= V,RY + ((v,,R)gab + R(ngab)) — 20
= V,R*® + u(V,R)g* =0

Next we use the Bianchi identity:

VaRaeve + VoRaeca + VeRaear =0

gdb (VaRaebe + VoRaeca + VeRaean) =

Va.gddeebc + ngddeeca + chddeeab =

VaRbebc + VbRbeca + VcRbeab =

VaRec + VbRbeca —VReqg =

gae(VaRec + VbRbeca - VcRea) =

Vag®Rec + ngaeRbeca =V g% Req =
V.RY. + VbRbC -V.R =0

1
2 (VaR“C - EVCR) =

bc a 1 —
29°¢ (VaR® =5 VeR =0

(TR S S AN T

U

U

bcpa _1 bc —
2\Vag”°R%, Z(VCR)g 0
ab _1 ab —
= 2(VaR® =5 VaRg 0

Now if we compare with
VoRY + u(V,R)g*® =0
we see that

8.4 dUsing the contracted Bianchi identities, prove that: V,G*” = 0
Expressions needed:
Bianchi identity:

0= VaiRgeve + VpRaeca + VeRaean (8.1.)
0= Vega
We want to prove
0= Vg%
If
0= Vg%
< 0= gdagebvcgab
And 0= chdagebgab
And = VcGae
e 0= V.g% (8.2.)
Riemann tensor:
Rapca = —Rabac (8.3.)
Ricci tensor:
R up = Rup (8.4.)
Ricci scalar:
R = gabRab =R% (8.5.)
gaeRb eca — gaeRebac = Rabac = Rbc (8.6.)

The Einstein tensor:

vagab =0
’ gaeRbeca = gaeRebac = Rabac = Rbc
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1
Gap = Rgp — EgabR (8.7.)
Kronecker delta
9% =9 gpc =8¢ (8.8.)
1 1 1
vaGac =V, (Rac - EgacR) = VaRac - EvagacR = 4VaRac - EgacvaR

1 1
=vaRaC_§8gvaR =VaRaC_§VCR (89)

The proof:

0 = Sgdb (vaRdebc + VpRaeca + VcRdeab)
0 6Vagddeebc + ngddeeca + chddeeab
0 VaRb ebc + VbRb eca + VcRb eab
0 7VaRec + VbRb eca — VcRb eba
0 8VaRec + VbRb eca VcRea
0 =999 (VaRec + VbRb eca — VcRea)
0 = VagaeRec + ngaeRbeca - chaeRea
0
0
0
0
0

t0°0¢Q
[ITRT

=V R+ ngaeRb eca— VeR%

= 1OVaRac + ngaeRbeca — V(R

=11V, R*, + V,RP, — V.R

1

=2 [VaR“c — EVCR]

= 1ZvaGac
0 =13gbey, G4 =V,g"G* =V,GY? Q.E.D.
This is a very important result because it leads to the conservation laws of the right hand side of the Ein-

stein equation, which we will look into later.
V., T =0

¢t ¢ 00¢0°Q

8.5 €2+1 dimensions: Gravitational collapse of an inhomogeneous spherically
symmetric dust cloud.

8.5.1 The components of the curvature tensor for the metric in 2+1 dimensions using Cartan’s
structure equations
The line element:

ds? = —dt? 4+ e??®Ndr? + R2(t,r)d¢p?
The Basis one forms
ot =dt 1
o' =gy dr = e bEN T ni = {_ 1 }
¢ =R(tr)dp dp = w® 1
P =REMAP dp = o
4 use eq.(8.8.)
5 Multiply eq.(8.1.) by g?°:
6 use eq.(8.2.)(8.2.)
7use eq. (8.3.) and eq. (8.4.)
8useeq. (8.4.)
¥ Multiply by g€
P yse eq. (8.5.)
1 useeq.(8.6.)
2 yse eq. (8.9.)
3 Multiply by g?¢
4
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Cartan’s First Structure equation and the calculation of the curvature two-forms

dw®* = —Fdl; A wP
Fafz = FaBé(L)C
dot =0
do = d(eb(”)dr) = hePEtNdt Adr = bt A 0"
o . R ., . R .
dw?® =d(R(t,7)dp) = Rdt Ade + R'dr Ad¢ = Ea)t Aw? + ﬁe_b(”)wr Aw®

Summarizing the curvature one forms in a matrix:

. R -
0 bw' —w?
w Ra)
r‘; =1 b’ 0 Fe‘b(”)wa
R . ! .
—_ ¢ ___,-btr),, ¢
\Ra) Re w 0 )

Where d refers to column and b to row.
8.5.1.1 The curvature two forms
0% =dri; +r AT = %Rdl;éawf A w?
dr'; = d(bo") = d(be?“Vdr) = [be? " + (b)*e?@0 | dt A dr
= - [E + (5)2] 0" Awt

7 ¢ _ pf ¢ P 2 p ¢ _
["e AT =T AT ¢ + T AT +T 5 ATY, =0
= fo = - [5 + (5)2] o’ Awt
P R - . . o\
ar, =d <Ew¢> =d(R(t,r)d¢) = Rdt Ad¢p + (R) dr Ad¢
. N/
= —Ba)"ﬁ A wt — %e‘b(”)wa’ Aw'
- B -1 S
P A% =T AT + 1% AT + T2 AT =12 AT, = e " w? nbo
5 R o . ((R) R S
¢ ___ ¢ t_ [N ) ,-br), 7
= , = A A
Q% Rw W ( R R e w? ANw
ar®. =d R—’e_b(t'r)wa’ = d(R’e_b(t'r)d¢)
P R -
= [(R)’e_b(”) — R’be‘b(t'r)] dt Adg + [R"e PN + R'p'e~PEDdr A d
, e—b(t,r) 3 A e—Zb(t,r) 3
- _ 5\ _ pri t_ " 2N #
= [(R) Rb] — w? A [R" +R'D'] R”w Aw
& are b apt b b Apb b i _RD G
PP AT =T AT +T% AT, + 19 AT? =% AT = — 0 ho
R N -btr) e—2b(tT) R
= Q¢r = —[(R) —R’b] w¢/\wt—<[R”+R’b’]T—?>w Aw"

Summarized in a matrix:
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( R’ P )
[ w¢ Aol 1
. 82 2 N
—|b+ (b) ot Ao | |
[p+ Y] (@ b) b
R
Q4. = —b(tr) >
b N .1€ ’ = P
| [y -~ WP not ]
S 0 e~2b(tr)  RJ I
_ 17 ryr - = ¢
[ ([R +R'D'] R R )w AW J
\S AS 0 J

Where a refers to column and b to row.

8.5.1.2 The Riemann Tensor
Now we can find the independent elements of the Riemann tensor in the non-coordinate basis:

. . i
R o) =—[b+ ()] R5(B) = =
65 L . -b(t,r)
R+ =—[(R) +R'b|
a’ — 1 AN e_Zb(t’r)_R_b
R®.5:(D) = <[R FRY | ——— =

Where A, B, C and D will be used later to make the calculations easier

8.5.2 Find the components of the Riemann tensor for the metric in 2+1 dimensions - alterna-
tive solution
The line element:
ds? = —dt? 4+ e?PtNqr2 + R2(t,r)d¢?
Now we can compare with the Tolman-Bondi — de Sitter line element, where the primes should not be
mistaken for the derivative d/dr.
ds? =di'? —e 2 gy — R2(¢+)d6'2 — R2(t', ") sin? 6’ d¢p'?
And chose:
dt’ =dt
eV gy = ePErgr
R(t',r')d8’ =0
R(t',r")sin0'd¢p’ =R(t,r)d¢
Comparing the two metrics we see: d¢p' = d¢p, 0’ = %,R(t’,r’) = R(t,r),dt' =dt
Next we can use the former calculations of the Tolman-Bondi — de Sitter metric to find the Riemann and
Einstein tensor for the 2+1 metric.

But first we need to find
tl

d ! dr'dt dr
DD
o (dt )_ "
LAy d, ...
Y ST a? at —b) = —b(t,7)

! _dl/)(t’lr,)_ _w ’,T’ i w I,TI
p =TT o o) T (orle' )

I/)dT'd

— »—Y(t
- ¢ dr'dr

(e b(tr )C;_T> — _e—lp(t"rl)e—b(t,T)bl(t’,r)
r
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_dR(t",v") _dR(t,7)

R = = R
2 d(t, ) Zgjlt( )R(t}r)
.. d“R(t',r’ d“R(t,r ..
R = = =
dt’z dt2 R(t’r)
dR(t',r") _dr dR(t, r) -
R = _ 1[)(t r) —b(t,r)
X dr’ dr’' dr R'(tr)
., d*R(t',r") d (dR(t',r") dr d
B =arar _dr’< )" @ (Ren)
= e ¥(t")e=bENR! (¢, 1)
8.5.2.1 The Riemann tensor
Tolman —Bondi — de Sitter 2+1
A . .2 N . . 2
R e = [ — ()] > R4 =-[b+(5)]
6 _
Rt =3
e¥(tr)
RO =—[(R) +R 11)] -
le(tr) Rl/)
R?, [(R” + Ry —]
% R ié
¢ _ ¢ __=
RE&——E = RY,(B) =
1/)(tr) ® —b(t,r)
R = =[(R) + R = > R0 =—[(R)—Rb]
21[J(tr) Rij _ —2b(tr) Rb
R [(R” + Ry ] = R‘PW(D) - [(R” RS —?]
R?ﬁAM _ (R) (R )2 zw(tr)]
090 RZ R2 Rz

Where A, B, C and D will be used later to make the calculations easier

8.5.3 Find the components of the Einstein tensor in the coordinate basis for the metric in 2+1
dimensions.

8.5.3.1 The Ricci tensor

Rap =R 45 5
- _ X _ . . (’i) _ N (’ﬁ _ . .\ 2 R _
Rit =R, =R'y; + R ;s + R E&f—erff_l_R faf—_[b+(b) ]_E_A+B
A ) R N -b(t,r)
Rs¢ =Rfm=Rtﬁf+er+R¢r¢t=R¢fa>f=—[(R) -Rb|——=c
Rg: =R 34 =R’ gt + R Goe + ROgae + R #3i =0
Rep =R e = Rt 7+ R e + R¢ PP = Ry + R¢f<7>f
—2b(tr)
=[5+ (b)’] [(R” R'b)—— ‘_] —A+D
e p ¢> _ _g® ¢
R3p = Rgea =R gia T R grg T R 455 = "RUige + Ry
e~2b(tr)  pj
=—‘[(R” R'D)——m—=—|=-B+D
R
7
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Summarized in a matrix:

. .\ 2 R N e e_b
—p+(m]—ﬁ -{@)-R47; 0
. ) " . e~2b Rb
Ry =) s b+ )] - |- ron - 0 >
0 0 R R" —R'b’ e® Rb
L R\ R R %)

Where @ refers to column and b to row
8.5.3.2 Thg Ricci scalar
R =nlR,;
R =0 Ry +1""Res +1%PRg5 = —Ry + Rys + Ry = —(A+ B) + (—A+ D) + (-B + D)
=—24-2B+2D = —2R";y; — 2R + 2R%
.2 R e~2bm)  Rp
=2[b+ (b) ]+2§—2[(R"—R'b')T—7

8.5.3.3 The Einstein tensor
1
Gap = Rap —5MasR

i 1 1 3
Get =Rz —5MiR =Ry +5R=A+B+-(-2A-2B+2D) =D =R%;,

[ (R”_R,b,)ﬂ_R_b
R R
1 3 . je”
e = _ _p® _ ! '
Gri = Rep —5n5R = Ryt = R ﬁﬁ_—[(R) —Rb]T
1
Got = Rge —5mgeR =0
1 1 1 3 R
GTT =R‘r1‘ ET]-M*-R=R7¢f—ER=—A+D—E(—2A—ZB+2D)=B=R ffﬁf:_ﬁ
Gan 1 1 1 ;
oP =R$$—§T]$$R=R$$—5R=—B+D—§(—2A—ZB+2D)=A=RH,f
= —[b+(5)°]
Summarized in a matrix:
(R — ry &2 — ROl _epy — mip] )
= | R = RDY = |(R) - r'D|— o |
Gap = R
. )
L 0 0 =B+ ®)°])

Where d@ refers to column and b to row

8.5.3.4 The Einstein tensor in the coordinate basis
The transformation
Gap = ACAaAdb Gé&
JUNPN 22 e~2b Rb
Gy = ACtAdtGé& = (Att) Gip = — (R” - R'b')T - ?

http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 8 — The Einstein Field Equation

Susan Larsen

Ore = AN Gog = NN (G = —

R

¢ Ad > \2 R
Grr = AN Geq = (A}) G = — 1€

R

(&) r']

Gop = A6¢Aa¢6cﬁ = (A$¢)2 G = —R® [E + (5)2]

Summarized in a matrix

Gab

e

o2 _RB] (R~ R'D]
—{m RV —— | 0
=< R
_ _,2b
S R 0
0 0 —R2[b + (b)]

Where a refers to column and b to row

8.5.4 The Einstein equations of the metric in 2+1 dimensions.
Given the Einstein equation (ifc = G = 1):

Gap + Angp = KTgp

with A = —12 you get

Gap — A°1gp = KT g5

and the stress-energy tensor:

p 0 O

0 0 O

You can find the Einstein — equations

[ FW' Ry E— 22 —KR)—Rb]

)

D
<)
<)

R
"R
0
1] AN e_Zb Rb 2
—|(R"=R'D)— TR +A4 =kKp
N s e_b =0
-{m)—éﬂ7; =
(R) —R'h =0
R
_ - _ 32 =0
--R A
R+2?R =0

—[b+(®)]-2 =0

http://physicssusan.mono.net
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8.6 fThe de Sitter Spacetime
The de Sitter spacetime is an example of the Robertson Walker *space-time in vacuum with positive cur-
vature and a cosmological constant. The solution to the Einstein equations are the Friedman equations®.
The line element

1
ds? = —dt*+ ﬁcoshz(kt) (d6? + sin 6 (d¢p? + sin? ¢ dip?))

8.6.1 The Friedmann equations with a cosmological constant
3
— 2
a 1
0 =2—+—=(1+a*)—-A
at @ (1+a%)
We chose k? ==

1 .
0 =a—2(1+a2)—k2

= -1 =ad?-k?a?
a 1 a a
0 =2—+—-5(1+a*) —3k?*=2—+k*—3k?=2——2k?
a a a a
> 0 =d-—k?a (8.14.)

8.6.2 Solving the Friedmann equations
These equations we can solve. The general solution to eq.(8.14.) is
a = Aekt + Be Kt
= a® = (Aekt + Be7kt)" = AZe?kt 4 B2e2kt 1 4B
= a =Ake* —Bke™*t
> a? = (Akekt — Bke k)" = k?2(A%e?kt 4 B2e~2kt — 24B)
i = Ak%e*t + Bk?e ™t = k2q

= 0 =d—k?a=k?a—k?a=0
= -1 =a%—k?a* = k?(A%e?** + B%e™?kt — 2AB) — k?(A%e?* + B2kt + 24B)
= —4k?AB

1
= — =4AB

k2
We choose A = B

1 1
= a* =(de+ Be‘k'f)2 = A%(e* + e‘kt)2 = 4_k222 cosh?(kt) = ﬁcoshz(kt)
And find the de Sitter line element
1
ds? = —dt? + ﬁcoshz(kt) (d6? + sin? 6 (dp? + sin? ¢ dy?))

8.7 8&The Anti-de Sitter Spacetime
The line element
= —dt? + cos?(t) dr? + cos?(t) sinh?(r) d6?
+ cos?(t) sinh?(r) sin? 6 d¢?
To show that this spacetime is a solution to the Einstein vacuum equation with a cosmological constant
A = —3 we can compare to the Tolman-Bondi de Sitter spacetime?®

ds?

Wds? = —dt? + a(t)*(d6? + sin? 0 (d¢p? + sin? ¢ dyp?))
15 see the chapter named: The Einstein tensor and Friedmann-equations for the Robertson Walker metric
16 See the chapter named: The Einstein Tensor of the Tolman-Bondi de Sitter Metric
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ds? =17dt? — e 2¥ENGr2 — R2(t,1)dO? — R?(t,1) sin? 6 d¢p?
Comparing the two metrics
e~V = cos?(t)
R2(t,r) = cos?(t)sinh?(r)
= R(t,r) = tcos(t)sinh(r)
We need
=2y(tr) 2
d(e Z’ t ) d(cos (t)) 2 cos(t) sin(t) = —2ghe-2H(ED
cos(t) sin(t)  cos(t) sm(t)
= vo= e c0s2(0) an(t)
.. d tan(t) 1
v dt  cos?(t)
y =0
R = 4 COS(Z sinh(r)) = + sin(t) sinh(r)
R = ¥ cos(t) sinh(r)
R 4 F cos(t) sinh(r) 4
‘7 TR cos(t) sinh(r)
R’ = % cos(t) cosh(r)
R" = £ cos(t)sinh(r) = R(t, 1)
.. . 1 )
= 2 [11) - (1/;)2] =2 [cosz(t) - tanz(t)] = 2 z(t) [1—sin?(t)] =2
2y(tr)
(RII + erpl)e - = ele)(t,T) = Cosz(t)
Ry  Fsin(t)sinh(r) tan(t) B
R tcos(t)sinh(r) tan® ()
(R)Z _ (Fsin(t) sinh(r))?
R2  cos2(t)sinh2(r) tan®(£)
(R")? S2Er) (£ cos(t) cosh(r))? 1
“RZ  cos?(t) sinh2(r) cos?(t)  cos?(t) tanh?(r)
8.7.1 The Ricci scalar
29(t,r) ; 2
R =2[p-W)]- 4 +4 [(R” FRY) Rlp] Rlz + (22 (};2) 2”’(”)]
=2 (—4) +4 [ - tanz(t)] —2 [ ! + tan?(¢) — ]
cos2(t) cos2(t) sinh2(r) cos2(t) tanh?(r)
2 7. 1 _ z _
=10 — 0 sin?(t) + e (1- coshz(r))] =10 — 05?0 [sin?(t) — 1] = 12

Hence the Ricci scalar we are looking for is R =

-12

The vacuum Einstein equation for a metric with a cosmological constant is

1
0 = Rap — EgabR + GanA

= 0 =18g%R,,
R 12
4 4

1 1
- Eg“bgabR +9°gapA =R — 4R+ 40 = —R +4A

17 Notice the two spacetimes do not have the same signature and therefore thee Ricci scalar changes sign. Chapter 2.
18 Notice: This is equivalent with the former paragraph 8.2
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@ (McMahon, 2006, p. 138)

b An excellent qualitative explanation of the cosmological constant, you can find in (Greene, 2004, s. 273-279)
¢ (d'Inverno, 1992, p. 172)

4 (McMahon, 2006, p. 152), (d'Inverno, 1992, p. 87), (Kay, 1988, s. 120, 125)

¢ (McMahon, 2006, pp. 139-150)

f(Choquet-Bruhat, 2015, s. 96), (Ellis, 1973, p. 124)

& (Choquet-Bruhat, 2015, s. 97), (Ellis, 1973, p. 124)
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