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14 Gravitational waves

14.1 Space-times

14 April 2023

This document includes many different space-time examples. In order to keep track of them | have made

this list- in alphabetical order.

Space-time Line-element %:t
— 2 1 02\ 7,2 — ae2 -

Aichelburg-Sexl Solution ds? | = Hrloslx +y_)d(§:é + 2dudr — dx 14
— 2 — .2

Brinkman space-time ds? |~ H(w,x,y)du _+d2yc§udv dx 14

z7 ] = 2 _vINg,2 — Jx2

Colliding gravitational waves ds® | =5W&* —Y _)(g;z-l_ 2dudr —dX 14

f:())l!:;(;:;}‘ica\fl;a\\/\gtatlonal wave with a elec- ds? | = 2dudv — cos? av (dx? + dy?) 14
= —AAv?du® + Bdudv

Generalized Nariai space-time ds? c 14

0 (dx? + dy?)
. . = 2dudv — [1 —vO(v)]?dx?

Impulsive gravitational wave ds? [ ~ [1(+)1]/®(v)]2dy2 14

Linearized metric ds? | = (Nap + €hgp)dx®dx? 9'112'
= —Av2du? + 2dudv

Nariai space-time ds? 1 14

-7 (dx? + dy?)

— (1 — 272

Penrose-Kahn metric ds? | = 2dudv a _u()l :l-xu)zdyz 14

Plane waves: hy;, = hgy, (t — 2) ds? | = (Mgp + €Rgp)dx*dx? 14

Rosen line element ds? | = dUdV — a*(U)dx? — b*(U)dy? 14

. . = 2dudv — cos? av dx?
Two interacting waves ds? _ cosh? av dy? 14

14.2 The delta - 6(u) and heavy-side - ®(u) functions

14.2.1 Definitions
The delta-function

o(u)

{+00ifu=0.
Oifu=0"’

J_O:O(S(u)du =1

he heavy-side-function

_lxl+x _ (Oifu<0
o) =7, ‘{1 ifu>0
00 _ o) = s(u);
du

0(uw) = Ju d(wdu
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14.2.2 Examples-formulas

f_ FsWdu = f FO' wdu
= [FWOW]Z f /WO w)du

= f(o0) - fo f(wdu

= f(0) = (f () - f(0))
= £(0)
if f(u) = u we find

Lif(u)S(u)du = jmuS(u)du = jooo . S5(w)du = 0

We assume that ué(u) = 0.
Multiplying both sides with a test function g(u) and integrating we get

ud(u) =0
f ugw)é(w)du =f g) - 0du
o 0.90) =0

which is consistent with our initial assumption.
Next we calculate

j Fa8' @du = [f)S@]Z f F1Ws@du
= [FWwW)]® f (W8 wdu
= [FWs@W)] _oo—([f WO W)~ f f”(u)G(u)du>
:0_ ! [o'e) _ * 144 d
(f( ) f @ u)

—(f'(@) = (F'(=) = £'(0)))
= —f'(0)

if f(u) = u we find
[ rosean = [ e =-

Next we assume that —§ (1) = ud’'(u).
Multiplying both sides with a test function f(u) and integrating we get

j —fw)dw)du = f fud’ (w)du
At —f(0) =-Ff@uw)@w=0)=~(f'w- -u+f@w)u=0)=-£(0)

which is consistent with our initial assumption and we can therefore conclude that
—6(u) =ud'(u)

Collecting the results
') =6w)

| rasea =5
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| raswada =1~ 5o
uS(u) =ul’'(u)=0
ud'(u) =-6(w)

14.3 Linearized Metric

14.3.1 The metric tensor and it’s inverse
The metric tensor
Jab =gy + €hyy
We assume the inverse metric tensor can be written as
gab — nab + keh@?
We calculate, ignoring terms of order 2
8¢ = garg"*
= (nab + Ehab)(nbc + kEth)
= NapN?® + €(hgpn®® + kngph?®)
= 65 + €(hapn®® + kngph®®) + ke?hgphe

= habnbc = _knabhbc = _knabnbdncehde = _k6gncehde = —kn“hg, = _kanhab
= k =-1
= gab — nab — ehab

14.3.2 Christoffel symbols.

Ignoring terms of order €2.

1 09pa  99ca O9bc
a  _ _ad _ d
Phe = 9%Thea =759° ( ox¢ = odxb axd>

2
1 doh oh dh
=5 (- Ehad)6< axe * T axlzic)
€ . (Ohyg Oheg Ol
27 (axC dxb axd)
14.3.3 The Riemann tensor.
Ignoring terms of order €2
R%cqa = 0cT%q — 0aT%c + Thal%c — T8l %q

_ E ae (ahbe c')hde _ ahbd) _ E af ahbf ahcf _ ahbc
Oc <271 dx4 + dxP  oxe 9 2 dx¢ + oxP  oxf

_5< ae( dhye  Ohge  Ohpg )_ af< Ohyy Ohes Ohy, ))

2 0xc9x9 ' 9xPoxc 9xoxe axcaxd+6xb6xd_6xd6xf
=E77ae< ahbe ahde _ ahbd _ ahbe _ ahce ahbc )

2 0x€0x?%  9xPox¢ 0Oxcoxe 0x0x? OxPox? oOx%9xe
=E77ae< ahde _ ahbd _ ahce ahbc )

2 0xb9x¢ 0xcoxe o0xboxd 0x%0oxe
_6( ahda ahbd ahca ahbc )
T 2\9xPaxc  9x9x* dxbaxd ' 9xddx?
14.3.4 The Ricci tensor.

Rap :Rcacb

= acl—‘cab - abl—‘cac

= Rabcd

! The general formula is fjooof(u)(S(”)(u)du = (-1)"f™(0)
2 € is a small dimensionless parameter of order E soeK1
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=0, (Enc‘i (ah“d + Ohva ahab)) )

2 axb ' ax®  9xd

E cd (ahad
b\ 2 1 dx¢
dhyy 0h.q4

0h.q Ohg,
0x® o0x4
dhgye

ncd<6had Ohpy  Ohup

NN m

Cd( Ohpg  Ohgy  Oheg
T \9x%9xc ~ 9x°9x?  9x%0xP

ac )
dxboxd

e[ 0h¢, dh
— 3456_— — ab —

2\ 9x20x¢ 0x%0xP
14.3.5 The Ricci scalar.

Ignoring terms of order €2.

R :gabRab
€Oy . oh ok,
=2\ oxeaxe ab " 5xagxb ' gxboxc

L L L
— 2\ 9x29x¢ 0xboxe

ahab
= E(W‘ Wh)
14.3.6 The Einstein tensor.

Ignoring terms of order €2.

1
Gap = Rgp — E.gabR

L
dxboxc

)

9xPoxc ' 9x%9x¢ 09x°9x% dxPoxc 9x9xb = 9xboxd

€ dhab Wh
2 Mab \ 5xagyb

1
=Rgp — EnabR
=5< ohy . __Oh 0 >
2\ 0x20x¢ ab " 5xagxb T gxboxc
=5< ohy _ . __Oh  0h% _ Oh
2\ 0x20x¢ ab ~ 5xagxb T gxbaxc 1% Gxcaxe

14.3.7 “Gauge transformation - The Einstein Gauge

If we require that R%,;, Ry, and R are unchanged under a gauge-transformation of first order in &, we
can show that this is fulfilled by the coordinate transformations

x% S x = a4 ep?
hap = hap = hap — Pap — Pva
a
77bab,a -1’ ba — ¢ab,a —0¢y,

where ¢% is a function of position and |¢a,b| « 1. We have
02 hpe 0%h.s

+ Nab Wh>

RG — onae
bed 2 &M 0xoxf = 0xcoxP
_ 18< 9%hc,  9%hC,
2

athd
- ¢ <axcaxd B Wh)

3 Assuming hyp, = hp,

4 Defining W = 49,0,

5 Defining h = n°@h,,

6 ped dhac _ 9h%q _ 0he
dxboxd dxbaxd dxboxe

Rab

http://physicssusan.mono.net
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Yap = hap — %nabh
The Einstein gauge transformation is a coordinate transformation that leaves R%.;, Rqp and R un-
changed. The coordinate transformation that will do this is
x5 x% =x%+ gp?
In order to show this you only have to convince yourself that the line element is unchanged. Checking
ds? = ggpdx®dx? = (ngp + ehgp)dx®dx?
ds? = ggpdx®dxP1
= gp + €M’ gp)dx® dx?
="(Nap + R gp)d(x* + ep®)d(xP + e¢p?)
_ i ox® . ap” . oxP d opP d
= Nap + €N ap) <ﬁdx + & P dx )(de + smdx )
= Map + eh'ab)(dgdxc + sd)alcdxc)(c?gdxd + sd)b'ddxd)
= (Nap + €N gp) (6860dx dx? + ep® 52 dxdx? + ep® ;6¢dxdx?) + €2 ...
= (Nap + €N ap) (dxdx? + ep® .dx dx? + e¢p? ;dxdx?)
= (Nap + €N qp) (dx%dx? + enep, dx dx® + en?l ps g dx®dx?)
= (Nap + €N gp)dx?dx? + gy (en®® e cdxdx? + en® ¢ 4 dxadxd) + &2 ...
= (Nap + €N ap)dxdx? + (e6f pe dxCdxP + e&’{qbf,d dx%dx?)
= (Ngp + €N gp)dxdx? + (ed)blcdxcdxb +edaa dxadxd)
Renaming the dummy variables
= (Ngp + €N"gp)dxdx? + (ed)b,adxadxb + edap dxadxb)
= (nab +eh'gp +EPpa t+ EDgp )dxadxb
= (Ngp + €hgp)dx*dx?

If
Rap =hap = Ppa— Pap (1)
Next we are going to investigate the transformation of the derivative of the trace reverse
a
lpab,a - lp’ b,a = lpab,a - D¢b (”)

ra — nac,,’
b,a =1 ¢cb,a

1

= Uac (h,cb,a - Encbh,,a>

ac l 1 rd
n h cb,a — Encbh d,a

ac l 1 edp!
n (h ch,a — E’ch’l hed,a)

1

= Tlac (hcb,a - ¢b,ca - ¢c,ba) - Enacncbned (hed,a - (.bd,ea - ¢e,da)

ac 1 ed ac 1 ed
n (hcb,a - Er]cbr] hed,a) -7 d’b,ca + ¢c,ba - Encbn (¢d,ea + ¢e,da)

ac(p _ 1 hd __ .,ac __ .,ac _ 1 ed( + )
n chb,a 2 Nep d,a n ¢b,ca n ‘.bc,ba 2 NepN ¢d,ea ¢e,da
=n%(h _ 1 h _ _ ac _ 1 ac ed
n ch,a 2 Neb ,a D¢b n d’c,ba 2 n="NepN (¢d,ea + ¢e,da )

1
= nacl/)cb,a - D¢b - (nacd)c,ba - E(Slcwlned (¢d,ea + d)e,da ))

7 —
N ab = Nab
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1

= lpab,a — O¢p, — <¢a,ba - 561()1(¢e,ea + d)d,da )>
1

= 8%, o — Oy — <¢0fba 3 (@€ ep + D% ))

1
= lpab,a —O¢p — <¢a,ba - E (¢a,ab + d)a,ab )>
e =W¥%a— O ()
. ra _
The choice of '", = 0 leads to’

1a

1 ! ! ! 1 ! ! 1 !
ba — h’ab,a - Eh b = nacl/) cha — 77'" (h cha — Erlcbh ,a) = nach cha — E(Sgh a — 0

14.4 Plane waves

14.4.1 “The Riemann tensor of a plane wave
Here we want to show that the Riemann tensor only depends on hyy, hyy, hy, and h,,,. For symmetry
reasons it is only necessary to show that the Riemann tensor does not depend on h;; and h,.. The Riemann

tensor
Ra _ 1 af azhdf 0%hyg 0%hy,, azhcf
bed =5\ Gxcoxt ~ 9xcaxs | 0x%0xS  9xldxP
For plane waves we have
hap = hap (t—2)
Ohgp dhgp 0
= _ =
d0x dy
We also need
f)hab . a(t - Z) ahab _ ahab
0z 9z 9(t—z) O(t—2z)
ahab _ a(t — Z) (‘)hab _ (‘)hab
at ot d(t—2z) 0(t—2)
5 Ohay _ _Ohap
0z at
9%hg, _ 9%hg,
9z2  0Ot?
and
/ hee  hex  hey htz\
h _ | hxt hxx hxy hxz |
ab hye  hyx hyy hy,
hzt hzx hzy hzz
1
[ e b by =gt
_ I htx hxx hxy _htx I
hty hxy _hxx _hty
1
_E (htt + hzz) _htx _hty hzz

The Minkowski

8 Renaming the dummy variables
% However | don’t know how to show that the Riemann-tensor keeps the same form if we make this choice

http://physicssusan.mono.net

8

logik.susan@gmail.com


http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Gravitational Waves — Chapter14 14 April 2023
sSusan Larsen
1
-1
77ab — 1
-1
The dependence on hy;
d=f=t(=a=t):
Rt 1 0%hy, 0%h,, 0%h,. 0%hg
bee =581\ Grcaxb " axcar T 9%t raxb
b=t R, 1 0%hye _ 0%hy  0%hy _ 0%hey ~0
2%\ 6xcac  axcar | 9%t 0%t
bex R _1 (0%hy 0%hy +62hxc 0%het) _1 [ 9%hu +02th
2¢ axcax 0xcot 0%t 0tdx 2¢ 0xcot 0%t
1 6 Rt
cC = t Rtxtt E < azt a > = 0
3 Rt 1 0%hyy) 1 0%hyy
=X e =€ xat a2t )~ 2% 0%t
1 92h 1 9°h
— Rt z hay _ - xy
—=* Wt =g < yat o2t ) 2% 02t
1 0%h 1 [9%h 0%h
= Rt - xz |\ _ = (2 Pt tx | _
=2 e =3¢ ( T ) 26\ 2 o7 )T
1 (0%h 92%h d%h 1 0%h 0%h
b= v Rt = tt ye ct\ _ 2 [_ yt yc
=Y yet =€ (axcay axcat+ 32t atay)  2°\ axcar | o%t
1
TR ( yt>:°
1 1 0%h
= X: Rt — yx — yx
— . =5 < axat ) 2" 02t
1 1 0%h
R t L Yy
=y Ry E( at>_§£ 92t
1 0%h 1 (0%h 0%h
c=z R, == VZ = e vt 7 Tyt _
2¢ azat 0%t 0%t
1 (0%hy 97 hzt azhzc 0%he,
b= Rt - —
z zet =3¢ <axcaz xcot | 0%t  dtoz
c=t R ztt ==& - =
2°\ataz a2t 0%t otdz
, iy 0%hee  9%hy  0%hzy  0%hy\ 1 0%hy,  0%hy,
c=x: R' e == - =—¢| - + =0
2%\ 9xaz ~ oxat 0%t otz 2 0%t 0%t
1 [0°h 0%h 0%h 0%h 1 0%h 0°h
= v Rt _ - tt zt zy vty _ 2. (_ ty yt -0
e=x ot =5 <ayaz ayat a2t otaz) 2\ ozt T ot
. 1 [(3%h,; 0%h, 0%h,, 0%hy,
c=z R*,,, =z¢ - -
2 0%z  0zot 0%t 0toz

1 1
62 <_7 (htt + hzz)) 62h 62 <_§ (htt + hzz))
+ zZ
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b=d=t
2 2 2 2
Ratct zlgnaf a htf _ 6 htt 6 htC _a h'Cf
2 dxcot o0xcaxf otdxS 9%t
a=x(=f=x)
pr L (Che 0%y 9he 0%hey\ 1 (0%hy  9%he
et =3\ Grear " axcox T dtox 9% ) 2°\9xcac  o%t
1 (0%hy  0hyy) 1 0%hy,
c=x R*, =—z¢ ==¢
2 \ 9xot 0%t 2 0%t
1 [0%h 1 9%h
— v RX ___ tx __ VX
—=* vt 2°¢ <6y6t a%) 2% 702t
3 R 3 1 azhtx 0%h,\ 1 0%hyy  0%hyy) 0
=L zt =738\ Gzar ozt )T 28\ T ozt oz )T
a=y(=f=y)
L 0%hey  0%hy  9%hy 0%hey\ 1 (9%hy  0%he,
tee. =287\ gxcar axcay atoy 9zt ) 2-\axcar ozt
1 [0%h 0%h, 1 9%h
c=x: R, =-=¢ Y =—g—2
2 0x0t 62 2 0%
1 [(0%h 0%h 1 0%h
— v RY - g ty W _ vy
—=* tt 2 <6y6t 62t> 2% 02t
1 [0%h d9%h 1 d%h d%h
c=2z Rytzt =—=c Y iy =—=¢| - 24 Y) =0
2 \ 0zot 0%t 2 0%t 0%t
a=z(=>f=2):
R = Len 92h,, 9%2h, 0%h, 0%h,,
tet. =3¢ 9xcdt 0xdz Otdz 02t
L (0hey _ 0hee  0%hi 07he
2 0x€ot 0x9z Otoz 0%t
L (0hey 0*hy  9hy 0%hy,
c=X thxt = —— - = 0
2 0x0t 0x0z O0toz 0%t
1 h d%h 0%h 0%h
=y Rz _ = tz tt ty_ vz =0
c=x tyt 2¢ <6y6t dydz | 9tdz 9%t
L (0%he; _ atht 02h,, 2h,,
c=7Z RZtZt = — = - = 0
2 0z0t 0toz 0%t
The dependence on h;,,
d=t,f=x(=a=x):
pr L 0hi  0%hy 9y 0%her\_ 1 [ 0%hi  9%he
bet =M\ Gxcaxt ~ 9xcox | otdx  otox?) 2 \oxcaxb  dtoxP
b = X. Rxxct = 0
b = E: nyct = 0
1 (d%h, 0°h
— 5 R* __- X cx
b=z zet 2€<axcaz dtoz
b=td=x:
2 2 2 2
O Phy  0%hy  0%hy  0%hey L Phy  0%hey
2 0xcot oxcoxS  dxdxS  odxot 2 dxcot oxcoxf
a=t(=f=t):
Rttcx = lgr]“ aZhXt - —athx =
2 0x€dt o0xcat
10
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a=x(=f=x)

X —
R tcx -

1 x 0%hy, 0%he, 1 0%h,,
—£n - ——c

2 0xcot 0x¢0x 2 0x°¢ot
a=y(=f=y):

Y _ lgnw 0%hyy B 02 hyey _lgazhxy
tex 2 0xcat 0xCdy 2 0x°ot
a=z(=f=2z):

1 (9hy, 0%hy) 1 0%hy,  0%h
RZ _ 1 oz Xz tx \ _ 1 zz _ tx tx ) _
tex = (axcat oxcaz) ~ 2" \ " axcar " axcar) ~°

b=tc=x:
1
Ratxd = Efﬂaf<

a=t(=f=t):

azhdf azhtd azhtx azhxf> 1gnaf< azhtx azhxf>

oxdt  oxdox/  oxi9x/ oxiot) 2 axiox  ox%ot

Rt 218
txd 2 n

a=x(=f=x):

R =lgnxx(azhtx azhxx> 1 8%hy,
2

ox%0x  ox%0t)  2°oxor

a=y(=f=y):

o Lo (The O
txd 2 x40y 0dx%ot
a=z(=f=2z):

pz :1577” 9%he  9%hy, :_18 _azhtx+62htx o
txd 2 0x%9z 0dx4ot 2 dx2at = dx%ot

1, 0%hyy
2 0x%0t

c=tf=x(=a=x):

Rxbtd — lgnxx (azhdx _ azhbd azhbt _ azhtx ) — _lg<azhdx _ azhtx )
2 otoxb  otox  9x%0x Ox4oxb 2 \otox? o9x49xb
The nonzero calculated elements of the Riemann tensor, from which we can conclude that the Riemann
tensor only depends on hyy, hyy, hyx and b,

Rt . =1862hxx th . =1£azhxx y =1£azhxy
xx > ng X > azzt txt 2 azzt
: 1 0%hyy, . 1 0%hy, .y 1 0%hy,
Mo =3¢ 0%t Ko = _582 e ee = _582 92t
1 0°h 1 0°h 1 0°h
Rtyxt ==& rx thyt ==& rx Rytyt ==& Yy
2 (Z?Zt 2 cz?zt 2 (232t
1 0°h 1 0“h 1 0°h
B =ge gt B =307 R =357,
R* . = _lgazhxx
zx > gzt
1 0°h
szyt = —=& rx
2 0%t

14.4.2 ®The line element of a plane wave in the Einstein gauge
The perturbation

11
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1
hee hix hty ) (hee + hyy)
h _ htx hxx hxy _htx
ab hty hxy _hxx _hty
1
\_ E (htt + hzz) _htx _hty hzz
the perturbation in the Einstein gauge'
0 0 0 0
’ 0 h,xx h,xy 0
h ab = ’ 1
0 h'yy —h'yx O
0 0 0 0

with the transformation

Wap = hap = Pba— Pap
where we assume the plane wave condition ¢, = ¢, (t — z).
hy and hy,, are unchanged by the transformation:

, ¢
h xx = hxx - ¢xx - ¢xx = hxx - Za_xx = hxx
0y, 0y

h,xy = hxy - ¢y,x - ¢x,y = hxy - W - W = hxy

Choosing the remaining elements hy;, = 0 leaves h,, and h,,, unchanged

, ¢
Ryt :htt_¢t,t_¢t,t:htt_za_tt:0
ofon
= h =2—
coe 06, 0 29
Rty =htx_¢x,t_¢t,x=htx_a_tx_a_xt=htx_a_tx=0
¢
s hey = atx o 2 y
h,ty =hty_¢y,t_¢t,y=hty_a_ty_a_xy= ty_a_tyzo
¢
4 ot 20, 36
h't, =htz—¢z,t—¢t,z =ht2_6_tz_a_zt=0
, dp, 09
hzt =ZZ_¢;t(,;_¢z,t=hzt_a_;_ atZ=O
& hy,=h, =-—%Z41t
tz =Mt =55, 2
h,ZZ = hy, — ¢z,z - (pz,z =hy, —2 aZZ =0
0
P hZZ — 2 ¢Z
0z
14.4.3 &The line element of a plane wave
With
0O o0 0 0
B |0 hyx hxy O
ab 0 hy —hy O
0 O 0 0
we find the line element
ds? = ggpdx®*dx?
12
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= (Nap + €hgp)dx*dx?

= 10dt? — (1 — ehyy)dx? + ehyydxdy + ehy,dydx — (1 + ghy,)dy?
—dz?

= dt? — (1 — ehy,)dx® — (1 4 €hy, )dy? — dz? + 2ehy, dxdy

hyy ds? =dt? — (1 — ehy,)dx? — (1 + ehy,)dy? — dz?
=0:
hy, =0: ds? =dt? —dx? —dy? — dz* 4 2ehy,dxdy
Considering the following transformation

dx —dy

dx' =

V2
, dx + dy

dy =

. V2
= dx =-—(dx"+dy'
7 1( )
dy =-—=(@dx"—dy’
y 1 ﬁ( 1 v
= dx? = de’z + Edy’2 + dx'dy’

1 1

dy? = de’z + Edy’2 —dx'dy’

1
dXdy — _E(dxlz _ dyIZ)
dx?> 2
+dy? =dx'“+dy

we can rewrite the line element
ds* =dt* —dx? —dy* — dz* + 2eh,ydxdy
=dt? —dx'? —dy'? — dz* — ehy, (dx'* — dy'?)
= dt? — (1 + ehyy)dx'? — (1 — ehyy )dy'? — dz?

14.5 "The Rosen line element
The line element:
ds? =dudV — a?(U)dx? — b?(U)dy?
The metric tensor:

N| =

And the inverse

0= (g + ehy)dt? + (e, + hyy)dtdx + (my + shty)dtdy + (Mg + €he)dtdz + (Mg + €hy)dxdt +
(Myxe + Ry )dx? + (ny + shxy)dxdy + (Nyy + €hyy)dxdz + (let + shyt)dydt + (r]yx + shyx)dydx +
(r]yy + eshyy)dy2 + (lez + ehyz)dydz + (N, + ehy)dzdt + (n,, + ehyy)dzdx + (nzy + ehzy)dzdy +
(27 + €hy)dy? =

13
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1
g = ~a?(U)
1
\ 20,
14.5.1 The non-zero Christoffel symbols

1
lape = E (aagbc + abgca - acgab) FabC
1

Tyex =Tyyy =1 — —(aU(aZ(U))) = —aa > Iy

2
1
[y :135(6U(a2(U))):a('1 = IV

1 .
FUyy = YUy — 14 E(au(bz(l]))) = —bb = FyyU

1 1 .
FyyU = 16 — E (augyy) = E (aU(bZ(U))) =bh > FVyy
14.5.2 The basis one forms
Finding the basis one forms is not so obvious, we write:
ds? =dudV — a?(U)dx? — b?>(U)dy?
= (0°)" = (@) - (&?) = (&%)’

= (0" + o) - 0f) = (@) - (@)

= au = wo + wl
av = a)a — a)i
_ 1 _ ~
w’ = E(dU +dV) Al = w’+ w!
~ 1 _ ~
w! = E(dU —adv) vV = w® - !
w? =a(l)dx dx = ! w?
a(l)
- 1 2
3 _ __ - 3
w b(U)dy dy b0 w
1
5 ~1
Uy =
1 ~1

-1

14 April 2023

= 9%Tpeq

—TX — 12 4XX — a
_FUx_ g Fxe__

= ngFxxd = gVUFxxU = 2aa

b
= FyUy — 15gnyyUy = E

= 9"%Tyyq = g"UTy, = 2bb

14.5.3 Cartan’s First Structure equation and the calculation of the curvature one-forms

d(l)d = —Fdf) N (,()b

- 1
do® =d (E(dU + dV)) =0

1 1

1= 5 (augxx + angx - angx) = 3 (aUgXX) =

12 — xd =

—‘? lewa = 1

B= Z (0xgxu + 0xGxu — OuGxx) = — Py (OuGxx) =
1 1

= 2 (0ugyy + 0y guy — 0y9uy) = 2 (0v9yy) =

15 gyd[‘yud =

1
= > (9ygyu + 0yguy — Ougyy) =

14
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- 1
dw' =d (E(dU — dV)) =0
- da da , - ~ 1 5 1da -
2 =d dx) =——dUANdx = ——(0® + 0 ) A—=w? = ———w? A (0° + !
dw (a(U)dx) 70 UAdx dU(w +w) a(U)w dUw (a) +a))
- db db , - - 1 5 1db -
3 =dU)dy) =—dUANdy =—(&° DA——w3=———w3 A (° 1
dw (b(U)dy) = —dU A dy dU(w + ol) Ok S0 (0 + w?)
The curvature one-forms summarized in a matrix
0 0 1da 204 1db §(B)\
av ® bau
0 0 lda i(A) 1db §(B)
pa adu” pav” |
b 1da ?(A) 1da ?( o 0 0
adU adUw
1db . 1db -
3 3 (_
5 a0 (B) Tk (-B) 0 0 J

Where @ refers to column and b to row and A and B will be used later, to make the calculations easier

14.5.4 The curvature two forms

a ~ A A
Q b =dFa5+Fa@/\FCE

First we will calculate

lda -

dA =q(=% 2)
d(adUw
_d(dad)
v

d?a

=mdU/\dX

d*a , - 1 -
=—dU2(a)°+a)1)/\aw2
1d%a, ~ - - =
=am(w°/\w2+w1/\w2)

L)

1 . . ~
ERaEE&wC A w?

_ ~ 1 4
=m(a)0 +a)1)/\3a)3

1d*h, ~ o -
(0° A w® + w0l A w?)

2
Now we arebrgaUdy to calculate the curvature two-forms
0% =dro% + T, AT¢ =T AT + T AT T, +T0, AT,
Oy =dri +T . ATS =TT AT +TIo AT T, + T, AT
025 =dr%5+T2,ATS,

_ 2 2 0 2 T 2 2 2 3
—dl“26+1“ o AT g T3 AT 5 +T5 AT +T95 AT

1d°a , - 5 - -
=EW((UO/\(I)2+(U1/\(U2)

15
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035 =dri;+T3, AT
_ 3 3 0 3 1 3 2 3 3
=dr3;+ T3, AT + T3 AT S + T3 AT?5 + T3, AT,

1d?bh , =~ » - 4
=E—dU2(w°/\w3+w1/\w3)
Ol =dr 4T AT =TI AT 4TI AT 4TI, AT2, 4T AT, =0

0% =dr% +T2, AT
2 2 0 2 1 2 2 2 3
_1d%a
S adurt U

Q*; =dl;+ T3 ATS
3 3 0 3 1 3 2 3 3
=dF i+1" 6AFT+F iAF'f‘FF '2\/\1—"1‘+F 3\/\1—"1\

(w6 A a)i + (ui A wi)

1d% , & . -
=B—dU2(w°/\w3+w1/\w3)
0%, =dr2, + T2, AT, =T2 AT + T2 AT, + T2, AT2, + T2, AT%, =0

03, =dr3, +T3, AT,
3 0 3 1 3 2 3 3

_Lldb 5, lda 5 1db “a 1 da ?)

“pav® "“aav® Thav “aav?

=0
3 _ 3 .3l _p3 ap0 3,01 3,2 3 .03 _
Q5 =dl3+T%, AT =T AT 3 +T°; AT 5 +T°5 AT +T°5AT 5 =0

Summarized in a matrix:

1d%a , - 5 - -~ 1d?b, . - - R
Ity AN 2 1 2y 2%/ 0 3 1 3
0 O adUZ(w ANw*+ w /\w) dez(w ANw’ + w /\a))
i  _ 1d?a, ~ - -~ .. 1d*b . - . .
Q% =40 o Em(wo/\w2+w1/\w2) Em(wo/\w3+w1/\w3)l
lS AS 0 0 )
S AS 0 0

Where @ refers to column and b to row

Now we can write down the independent elements of the Riemann tensor in the non-coordinate basis:

5 1 d? 7 1d?b
R’ = -2 R’p3p =-—-——
adlzlz bd[é/2

5 1d 3 1d“b
R%g7 = -2 RPg31 =—-——
adU? bdU?

R’Z‘ 1 dza R§ 1 de
21 T T4 BT T 7402

14.5.4.1 ‘The Riemann tensor in the coordinate basis
The transformation:

Rapca =AéaAfbAgcAhdRéfgﬁ

16
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(I 1 )
HER
R 1 1
Aba =17 E _E
L )
b(U)

Ro202 =Aé0Aszg0AEZRéfﬁfl
=A% (Aiz)zAgoRéiﬁi
= A% Afz)z A9, Rozg3 + AL, (Aiz)zAg0 1242
= A% (Aiz)ZAﬁo Rozo2 + Al (Aiz)zAﬁo Riz02 + A% (Aiz)zl\io Roziz + ATy (Aiz)ZATORT?ﬁ
- 18%(‘1(1"))2(130202 + 2Rp312 + Ri212)
- %(Q(U))Z(Rzozo + 2R3021 + Ra121)
- %(Q(U))Zﬂ’z‘? (Riﬁ’z‘ﬁ + 2R g1 + Riiii)
2
= 2 (aw))’s (-%%)
d?a
du?
Ro3z03 =AéoAf3AgoAE3Réfﬁﬁ
= A, (A§3)2A§0Ré§g‘A
= 0%(8%5)" A% Rasgs + ATo(%5) Ay Rizg
= 1% (13;)" A% Rsos + Ao (A35) A% Risos + A% (A%) AlgRosts + Alg(A%) AloRasts
- 1()%(IJ(U))Z(R0303 + 2Rp313 + R1313)

1

2
=2 (b(U))" (R3030 + 2R3031 + R3137)

1 ) 5 . 5
=7 (b)) 33 (%30 + 2R%g51 + R131)

1 2 1d?%b
=3 (W) 4(‘3@)

=a(l)

2p
= b(U) av?
Ro212 =AéoAszg1AHzRéfgﬁ
=A% (Aiz)zAglRé?gf
= A% (8%,)° A% Rozgz + Alo(0%,) A%, Rizgz
= 360 (Aiz)zAﬁlRﬁfﬁi + A, (AEZ)ZAﬁlRﬁﬁﬁ + A% (Aiz)zAilRﬁiii + A, (AEZ)ZAT1RTETQ
14.5.5 The Ricci tensor
Rsy =RS

acb

17
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Rgo = R5:5 = R%a5 + Ro10 + R2520 + R7530 = — <lii + lil;)
adU bdU

Rig = R%ep = R0 + R'azp + R7330 + R2130 = — (12 + 1@)
adU bdU

R =R%s = R?iﬁﬁ + Rf?iﬁ + R?iﬁﬁ + Rfi?ﬁ =

R3o = R3:5 = R555 + R'310 + R%330 + R33 = ) ,

Roi =Rz = R%a1 + Rz + R2g1 + R7537 = — ld_i + ld_l;
adU bdU

Ri1 = R%eq = R%gp + Rppp + R7pp7 + ROp31 = — (12 + 1@)
adU bdU

Riz =R’y = Rgy + R'agy + R7395 + R¥333 =

Rtz =R33 =R’ +R'g13 + R + Ropgg =

Roz =R =R’go3+ R o2+ R%932 + R7g33 = 0

Rtz =R = R’ + R'gq3 + R%3 + R%433 = , ,

R22 =R =R%5 + Rlspy + Rip + R53; =%%—%%=

Rz =R35=0_ A A i

Ros = R5:3=Rgo3 + R g13 + R%o33 + R7g33 =

Ri3 = R‘3 = R%p3 + R'4q3 + R%3 + R%433 = , .

R33 =R33=R553 + Rlsp3 + R%33 + R3353 =%%—%%=

Summarized in a matrix:

1d2a+1d2b 1d2a+1d2b
adU? bdU? adU? bdU?

R -1 (1d?a 1d% 1d%a 1d%b
ab T\=(=mmt——om] —(com+-o—] 0 Of
adU? " bdU? adU? " bdU?
0 0 00
\ 0 0 0 o/

Where @ refers to column and b to row
14.5.6 The Ricci scalar

a5 1d?a  1d%b 1d%a  1d%b
R =n"Rap =Roo ~Rix ~Rez ~Rss =~ ypz Yoz ) ~\ vz trawz) ) = °

14.5.7 The Einstein tensor

Gap = Rgzp— EU@BR = Rgp

Summarized in a matrix:

18
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Gravitational Waves — Chapter14

sSusan Larsen

( (1d%*a 1d?b 1d?a 1d?b
‘(5@*3@) (adUZ Em)
s =) (La 10y _(1dha, 1)
adU?  bdU? adU?  bdU?
0 0
\ 0 0

Where @ refers to column and b to row
14.5.7.1 The Einstein tensor in the coordinate basis
The transformation:

(e)

o+ +AT, AL G

Gap = AaA%Geg
(L 1 )
4 L L
A 1 1
b = 20¢ — - —
Na 2 2
L )
b(U)
Goo = AioA'foGéa L L
1d%a 1d?b
=21 — [ ——— + ——
adU?  bdU?
610 —_ A 1A ch
= A°1Ad Gog + A A% G + A2 A9, Gid + A 1AdOG3d
= A9, A% Ggp + A ALy G + AT, A0,
=0
GZO
G30 K
Gi1 = AélAd Gea
= AolAd Gog + A AL Gy +A21Ad Gs4 +AA31AAle§a
= A% A, Gog + A% AL, Gog + AT A%, Grg + AL AL, Gag
=0
Ga1
G3q
G2
G3z
Gs3
1d?%a 1 d?b
(—(= 240%) 6 0 o)
adv? T hdu?
Gap = 0 0 0 0
| 0 0 0 0
0 0 0 0

Which leaves us with the single Einstein equation

20 o = Abadxa

(1d2a+1d2b) 1 (1d2 +1d2b) 11(
adu? ' bdu? 2 adU? ' bdu? 2 2

http://physicssusan.mono.net

1d%a

19

adu?

1d%b

b du?

-1t

adu?

1 d%a

= A50% Gog = A% A% Gog + ApA%G1g + N2 A% Gag + A%, A%Gag = 0
= A50% G g = N30 % Gog + N3A%Grg + A25A% Gag + A35A% G5 = 0

= A, 0% Gy = NO,A% Gog + ApA% Grg + N2A% Gog + A3,A% Gy =

= AC3Ad Geg = A°3Ad100d + A AL G + A23Ad162d + N30 Gyy = 0
—AZA ch—AOZA Goq + NAL Grg + N2,0% Gog + N30 Gy = 0
=A° 3A Gsa = N3A%Gyg + A13Ad2Gm + A%30%Gog + N350% G5 = 0
= A0S G g = N5A%Gog + AA%Grg + A25A%Gog + A33A% G55 = 0

1d%b

b du?

14 April 2023
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o -t d*a L1 d*b
0 = \adU? ' bdU?
14.5.8 The vacuum solution
Gop =0
. o _9@) bW
a b
So a vacuum solution requires
a”(u) B bII(U)
a B b

14.5.9 ¥Transformation of the Rosen line-element
Often the Rosen line-element is written
ds? = 2dudv — f2(u)dx? — g%(u)dy?
This corresponds to the transformation

U =+2u

V. =+2v

X =X

y =y
a(l) =fw
b(U) =g

1
1
- e T ~f*@)
-g*(w)

da(U)y _df(w) dudf(u) 1 df(u)
du  dU dU du 2 du
db(U) _dgw) dudg(w) 1 dh(w)
du  dU ~dU du 2 du

d2a d (1df(w) 1dud (df(w\ 1d%f
dauz _dU<\/§ du >_ﬁdUdu< du >_2du2
d2b d (1 dg(u) 1dud (dg(w) 1d?%g
duz _dU<\/§ du )‘ﬁdUdu( du >_2du2

The independent elements of the Riemann tensor
1d%a 11d%f

LR TR YT
1d?b  11d%g

—R3 . —__- - ___"J
131 bdU? 2 hdu?
The non-zero components of the Ricci tensor
1d?a 1d%b 1/1d%*f 1d%g
Roo =R =R =R =~ \Cqmr*par7) = "2\Faw T gaw

3 2 2
R =R51=R

R =R

030 031

-2
The Ricci scalar

R =0
The non-zero components of the Einstein tensor
1d%?a 1d%b 1/1d*f 1d?g
Goo = ‘(5@*5@) - ‘5(7@*5@)
With the vacuum solution
@ — g"Ww
f = h

20
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14.6 The Penrose Kahn metric (Colliding gravitational waves)
The line element:
ds?  =2dudv — (1 —u)?dx?— (1 +u)?dy?
The metric tensor:
1
1
Yab =9 —(1-uw)?
—(1+u)?
and its inverse:
1
1 |
, -1
S e }
-1 J
L (1 +w?
Notice: The Penrose Kahn space-time is a Rosen space-time with
fw) =1-u
guw) =1+4+u
Because
ff(w) =-g"w)=0
The Kahn-Penrose space-time is a no-curvature vacuum solution
14.6.1 'The Christoffel symbols of the Kahn-Penrose space-time
The non-zero Christoffel symbols
1
Fabc - E (aagbc + abgca - ac.gab) Iﬂlbc = gadrbcd
1 1
Luxx = Dyux = 22— E(au(l - u)Z) =1-u = 1-'xxu =T =89 Ty = — 1-u
1
Docw = 245(611(1 —w)=-1-w => IV = gud xxd = 9" T = —(1— )
1 1
Fuyy = 1—‘yuy =25— E(au(l + u)Z) =—1+u) = Fqu = I1yuy = 26gyyryuy =27 1+u
1 1
Fyyu = 28 — E(augyy) = E(au(l + u)z) =14+u = Iwyy = g”dFyyd = g"“l“yyu =14u

14.6.2 ™The Ricci scalar of the Penrose Kahn metric
2The Ricci scalar:

R = gabRab
The Ricci tensor
Reyp = Rcacb

1 1
2= 2 (augxx + axgux - axgux) = B (augxx) =
23 — gxdl" —
xud

2% _ %(axgxu + 0y Gxu — 0uGxx) = _%(augxx) =
1 1
®= 2 (augyy + ayguy - 6yguy) = E(augyy) =

®= gydryud =
7 _ 1 _
T (1+w)? A+w=

1
=7 (9yGyu + 0y Guy — 0ugyy) =

2 This calculation is purely instructive because we already know that the curvature is zero (R = 0)
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Sumovera = u,v,x,y:
R = gubRub + gvavb + gxbRxb + gbeyb
Sumoverb =u,v,x,y:
= guvRuv + gvuRvu + gxxRxx + gnyyy
= guvRCucv + gvuRCvcu + gxxRCxcx + gnyCycy
Rapca = Reaab = —Rbaca = —Ravac:
= 304guvgxxquxv + 4‘guvgnyyuyv + ngxgnyyxyx
= 49" Ry + 4guvRyuyv + ngnyxyx
Notice we can rewrite this into to a general expression for a non-diagonal metric of the type:
912

_ J 912 }
Yab { Jas

t 944}

R =4g"R%3, + 49" R* 4, + 29%°R%345
Now we need to calculate the three elements in the Riemann tensor: R%,,; R%,,,; RY
R;uxv = axrzuv - avriux + 1-‘euvl-‘);e;»c - l-‘ewcl-‘);ev =0
Ruyv :ayr w — 0yl uy+reuvr ey_reuyr ev =0
Ryxyx = ayl—‘yxx - axl—‘yxy + Fexxryey - l—‘exyr‘yex =0

= R =0

We write

14.7 "The Brinkmann metric (Plane gravitational waves)
The line element:
ds? = H(u,x,y)du? + 2dudv — dx? — dy?
The metric tensor:
H(u,x,y) 1

Yab = 1

-1
and its inverse:
1
gab — 31 1 _H(u' X, }’)
-1
-1
14.7.1 The basis one forms
Finding the basis one forms is not so obvious, we write:
ds? = H(u,x,y)du? + 2dudv — dx? — dy* = (wﬁ)z - (wf’)z - (w’e)z - (a)f’)z
= du[H(u,x,y)du + 2dv] — dx? — dy? = (0¥ + 0?)(0® — @?) — (w’e)z — (wf’)z
= wlit+w? =du
wl — w? =Hdu+ 2dv
w® =dx

0Sumover ¢ = u,1,%,¥: = ¥R + 9 R0 + 97 R + 9V Ry + G RY i + 9 R i + GRY 1 +
gnyuyuy + gnyvyvy + gnyxyxy' guv = gvu: = guvgxxquxv + guvgnyyuyv + gvugxxvaxu + gvugnyyvyu +
99" Roxux + 99" Ruxwox + 979”7 Ryxyx + 977 9" Royuy + 977 9™ Ruywy + 977 9™ Ryyy
H(u,x,y) 1 1 1
1 1 —H(u, X, )’) 1
-1 -1 1
-1 -1 1

22
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- 1 i p
W' =2 (H+1)du+dv du ="+’

o1 1 a_1 :
w” =§(1—H)du—dv dv 25(1_H)w“—5(1+H)w”
w* =dx dx = w*
wy =dy dy =w?

1

. -1

o=
n ~1

-1

14.7.2 The orthonormal null tetrad
Now we can use the basis one-forms to construct a orthonormal null tetrad

~

l 1 1 0 0\ /o® w? + w? du
n| _1(1 -1 0 0\|[e|_1[wl-w’ |_1[Hdu+2dv
m V20 0 1 i w* V2| o +iw? V2| dx+idy
Written in terms of the coordinate basis
l, =—(1, 0, 0, O
a \/17( )
n, =—(H, 2, 0, 0
a \/17( )
m, =—(0, 0, 1, i
a %E( )
m, =—(0, 0, 1, —i
a \/7( )
Next we use the metric to rise the indices
" =g*%,=9g",=1-0=0
1 1
= g%l = gl + g%l =1+ (=) + (1) 0= —
9%l =g""lhy + 9", N (—H) 7
* =1=0
2
n* =g%n,=g"%n,=1- <ﬁ> =2
nv =gavn =guvn +gvvn =1-<LH)+(—H)-(1>=—LH
a u (4 \/E \/E \/E
n* =nY¥=0
m* =mV=0
mx = gaxm - gxxm =(-1) i — _i
a X \/71 21
m’ =gYmg=9g""m,=(-1)-i—==-i—
Collecting the results
1 1
I, =—(1, 0, 0, 0 ¢ =—(0, 1, 0, O
a \{Z( ) \/12( )
n, =—(H, 2, 0, 0 n* =—(2, —H, 0, 0
a \/15( ) \/17( )
m, =—(0, 0, 1, i m¢ =—(0, 0, -1, —i
a \/E( ) \/E( )
23
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1 1
m, =—(, 0, 1, —-i) m* =—(0, 0, —1, i)
© V2 V2
14.7.3 Christoffel symbols
The non-zero Christoffel symbols of first kind The non-zero Christoffel symbols of second kind
1
Tape =3 (aagbc +0p9ca — acgab) = Fabc = gadrbcd
1 1 JH 10H
| DY 2 =(0ugu) = 2 ou MM = gvdruud = 32T = 20u
_1 10H ) o g 10H
Do = lux ( Ox Juu) = 2 dx [ =T wx = 9" Txua = 3l = EE
10H . " 10H
lx = _E(axguu) =TS M =g " Tux = >
1 10H ) o 10H
D = Cuyu = E(()yguu) = EE Ve =g Tyug = 3Ty = E@
1 10H y vy 10H
My = =5 (0y0u) = 2dy P =97 hay =575
14.7.4 The spin coefficients calculated from the null tetrad
Y —Vbna‘rﬁalb
= -V, n,m"
= =Vyn,m*l¥ — V,n,m”1"
= —(0yn, — ['yn)m*l¥ — (avny — Fcyvnc)ﬁlyl"
=0
v = —Vbnaﬁlanb
= -V, n,m*n* —-v,n,mn"
= =-Vyn,m*n* — Vyn,m’n* — V,n,m*n’ — V,n,m’n"
=35V  n,m*n* + F”yun,,myn
= ([Vym* + 'Yy, mY )n,n*
10H —1 10H 1
(RG)am)
20x \\2/ 20y 2
1, 0H 0H
= (-5 +i5)
V2\ ox ay
1 = -V,n,mm?
= =Vyn,m4m* — V,n,m*m”
=36 — V,n,m*m* — Vyn,m’m* — V,n,m*m” — V,n,m’m”
=0
p =-Vyn,m*mP =0
kK = Vplymtlb
=V, ml’
= Vyl,m*l¥ +V,[,mY1"
2= 9" Tyuu + 9" Tuww =
¥ =g + 9" Ty =
#= 9" D + 97 Ty =
= —(0yny, — Téyn)m*n* — ((’)uny — Fcyunc)rﬁyn“ — (0,ny — T ,n)m*n? — (al,ny —
Fcyvnc)ﬁlyn” =
*= _(axnx - chxnc)mxmx - (axny - chync)mymx - (aynx - Fcyxnc)mxmy - (ayny -
re,yn.)m’m> =

24
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= @yly — Tl )M 1Y + (8,1, — TC,, I )mY ¥

=0
T =Vpl,mn?
=V, l,m*n* +V,l,m*n’
= Vyulym*nt +V,[,m*n’ + V, [, m’n"* + V, [, m¥n"
=370
p = Vblama‘rﬁb
= Vylgm*m* + V, [ ,m*m”
=38V, [,m*m* + V, [, m*m” + V,[,mm* + V, [, mYm”
=0
o =Vplymml =0
E = E (Vblanalb - meaﬁlalb)
1
=3 (Vylgn®l? =V, m,m%l")
1 1
=¥ (VL n¥*lY — V,m,m*I") + 3 (V,l,n¥ 1Y — V,m,m>1")
=0
1
v =5 (Vplgnn? — Vym,mn?)
1
=3 (Vylgntn* — V,m,m%n") + 5 (Vylgn*n? — V,m,m%n")
= 40()
1
a = E(Vblanaﬁlb — Vpymom®mP)
1 1
=3 (Vylgn®m* — V,m,m*m*) + 3 (Vylonm¥ — V,m,m%m”)
=410
1 b —a b
B = E(Vblanam — Vym,m4mb) =0
The non-zero spin-coefficient
1 ( JH ny 0H )
Vo= V2\ ox ! ay

3 = (Ol — TSl)mn® + (0,1, — Tl )m*n® + (auly — Fcuylc)myn“ + (a,,ly — Fc,,ylc)Vvlymyn" =
38 = (Oply — TSulodm™m* + (8,1, — TSl )m*m? + (0,1, — TS, 1 )m¥m* + (9L, — Tl )mYm> =
= (@l = Dol I ” = (@ymy, = Tem )T ") + 2 (@l = Tole)n?1” = (3,my, — T m )17 ) =
0= ;(Vulun“n“ -V, m,m*n*) + %(V,,lun“n” - V,m,m*n") + % (Vyl,n'n* — V,m,m’n*) +
é(V,,l,,n”n” - vayrﬁyn”) = 2((6ulu — I lontn® — (9,m, — I, m)m*n) + %((Bvlu — T lon*n’ —
(8,m, — T,,ym)m*n’) + %((aulv —Trelon’nt — (aumy - I‘Cuymc)rﬁyn”) + % ((avlv - T, ln"n’ —
(6vmy - chymc)ﬁlyn”) =
U =~ (Vel ' = Vym,m*m®) + 2 (Vy Lnm? — Vym ¥ m? ) + = (Vol,n'm* — Vym, mym*) +
~(Vylyn'm? = Vym, MY ) = = ((Oxly — T le)nm* — (9ymy — [Cym )M m*) + = ((aylu —T¢, L )ntmY —
(9,m, — rcyxmc)n—qxw) +2 ((axz,, — Tl n?m* = (8,m,, — [y, m )Y m* ) + %((ayl,, — €l )nvmY —
(9ymy, — Fcyymc‘)mymy) =
25
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Gravitational Waves — Chapter14 14 April 2023
Susawn Larsen

14.7.5 The Weyl Scalars and Petrov classification
Yo, =Do—6k—0c(p+p)—0cBe—&)+k(m—7+a+3p)
Y, =Df—-bc—cd(a+m)—BHr—-&)+x(u+y)+e(ad—m)
v, :51—Ap—pﬁ—aﬂ+r(ﬁ—a—f)+p(y+]7)+Kv—2A
Y; =by—Dda+v(p+e)—Ax+B) +a—p)+y(B-7)
Y, =6v—-M+Au+pD)—-2@y—-7)+v(Ba+f+m—1)

D =19V,
A =n%,
§ =m?,
5§ =mi,
Weseethat Wy =¥, =¥, =¥; =0and
vy, =

3

av,.v

g (L(_@H 6H>>
“\v2\ ox oy
0H 0H 0H 0H
\/_[m ( +la>+myay(—a+la)]

d°H 0°H 1 0°H  0%H
=ﬁ[ _ﬁ ( 6x2 6x6y>+(lﬁ)(_6xay+la_yz>]
_l[aZH_aZ _Ziaz ]
20x%  0y? 0x0y

Y, # 0: This is a Petrov type N, which means there is a single principal null direction of multiplicity 4.
This corresponds to transverse gravity waves.

14.7.6 The Ricci tensor

by, =v—Au—p:—2A—uly +7)+ivn—v(r—38 — @)
= v
=m2V,v

w1 0H  oH
=m"0a ﬁ(_ax 6y>
(1, oH oH va (L ( 0H 9H
=mo (-5 +igy) )+ (ﬁ(‘a %)

- H ) e 5

62H 0%H
axz ay?
@3, =_ERabnanb
1 1
—ERubn”nb — Evan”nb
u.,u 1 v,,u 1 u,,v 1 V.,V
= —ERuun n _ER”“n n _Ean n _Ean n
1 1 1
Lo e () () (50
uu\/— \/_ uv\/— \/’z 2 (4% \/’z \/’z
=—Ryy + HRyy, — Tva
26
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1[0%H 0°H
A3 57 dy?
= R = 42 — 1 aZ_H + aZ_H]
uu 2|0x2  0y?
Ry =Ry =0
14.7.7 The Weyl tensor calculated from the null tetrad

This calculation show that the spin coefficients and the Weyl scalars depend on the chosen null tetrad, and

the Ricci tensor does not (of course).
The null tetrad

I, =(, 0, 0, 0) 1 =, 1, 0, 0)
1 . 1
na = (EHJ 1; OJ 0) n = (1, _EH, 0, 0)
! 0, 0, 1, —i) m® ! 0, 0, -1, i)
m == ) ) ) _l m =— ) ) - ) l
-7 5
m, =—(0, 0, 1, i m* =—(0, 0, -1, —i
a ﬁ( ) \/E( )
v = -V,n,mn’

= -V, n,m*n* —v,n,mn"

= —Vyn,m*n* — V,n,m’n* — V,n,m*n” — V,n,m’n"
= B[V, n,m*n* + '’y n,m’n*

= ([Vpum* + 'Yy, mY )n,n*

() 35 ()

_ 1 (0H aH
B 2\/_<6x )
Y, =ébv
=m%V,v
g ( 1 (aH aH>>
@\ 2y2 \ox
=(—i)[mxa (a—H+laH)+mya (a—H+ia—H>]
22 dx dy Y\ox dy
1 02H  92H C1\/0*H 3%H
(5|3 (o )+ () Gy 57|
1[0%H 0?H _ 3%H
- Z[axz ~ 9y? * Zlaxay]
d,, =96v
=m2,v

1 (0H 0H 1 aH
:mxax<—ﬁ(a+la>>+myay< 2\/_ ax )
(2@ i) () G &)

42 According to the Cartan calculation further below the sign is wrong

B=—(0,n, — T, n)m n* — (auny — Fcyunc)rﬁyn” — (@,n, — T,,n)m*n® — (a,,ny — Fcyvnc)rﬁyn” =

27
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_1[0*H N 0°H
T 4|ox? " 0y?

— b
CDZZ =44 — ERabnan

1 1 1
= — =R, n*n* — =R, n’n* — -Ry,n*n? — -R,,n’n"
2 2 2 2 X

1 1 1 1

1 H H?
z_zRuu"*_ERvu_?
1[0?H 0°%H
"1 T*W]
= R =45_1 62_H+62_H]
uu 2|0x2  0y?
Ry =Ry =0

14.7.8 Finding the Ricci tensor of the Brinkmann metric using Cartan’s structure equation

RVU

14.7.8.1 Cartan’s First Structure equation and the calculation of the curvature one-forms

do? = —FaE A wP
FaE — Fagéwé
do® =d (% (Hu,x,y) + 1)du + dv)
= 1(a—l_ldanlu +6—de/\du>
2\0x dy

=1 a—Hw’?/\(wﬁ+a)’7)+a—H(uyl\(a)ﬁ+a)’7)
2\ ox dy

do? =d(%(1—H)du—dv)
1/0H J0H
=—E<adxAdu+Edy/\du>
=—1<6—Hw’?/\(wﬁ+w’7)+a—Hw9/\(wﬁ+wﬁ))
2\ ox dy
do®* =0
dwy =0

The curvature one-forms summarized in a matrix:

( 10H &, 5 10H &, o\ p)
0 0 > (a) +w )(A) 29y (a) +w )(B)
10H , _ . 10H , .
. 0 0 Ea ((l.)u + w”)(A) Ea(a)u + a)”)(B)
FaB =4 ’
10H , . 10H , .
Ea (a)“ + a)”)(A) - Ea ((Uu + w”)(—A) 0 0
10H , . 10H , .
E@ (a)u + a)”)(B) _E@ ((Uu + w”)(—B) 0 0

44 a _ _1
nt=(1, —3H, 0, 0)
4 According to the Cartan calculation further below the sign is wrong
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Where @ refers to column and b to row.
A and B will be used later in order to make the calculations easier.

14.7.8.2 The curvature two forms

~ N A 1 R ~
a_ a a ¢ _ _pa d
Qb —dF B+F é/\FE—ZR Eé&wCAw
First we will calculate

oH , .. A 10H , .. -
f— u v u D
ANA ———ax(w +a))/\—2—ax(a) +a))

10H\* , _
(——) (w”/\w“+w“/\w”+w"/\w”+w"/\w”)

10H\* , .
= (——) (w”/\w”+w"/\wu)

10H\N*, . .
—x) (a)“/\w"—a)“/\a)")

10H(u,x,y)
- d(g ox du) ,
10%H(u,x,y) 10°H(u,x,y)
=————""2dx A —————"2dyA
> 92 dx Adu + 2 oxdy dy A du
190%H(u,x,y) 190%H(u,x,y) PO
== - - 7 y A u v
2 0x? 2  0xdy ? A (0¥ + o)

5 =d(2 (0 4o
= zay(‘” w?)

10H(u,x,y)
=d <ET du)

1 o°H dxAnd +162Hd ANd
_ZE)xayx “ 2 0y? yAau
_162H a?/\( @y 9)+162H 37/\( a .y ﬁ)
= 26x6yw W W 29y? W W W
Now we are ready to calculate the curvature two-forms
. dré, =0
=TY ATY, +TH A r’iﬁ +T¥ AT + T AT,
=TU AT, +T¥ AT,
=AANA+BAB
=0
=dl', + T2, AT, =0

ou’?/\(a)ﬁ + wﬁ) +

=TV, ATH, + TV, A r’iﬁ +TY. AT%, + TV, AT,
=TV AT ; + TP, ATV,
=(=AAA)+(=B)A(B)

=0

= Q. =0

u
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fe)
=
)

T

le)
<D
>

L

dr*, =dA= laz—Hw’? A (0% + 0?) +1 o°H w? A (0 + 0?)
v 2 0x? 2 0xdy
M*eAT G =T AT +TT AT +T5 AT, + T AT, =0
. 162H T B
0% =25,z % A (0® +(u)+Za 3y w¥ A (0™ + w?)
M7 ATé =17 AT + TP AT + 17, A% + T, AT7 =0
o 162 . - 162H R -
y —
Q7 —Eaxaywx/\(w”+w)+Ea—a)y/\(w“+w”)
drv."} =O
[Pe AT =TP AT%, + TP, AT?, + TP AT, + TP, AT,
=TP AT%, + TP AT
=—(AAA-B)AB)
=0
0%, =0
. 10°H , , . . 10*H _ .
ar*, =dA=§Ww"/\(wu+w”)+§axayw3’A(wu+w”)
T¥e AT =T¥AT% +TT AT, +T% AT, 4T, ATY, =0
. 102 10%H S
%, =252 % /\(a) +a))+2a 3y w¥ A (0¥ + w?)
ar? =dB:162Hw’?/\(a)‘7+w)+162—Ha)37/\(w17+w'7)
4 2 0xdy 20y

y ¢ 1Y y y y y _
Y AT, =17 AT%, +T7, AT, +1“9?/\1“",3+F37/\Fﬁ—0

1 62 . _ 10°H

y _ = % q - b% i 1%
N = A -_— A
5 26x6yw (w +w)+26y w (w +w)
P¥e AT =T AT 4+ TE AT+ TE AT + T ATV = (A A (D) — (A AA) =0
Q. =0
. =
PP AT =T g AT 4+ TV AT TV AT 4+ TV ATV = (B) A (A) = (B)A(A) = 0
y
@, =0
y _
Q% =0

Summarized in a matrix:

0 0 10°H , 10%H 2 10%H o a5
232 T35, % A (w® + w?) [Zaxay +§6_yzw Ao+ w
10°H , 10%H 2 10%H o 2. s
0 O Ewa) -|'2a dy ) [26x6y +§a—yz(l) /\(0) +w
S AS 0 0
\S AS 0 0 J

Now we can write down the independent elements of the Riemann tensor in the non-coordinate basis:

. 192H 9 10%H
Rxﬁfﬁ(c) =EW R ﬁf/ﬁ(E) =§a—yz
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R¥34(C) =%ZZTI;I R}?ﬁﬁﬁ( ) :%?3271;]
R¥295(D) =%§Z; R*55a(D) =%;Z;
R¥55(C) =%(;ZTZ R59(D) =%:;ali,

Where C,D and E will be used later, to make the calculations easier
14.7.8.3 The Ricci tensor

Rap = RiaaB
Ran =R X
= R%aa + R%apa + R¥5s0 + RV 350
=C+E
10%?H 10%H
T 20x%  29y2
Rog =R X
= R%qaq + R%pp0 + R%53a + R Yo9u
=C+E
10%?H 10%H
T 20x% 29y
Rfﬁ =0
Ryﬁ =
Rop =R X
= R%ap + R%pp + R¥p55 + R”550
=C+E
102H 10°%H
T 20x% 29y
R,ﬁ; =0
Ryp = )
Res = Rp0e = R+ RPgpp + Rigpe + RV gge = —C+C =
Ryz  =R5ee = R%ge + R%ppe + R¥p0e + RAW =-D+D=
Ry =R ep = R%qa9 + Rgpgp + Riggg + Ry = —E+ E =
Summarized in a matrix:
(10°H 10%°H 10%°H 10°H
2 dx2 +§6y2 2 dx? +§(’)y2 00
R.. ={10°H 10°H 10°H 10°H [
ab e S 0
20x%  29dy? 20x%*  20y?
0 0 0 0
\ 0 0 0 0/
Where @ refers to column and b to row
14.7.8.4 The Ricci tensor in the coordinate basis
The transformation:
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Rap = AéaAabRc”&

Ry = AéuAduRéa
= AlzuAfuRﬁ& + AquiiuRﬁa R o
= AuuAuuRﬁﬁ + AuuAvuRﬁﬁ + AvuAuuRﬁﬁ + AvuAvuRﬁﬁ
= 46(C + E)
_10%*H L1 0°H
) dx* 2 0y?

Ry, = AéuAdvRé&
= AlzuAvaﬁfl + AljuAiivRﬁa R o
= AuuAuvRﬁﬁ + AuuAvvRﬁﬁ + AvuAuvRﬁﬁ + AvuAvvRﬁﬁ
=470

Ry, = AévAach”&
= Avaf,,Rﬁa + Af,,Af,,Rm o o
= A AY% Rag + A" A Ryp + A" A", Ry + AV, A%, Ry
=1-1(C+E)+1(-D)(C+E)+ (-DI(C+E)+ (-D)(-1D)(C+E)
=0

Ry = Ryy = ny =0

= R :gabRabZO'Ruuzo

Summarized in a matrix:

(10°H 10%H \
2 0x? * 2 dy? 000
Rap = 0 0 00
0 0 0 O
0 0 0 0
Where a refers to column and b to row

- _1otH 10°H
W 20x2 2 9y?
14.8 °The Aichelburg-Sex! Solution — The passing of a black hole
The line element
ds? =4ulog(x? + y?) du? + 2dudr — dx? — dy?
Comparing with the Brinkmann metric
ds? = H(u,x,y)du? + 2dudv — dx? — dy?
We see that we can copy the results from the Brinkmann calculations with H(u, x,y) = 4ulog(x? + y?)
The only non-zero spin-coefficient is:

__ 1 (oH oH
B 2\/§<ax ! ay)
1 (0(4u10g(x2 +y2) N _0(4plog(x* + yz)))
= — l
242 ox ady

‘*6=(§(H+1))2 (c+E)+§(H+1)§(1—H)(c+E)+§(1—171)§(1L1+1)(c+15)+(§(1—H))2 C+E) =
V=—(H+1) - 1C+E)+5H+DEDC+E)+2(1—H) - 1(C+E) +5 (1 - H)(-1)(C +E) =
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_ 4,u< 2x +i 2y )
2VZ W y? Xy

X
=—2\/§u( +i— )

x2 + yZ XZ + yZ
14.9 Coordinate transformations

14.9.1 PTransformation of the Brinkmann line-element — a vacuum solution
The Brinkmann line-element
ds? =H(U,Y,Z)dU? + dudV — dY? — dZ?
We can use the following coordinate transformation and show that the Brinkmann space-time is a Rosen
spacetime.

U =u
V. =v+y*ff' +2z%gg’
Y =fy
Z =gz
where
f =fw=fW)
g =g@=gW)
= dU =du
AV =dv+2yff'dy + y*[(f)2 + ff'ldu + 2zgg'dz + z2[(g")? + ¢"'ldu

=dv +2yff'dy + 2zgg'dz + (y*[(f)? + ff"] + 2*[(g')* + g"Ddu
dY =fdy+yf'du
dZ =gdz+zg'du
= du? =du?
dUdV = dudv + 2yff'dudy + 2zgg'dudz + (y*[(f")? + ff"] + z*[(g")? + g"'])du?
dy? = (fdy +yf'du)® = f2dy? + y*(f")>du?® + 2yff'dudy
dz? = (gdz+ zg'du)? = g*dz* + z*(g9')*du® + 2zgg'dudz
N ds?2 = H(U,Y,Z)dU? + dUdV — dY? — dZ?
=48H(U,Y,Z)du® + dudv + (y2ff" + z2g"")du® — f?dy? — g*>dz*
=[HW,Y,Z) + y*ff" + z>gg"1du? + dudv — f?dy? — g*>dz*
Which equals the Rosen line-element if
ds? =dudv — f?dy? — g?dz*

H(U,Y,Z) =_J’2ff”_zzgg”
In the vacuum case
fll gII
— =-==h@
f g
= HWU,Y,Z) =-y%f?h(u) +z%g*h(u) = h(U)(Z? - Y?)
= ds?> =h(U)(Z? -Y?®)dU? +dUdV —dY? — dZ?

14.9.1.1 The inverse transformation and the transformation matrices
The inverse transformation

u =U
v =Z—y2ff’—zzgg’=V—(]Zc>2ff"(§>zgg'=V_Y2f7,_zzg?’
y =L

f

8 =HU,Y,Z)du? + dudv + 2yff'dudy + 2zgg'dudz + (V*[(f)? + ff"'] + z%[(g")?* + gg" Ddu? —
(f2dy? + y*(f)*du® + 2yff'dudy) — (g?dz* + z*(g')*du® + 2zgg'dudz) =
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Z
z =-
g
du =dU
’ 2 2
dv =dV - zyi,dy YzideFFYz(;) du — zzg dz — Zzg dU—+22(9)
=dV—ZYLdY—ZZg—dZ—<Y2[f——(f2) [__(g) >
f g f
d ! dYy r du
y =Zaf ——
f f?
1 Zg'
dz =—-dZ ——dU
g g
The transformation matrices
dU 1 0 0 0 du
av ([ _ )OS 22160 49" 1 2yff 2299 ( ) dv
dy yf’ 0 f 0 dy
dzZ 0 0 g dz
0 0 0
fll I fl gl
2 oy _927<
du Y f 1 2Y 7 27 7| (v
Z; =) o 1 o Zg
2
dz f f dz
Zg' 1
-— 0 0 Z
\ g g
1 0 0 0
VA = (F)? 1+ 2%g99" — (9% 1 =2yf" —2zg'{ 4y
! 1
= U 0 - o \Jdv
f f dy
zg' 1 dzZ
\ g g /
14.9.2 9Colliding gravity waves
The metric of a plane gravitational wave
ds? =8w)(X? —-Y?®du? + 2dudr — dX? — dY?
is a special case (vacuum-solution) of the Brinkmann space-time with H(u, X,Y) = §(u)(X? — Y?). It can

be written in terms of the null coordinates u and v by using the following coordinate transformation

u =u
1 1
r =V—E®(u)(1 —u)x? +§@(u)(1 +u)y?
= (1 — uG)(u))x
= (1 + uG)(u))y
du =du
dar =i+ L+ Ly + 2
r_avvauu(')xxayy
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= 9dv — % (6w)(x? —y?) — 0w (x? + y?))du — O(w)(1 — u)xdx
+0(w)(1 +wydy
dX = (—G)(u) - u@’(u))xdu + (1 — u@(u))dx = —0(uw)xdu + (1 - u@(u))dx
dy = (G)(u) + u@’(u))ydu + (1 + u@(u))dy = 0(w)ydu + (1 + u@(u))dy
X2-v:=(1- u@(u))2x2 -(1+ u@(u))zy2 = (1+u?0%(w)(x? — y?) — 2ud(w)(x? + y?)
SW)(X? - Y% = sw)(1 +u?0?W))(x* — y?) — §(w)2udw)(x* + y?) = §(w)(x* — y?)
dX? = (-ewxdu+ (1- u@(u))dx)2
= 02(w)x?du’ + (1 - u(&)(u))zdx2 —20(w)(1 — ud(w))xdudx
ay? = (G)(u)ydu + (1 + u@(u))dy)2
= 0%(w)y?du?+(1+ uG)(u))zdy2 +20(w)(1 + ud(w))ydudy
dX? +dy? =50%w)(x? + y)du? + (1 - u(E)(u))zdx2 —20(w)(1 — ud(w))xdudx
+(1+ u(E)(u))zdy2 +20(w)(1 + ud(w))ydudy
ds? =8w)(X? -Y?®du? + 2dudr — dX? — dY?
= 51522dudv — (1 — u@(u))zdx2 -(1+ u(E)(u))zdy2
14.10 *Impulsive gravitational wave Region Il
The line element:
ds? =2dudv —[1—-vO(v)]?dx? —[1+vO(v)]*dy?
Notice: This space-time is a Rosen space-time with
fv) =1-v0()
giv) =1+v0(v)

We have
f'v) =-8(@)—-vé()=-0(v)
g) =06 +vé()=06()

= f'v) =-6(v)
g'v) =6

Rozoz =fMf"W) =(1-v0W))(-6(v)) = -6()
Rozos =9()g" ) = (1 + V@(V))5(V) =46(v)
Because

f'v) =-g"(v)=-6@)

This space-time is a no-curvature vacuum solution with a non-vanishing Riemann tensor
14.10.1 The Christoffel symbols
To find the Christoffel symbols we calculate the geodesic from the Euler-Lagrange equation

9 = dy — (% (01 —u) - 6W)x? =3 (0'W (L +u) + @(u))yz) du — 0(w)(1 — Wxdx + OW) (1 + wydy =
dv — G (6(w) —(w)x? - %(6(u) + G)(u))yz) du —0(Ww)(1 —wxdx + O(w)(1 + w)ydy [Notice: u®'(u) =
ud(u) = 0] =

0= @(w)x2du? + (1 - u(':)(u))zdx2 —20(w)(1 — ud(w))xdudx + 02(w)y?du? + (1 + uG)(u))Zdy2 +

Z(E)(u)(l + u@(u))ydudy =

1= 6w (x? —y?)du? + 2du (dv - %((S(u)(x2 —y2) = 0W)(x? + ¥?))du — 0(w)(1 — wxdx +

o(w)(1 + u)ydy) - (G)2 W +y?Hdu? + (1 - u@(u))zdx2 —20(w)(1 — udw))xdudx + (1 + uG)(u))zdy2 +
2®(u)(1 + u@(u))ydudy) = 2dudv + 2du(—0(w)(1 —w)xdx + 0(w)(1 + w)ydy) — ((1 — u@(u))zdx2 —
20(w)(1 — ud(w))xdudx + (1 + uG)(u))Zdy2 +20w)(1 + u@(u))ydudy) =

20%2(w) = 0(u)
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F

oF

ou
oF

U
o

OF
dy
oF

dy
d <6F)
ds \dy
= 0

S 0

14 April 2023

_ d <6F) oF
" ds \9x¢ 0x@

= 2uv — [1 —vO(W)]?x2 — [1 + vO(v)]?¥2

=0
=2v

=2V

=7V

=20(v)[1 —vO(V)]x? — 20(V)[1 + vO(v)]y?
=21

=2u

= ii = 0()[1 VO] + BW)[1 +vOW)y

=0

= —-2[1-vO(v)]%x
do(v)
vV
= 534(0(v) + v6(v))[1 — vO(W)]xv — 2[1 — vO(V)]?¥
=541 —vO()]?% — 20(v)[1 —vO(W)]xV
20(v) .
T [1=ve()] xv

=2 <—1’/G)(v) — vV ) 2[1 —ve()]x — 2[1 —vO()]*%

=0

= =2[1+ve()]?y

d@S/)) 2[1 +vO(W)]y — 2[1 + vO(v)]%§

= —4(0(v) + v6())[1 + vO(W)]yv — 2[1 + vO(v)]%§
=[1+vO(W)]%y + 20(V)[1 + O(W)]yv

o 20(v) .

=y [1+vO(v)] v

=-2 <1’/®(v) + vy

Collecting the results

0
0

=
=it — O(V)[1 — vO(M)]%* + O(W)[1 + vO(v)]y?

53dO(v) _
—, =60

v6(v) =0

http://physicssusan.mono.net
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. _ 200v)
T—vew)™’
L 20()
0 =y+

[1+ve(W)] v
We can now find the Christoffel symbols:

My = -0(W)[1-ve(v)]
Iy =60W)[1+ve()]
- o(v)

T L —ve)]

y _ 0(v)

T 1+ ve(w)]
14.10.2 The Petrov type
The line element
ds? =2dudv—[1—vO(v)]?dx? —[1 +vO(v)]?dy?
The metric tensor:

1
)1
Yab =19 —[1 —veW)]?
—[1+vO()]?
and its inverse:
1 )
1 ) |
9% = NSO }
e
\ B [1+vO(W)]?

The basis one forms
Finding the basis one forms is not so obvious, we write:
ds? =2dudv—[1—-v0(v)]?dx? —[1 +vO(v)]*dy?
= (00" = (0")" = (%) = (@)’
= (0 + 0")(0" - o) = (%) = (9)
= V2du = (0"+ ")

V2dv —(w - w?)
w?® —T(du+dv) du \/_(a) +w”)
w’ =ﬁ(du—dv) dv =F(al) —w’)
. w® = (1-vO(»))dx dx =mw’?
w?  =(1+veW))dy  dy =1++®Maf
n’ = 1 ! 1

-1
The orthonormal null tetrad
Now we can use the basis one-forms to construct a orthonormal null tetrad
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l 1 1 0 0\ /¥
n| _1[1 -1 0 0 ||’
m| 2{0 0 1 i |]|w®
m 0 0 1 —i/ \W?
o+ w¥
_i wl — o7
V2\ o +iw?
w* —iw?
V2du
_1 V2dv
“ V2| (1=ve())dx +i(1+vO(v))dy

(1 — v@(v))dx — i(l + v@(v))dy
Written in terms of the coordinate basis
l, =@, 0, 0, 0
n, =@, 1, 0, 0)

g :%(0, 0, (1-ve), i(1+vew)))

1
m, = E(O' 0, (1-ve()), —i(1+ve()))
Next we use the metric to rise the indices
" =g%*%,=9""1,=1-0=0
Vv =g%,=g",=1-1=1

¥ =0=0
nt =g%n,=g"%n,=1-1=1
nv =g%n,=9g"n,=1-0=0
n* =n¥=0
m¥Y =m*=0
m T -veMI? v2 VZ(1-ve))
1

1 1 1
y =g m,=————-i(1+v0(v)) =i ———
m gy [1+ve(W)]?2 ( ) V2 (1+v0(v))
Collecting the results
l, =@, 0, 0, 0)
* =, 1, 0, 0)
ng =0, 1, 0, 0)
n® =, 0, 0, 0)
1
m, =—(0, 0, (1—-vO(v)), i(1l+vO(v
« =5( ( ™), i( ™))
g U e i )
m = - ) ) - ) —l
2 (1 — v@(v)) (1 + v@(v))
1
m, =—(0, 0, (1—-vO()), —i(l+vO(v
« =5( ( ™), —i( ™))
e i o A )
TTl = — ) ) - ) l
2 (1 — v@(v)) (1 + v@(v))
The spin coefficients calculated from the orthonormal tetrad
1
T =-Vyn,m4’ Kk =VylmtP & = E(Vblanalb — Vpmm®iP)
1
v =-Vyn,m*n? t =V, m*n? y = E(Vblananb — Vymam®nP)
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1
1 =-Vyn,m*ml p =V,I;m*m? a = E(vblanamb — Vpm m*mP)
1
p =-Vyn,m*m? o =V,l;m*m? B = E(Vblanamb — Vpmgm*m?)
Calculating the spin-coefficients
T = -Vyn,m*? = -V, n,m’ = -V, n,m*l¥ — vyn,m’l¥ =0
v =-V,nmn? = -v,n,m*n%* = -V, n,m*n* — Vyn,m’n* =0

A = -V,n,m%mP

= =V n,m4m* — V,n,mm”

= —Vn,m*m* — Vyn,m*m> — Vyn,m’m* — V,n,m>m”
= s5T% n, MM~ + [, n, MY m”

=0

= —Vpn,m*m? = 'Yy n,m*m* + Iy, n,m’m” =0

= Vplgm@P =V, l,m*lY =V, L,m*l” + V,l,mYI¥ = 0

= Vplgm®n® = Vyl,m*n* =V, [,m*n* + V, [,m"n” = 0
= Vpl,mem?

= Vylom*m* + V, [ ,m*m”

= Vyl,m*m* + V, [,m*mY + V. [,mYm* + V, |, mYm”

= 56 — (M Lym*m* + 'Y, l,mYm”)

T 8N X T

= 57®(V) ! — !
) <(1 -v0(v)) (1+ vG)(V))>
B vO(v)

= (1+ve()(1-ve())
o =Vpl,m*mb

B o(v) 1 + 1
2 ((1 -vo(v)) (1+ vG)(ﬂ))
o)

- (1 + v@(v))(l — v@(v))

1
e =5 (Vplgn®l? — Vym,m4IP)

1
= 5 (VylanlY = Vymgme1")

1
=3 (V, ,n¥lY — V,m,m*1Y — vayrﬁyl")
1 _ _
= —E((E)vmx — IS ymo)m* + ((')vmy - Fﬁ,ymc)my)

= —%((av(1 - vG)(v)) - F’ﬁ,xmx)rﬁxnv + (c')v (i(l + V@(V))) - F{,ymy) n_lyn”)

5 = —(0yny — Myn )M m* — (9,0, — T¢n.)m*m? — (0,n, — Myn )M m* — (dyn, — I¢yn.)mYm> =
6 = (0ply — Tl)m*m* + (8L, — ¢yl )m™m” + (0,1, — Tl )m¥m* + (9,1, — T¢I )m*m? =

1

= <_®(v)[1 Vel <_ (1—1/1)(1/))) (_ (1—1/1@(1/))) toml+ VG(V)]%<_i (1+V®<V>)) <i (“Vt)(”))) )
% 02(v) = 0(v)
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= 590
1
y == (Vblananb — mearﬂanb)
1
=5 = (Vylgn®n* — V,ym,m%n%)
1
=3 (V l,n¥n* — V,,m, m*n" —Vumymyn“)
=0
1

a (Vb anemP — Vym,m*m?)

1 1
=3 (Vylgn®m* — V,m,m*m*) + > (Vylgnm? — V,m,mm>)

= 60()
1
B = > (Vblanamb - meaﬁlamb) =0
Collecting the results:
T =0 k =0 e =0
v =0 7 =0 y =0
3 0 _ vO(v)
B p= (1 + v@(v))(l - vG)(v)) * =
o(v)

=
I
o

w =009 (1 + v@(v))(l - vG)(v))
The Weyl Scalars and Petrov classification
Yy =Do—dk—oc(p+p)—0Be—&)+k(m—m+a+3p)
Y, =DB—-bc—cd(a+nm)—B(p—-&)+k(u+y)+e(a—m)
Y, =ft—Ap—pa-cd+t(f—a—1)+py+7)+rv—2A
Y, =6y—Aa+v(p+e)—Aa+B) +aly—p)+y(B-17)
Y, =6v-M+Au+p)-A@y—-7)+v(Ba+f+m—1)
Where
D =14,
A =n%,
§ =m4,
5 =m,
Y, =Do—0k—ad(p+p)—0Be—&)+k(m—mT+a+3p)
= Do —20p

_ g < o) > _ vO(v)
' (1-vem)(1 +ve)) (1- 1/2(9(1/))2

< o) ) ) vO(v)
1 —vz@(v) (1 —VZG(V))Z

o)
[1+ve(v)]

o — (( OW) — v8(v) — (-2 )(1—v@(v)))ﬁ"n”+<i(®(v)+v6(v))—

[1-ve ()]
v@(v))) n_”Lyn"> =

— 1 U X X X Y 1 X uUumy XY mY Y i
—E(Vxlun m* —V,m,m*m* - V,m,m*m* + v, [,n*m” — V,m,m*m” — V, m,m’m )—

i(1+

61 lav G(V) _ 2 @(V) V@(V) _
- a (1+v®(v))(1—v®(v)) (1+V®(V))(1—v®(v)) (1+V®(V))(1—V®(V)) -
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3 SM(1—-v?e()) — 0(W)(—2vO(v) —v25(v)) _, vO(V)

(1- 1/2(5)(1/))2 (1- VZG)(V))2
=6()
W, =0
Y, =6t—Ap—pa—-cd+t(f—a—1)+ply+7)+Krv—2A
=—-Ap
= —nVgp
= —n"V,p
=0
W, =0
W, =0

W, # 0: This is a Petrov type N, which means there is a single principal null direction of multiplicity 4. This
corresponds to transverse gravity waves in region lll.

14.11 “Two interacting waves
The line element:
ds? = 2dudv — cos? av dx? — cosh? av dy?
Notice: This space-time is a Rosen space-time with
f(v) =cos?av
g(v) = cosh?av
We have
f'v) = —2acos(av)sin(av)
g'(v) = 2acosh(av) sinh(av)
= f"(v) =2a?sin?(av) — 2a? cos?(av)
g"'(v) = 2a?sinh?(av) + 2a? cosh?(av) = —2a? sin?(iav) + 2a? cos?(iav)
Because
f'v) #-h"()
this is not a vacuum solution. If we change the line-element
ds? = 2dudv — cos? av dx? — cosh? bv dy?
this is a vacuum solution if
a =ib

14.11.1 The Christoffel symbols
To find the Christoffel symbols we calculate the geodesic from the Euler-Lagrange equation

0 — d (aF) oF
~ds\axe)  ox@
Where
F = 2uv — cos? av x% — cosh? av y2
x*=wv:
oF . .2 : 2
P = 2acosavsinav x* — 2a coshavsinhav y
v
oF
d 6167v
4G) -
ds \dv
= 0 =ii—acosavsinavx? + acoshavsinhav y?
x* =
oF
— =0
Ju
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oF
— =2v
ou
d (0F .
530 =a
ds \ou
> 0 =v
x%* =x:
oF
Z =0
0x
oF ) .
— = -—2cos“avx
ox
d (0F ) .. 2 .
— (—) = 4acosavsinavvx — 2cos”“av X
ds \ox
= 0 =2acosavsinavvx — cos?av ¥
= 0 =X%-—2atanavvx
x*=y:
JoF _0
dy
oF _ n2 )
3y = cosh“avy
d(aF)_4 h v sinh av 79 — 2 cos? av
s \3y = a cosh av sinh av vy cos“ avy
= 0 = —2acoshavsinhavvy — cosh? avy
s 0 =y + 2atanhavvy
Collecting the results
0 =v

0 =ii—acosavsinavx? + acoshav sinh av y?
0 =iX-—2atanavvx
0 =y + 2atanhavvy

We can now find the Christoffel symbols:

[, = —acosavsinav
I'%,, = acoshavsinhav
%, = —atanav
r* = —atanav

VX -
r’,, =atanhav
Fyvy = atanh av

14.11.2 The Petrov type
The line element
ds? = 2dudv — cos? av dx? — cosh? av dy?
The metric tensor:

1
1
=< >
Yab —cos? av
\ — cosh? av
and its inverse:
1 A
1
1
ab _
= — >
9 cos? av
1
\ cosh? av
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The basis one forms
Finding the basis one forms is not so obvious, we write:
ds? = 2dudv — cos? av dx? — cosh? av dy?

= (")’ = (@) = ()" = (09)°

= (0" + 0")(0" - &%) - (%)’ - ()’
= 2du = (a)ﬁ + w?
V2dv = (0% — 7
w*® = cosavdx
w? = coshavdy
w? = i(du+dv) du = i((uﬁ +w”)
V2 V2
w' = i(du—dv) dv = i(a)a —a)v)
V2 \/51
w* = cosavdx dx = w*
coslav
w? =coshavdy dy = w?
coshav
1
ij =
1 ~1

-1
14.11.3 The orthonormal null tetrad
Now we can use the basis one-forms to construct a orthonormal null tetrad

l 1 1 0 0\ /¥
n| _1[1 -1 0 0]’
m| y2{0 0 1 i w*
m 0 0 1 —i/ \p?
w® + ¥
1 o8 o?
V2| w* +iw?
w* —iw?
V2du
_i V2dv

V2 \ cosavdx + icoshavdy
cosavdx —icoshavdy
Written in terms of the coordinate basis
l, =@, 0, 0, 0
n, =@, 1, 0, 0)

1

mg :E(O’ 0, cosav, icoshav)
1

m, =E(O, 0, cosav, —icoshav)

Next we use the metric to rise the indices
" =g*,=9",=1-0=0
vV =g%l,=g",=1-1=1
* =1Y=0

n* =g%n,=g"%n,=1-1=1
n =g%n,=9g"n,=1-0=0
n* =nY=0

43
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Gravitational Waves — Chapter14 14 April 2023
Susawn Larsen

m’' =m*=0

o 11 11
=g"my=——— —-cosav = ——

m g M cos?2av 2 V2 cos av

e L S S|

me=gTmy = cosh? av+/2 Leoshav= lﬁcoshav

Collecting the results
la = (1, 0; 01 0)

*“ =@, 1, 0, 0)
ng, =(0, 1, 0, 0)
n* =, 0, 0, 0)
m, = % (0, 0, cosav, icoshav)
me = i(0 0, i )
2\ 7 cosav’ cosh av
m, = % (0, 0, cosav, —icoshav)
m* = i(0 0, —— P )
V2\7 7 cosav’ coshav
Calculating the spin-coefficients
n = -Vyn,m*’ = -V,n,m’ = -V,n,m*1l¥ — Vyn,m’I¥ = 0
v =-Vyn,mn? = -V, n,mn* = —-V,n,m*n* — V,n,m¥n* =0
1 = -V,n,m*mP

= =V n,m4m* — V,n,mm”

-Vyn,m*m* — Vyn,m*m” — V,n,m*m* — v,n,m’m”
0

= —Vyn,m*mP =0

= Vplom®l? = V,l,m*lY = V,,m*l¥ + V,[,mY ¥ =

= Vpl,mnP =V, l,m*n* = V, I,m*n* + Vulym’n* =0
= V,l,m*m?

= Vylgmm* + V, [;m*m”

= Vi l,m*m* + V, [,m*mY + V. [,mYm* + V, |, mYm”

= 6 — (P lym* i + %, lm¥in)

VD A &8

a
=63 > (tan av — tanh av)

a
o =Vplym*mbl = —(F”xxlumxmx + Fuyylumymy) =5 (tanav + tanh av)

1
= E (Vblanalb - mean_’lalb)

M

1
= 2 (W lan®l = Vym meL)

1
=3 (V\,lun”l" - V,m,m*l¥ — vayrﬁyl")
1

=-3 ((avmx - I'%m)m*lY + (8, m, — Fﬁ,ymc)rﬁyl")

62 = (0, L, — Tol)m*m™ + (0L, — Tl )m™ MY + (8,1, — [l )m¥m* + (9,1, — T¢I )m*m? =

2
) + a cosh av sinh av (—'

1 1
63 — : P
= acosav sin av l i =
< ( v2coshav) ( v2coshav>

V2 cosav
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1 ( 1 1
=——((8,—=cosav —T%*_.m )r?txl"+(6 i—coshav — T m )Tﬁyl"
2( V\/E VX X v \/z vy y
= 64()
1
y = 2 (Vblananb - mearﬂanb)

=5 (Vy ln*n* — VvV, m,m%n%)

=5 (Vulun”n” -V, m,m*n% — Vumyrﬁyn”)
=0

« =3 (Vplgn®mP — V,ym,m*mP)

1
=5 (Vylon®m* — V,m,m%m*) + 3 (Vylgn*m? — V,m,m*m”)

=0
1
B = E(Vblanamb — Vpymgm®*mP) = 0
Collecting the results
m =0 k =0 e =0
v =0 7 =0 y =0

a

A =0 p =E(tanav—tanhav) a =0
a

u =0 ¢ =E(tanav+tanhav) B =0

14.11.4 The Weyl Scalars and Petrov classification
Yy =Do—d6k—0c(p+p)—0Be—&)+k(m—7+a+3p)
v, =Qﬁ—Ss—a(a+n)—ng_—e_)+zc(y+y)+e(&—ﬁ)
Y, =6t—Ap—pia—-cr+t(f—a—17)+ply+7)+rv—2A
W; =8y—datv(pte)-A@+p)+al - +y(f—7)
Y, =6v—-M+Au+p)-2@y—-7)+v(Ba+pf+m—1)

where
D =14y,
A =n%,
§ =m,
5 =m%,
Yy =Do—o(p+p)
= Do — 20p
=[*V,0 — 20p
=1Y0,0 — 20p
a a a
=10, <E (tan av + tanh av)) -2 (E (tan av + tanh av)) (E (tan av — tanh av))
a? a?
=\ (1+tan?av +1—tanh?av) | — - (tan? av — tanh? av)
Y, =0
Y, =-Ap=-nVep=-n"dyp=
Y, =0
= — % ((—a %sin av —atan av) \/% cos av) m* + (ia\/iE sinhav —atanhavi \/% cosh av) mY =
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l‘p4 = O
Y, # 0: Thisis a Petrov type N, which means there is a single principal null direction (n%) of multiplicity 4.

14.12 Collision of a gravitational wave with an electromagnetic wave
The line element in regionv = 0:
ds? = 2dudv — cos? av (dx? + dy?)
The metric tensor:

1
1
ab —cos? av
\ —cos?av)
and its inverse:
1 )
1
1
ab _
=< — ;
g cos? av
1
\ cos? av

Notice: This space-time is a Rosen space-time with
fv) =g®) =cos?av

Because
f'v) #-g"W)
this is not a vacuum solution.
14.12.1 The Christoffel symbols
To find the Christoffel symbols we calculate the geodesic from the Euler-Lagrange equation
0 — d ( JoF ) JdF
~ds\9x)  9xe@
Where
F = 2uv —cos?av (k% + y?%)
x% =u:
JdF
=0
oF
— =2v
d a?:u
20 -
ds \du
= 0 =2V
x4 =v:
JoF
W = 2acosavsinav (% + y?)
v
JoF
— =2u
d a?:v
£ -
ds \dv
= 0 =ii—acosavsinav (%% +y?)
x*=x
JoF
. =0
g
— =-2cos?avx
0x
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d (0F . . 2
— (—) =4acosavsinavvx — 2cos“av X
ds \0x
= 0 = 2acosavsinavvx — cos? av ¥
S 0 =X-—Z2atanavvx
x4 =y:
oF 0
dy
JdF 5 cos? qv &
ay - cos“avy
d <6F) 4 . o 2 cos? ay
s\ay) = acosavsinavvy cos” av j
= 0 =2acosavsinavvy — cos?avj
o 0 =jy—2atanavvy
Collecting the results
0 =7V
0 =ii—acosavsinav (x% + y?)
0 =X-—Z2atanavvx
0 =jy—2atanavvy
We can now find the Christoffel symbols:
'y =-—acosavsinav T%, = —acosavsinav
r*, = —atanav r*, = —atanav
r’,, =-—atanav r’,, =-—atanav
14.12.2 The basis one forms:
ds? = 2dudv — cos? av (dx? + dy?)
= (o) - (@) - (@)’ - (@7’
= (@7 + ") (07 - ") - ()" — ()’
= V2du =(0%+ o’
V2dv = (0" — o’
w*® = cosavdx
w? =cosavdy
w? =i(du+dv) du =i(a)ﬁ+a)ﬁ)
V2 V2
w’ =i(du—dv) dv =i(a)ﬁ—a)ﬁ)
V2 \/51
w* = cosavdx dx = w*
coslav
w? =cosavdy dy = w?
cos av
1
ii -1
j =
1 ~1
-1
14.12.3 The orthonormal null tetrad:
Now we can use the basis one-forms to construct a orthonormal null tetrad
l 1 1 0 0 wt w® + o V2du
n) _1[1 -1 0 0l |_1[wi-w”|_1 V2dv
m V210 0 1 i w® V2\ w* +iw? V2 \ cosavdx + icosav dy
m 0 0 1 —i/ \? w* —iw? cosavdx —icosav dy
47
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Written in terms of the coordinate basis
la = (1, 0; 01 0)
ng = (0, 1; 01 0)

1

mg =ﬁ(0, 0, cosav, icosav)
1

m, =ﬁ(0, 0, cosav, —icosav)

Next we use the metric to rise the indices
" =g*™%,=9",=1-0=0
vV =g%,=g",=1-1=1

* =0=0
nt =g%*n,=g""n,=1-1=1
n =g%n,=g""n,=1-0=0
n* =nY¥=0
m’ =m*=0
 _ oxx _ 1 1 _ 1 1
T M T T sz ay V2 cosav = \2 cos av
A S 11
me =gy = cosZav+/2 Leosav = l\/icosav
Collecting the results
l, =@, 0, 0, 0 * =@, 1, 0, 0)
ng =@, 1, 0, 0) n* =(, 0, 0, 0)
! (0, 0, cosav, icosav) a ! (0 0 ! ! )
m == ) ’ ) m == ) y y
@ V2 V2 cos av Yosav
1 1 1
m, =-—=(0, 0, cosav, —icosav) m? =—(0, 0, - ;i )
@ V2 ( ) V2 cosav’ cosav
14.12.4 The spin coefficients calculated from the orthonormal tetrad
n =-Vpyn,m*P = -V,n,m’ = -V,n,m*l¥ — Vyn,m’l” =0
v =-Vpn,mn? = -V, n,m*n% = -V, n,m*n* — Vyn,m¥n* =0
A = -V,n,mm?
= =Vyn,m4m* — V,n,mm”
= =V n,m*m* — Vyn,m*m> — Vyn,m¥m* — V,n,m>m”
=0
u =-Vyn,m*m? =0
K =Vylgm*lP =V,l;me = V,[,m*I¥ + V,[,m’IY =0
7 =Vplymn? =V, l,m*n* =V, [,m*n* + Vylym¥n* =
p = Vblamaﬁlb
= Vylom*m* + V, [,m*m”
=V l,m*m* + V, [,m*mY + V, [,mYm* + V, [, mYm”
= 65 — (M Lym*m* + T, [,mYm”)
N errrm] o (i) (o)
= —| —acosavsinav| ————|] —acosavsinav|—i i
V2 cos av V2 cosav/ \ v2cosav
= atanav
o =V,l,m%mP

= — (MY Lym*m* + Fuyylumymy)

65 = (Bl — [l IM™ ™ + (8L, — T, L )m* Y + (9,1, — T, L )m¥m* + (9,1, — T, L )m¥m> =
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1 2 1 2
= —| —acosavsinav| ———) —acosavsinav|—i———
< ( \/Ecosav> ( ﬁcosm))
=0
1

& = E (Vblanalb - meaﬁlalb)
1
=3 (VylnlY — Vym,m%lV)

1
=3 (Vylyn*lY — Vym,m*1¥ — V\,merlyl")
1

= —E(((?vmx —I%m)m* Y + (9,m, — I‘vamc)ﬁlyl")
— 1 1 x —X ]V : 1 y N AY
=3 avﬁcosav —I'%ym, |Jm*lY + avlﬁcoshav —I,ymy |m¥l
= 66()
1 a.,,b A a.,D
14 =E(Vblan n’ —Vym,mn )
==(V, I n%*n* -V, m,m*n")
2 uta u''ta
1
=5 (Vulun”n“ - V,m,m*n* — Vumyrﬁyn“)
=0
1 ~b ~a=b
a :E(Vblanam — Vymmm )

1
=3 (Vylgn®m* — V,m,m*m*) + 3 (Vylgnom? — V,m,mm>)
=0
1 b —a. b
g = E(Vblanam — Vym,mimb) =0
The only non-zero spin-coefficient is p = a tan av. This means that - Re(p) # 0 and there is expansion (or

pure focusing=divergence).

14.13 “The Nariai spacetime
The line element:

1
ds? = —Av2idu? + 2dudv — ﬁ(dx2 + dy?)
—1d2<\/Kd 1d>2 L dx? +dy?)
= oz dv vdu Ty v QZ( X y
A
Q =1+Z(x2+y2)

The metric tensor

and its inverse:

1 1 1 _ 1 1 _
66 — — = ((—q—=-sij — (- - x —iqg—=si | — v\ =
= a—=sinav a tan av) —=cos av) m* + ( ia—=sinav + atan avi-=cos av) mY | =
2 (( V2 ( ) V2 V2 V2
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—0?

14.13.1 The Christoffel symbols
0y(Gu) = 0,(—Av?) = —2Av

1 0y (.Q)
0:(00) = 0u(gyy) = 0~ 55) =255~
1 6y(Q)
0y(gxx) = y(9yy) =0, (_ﬁ) R
1 a
Tabe = 2 (0a9bc + ObGac — 0cGan) %
1
Lo = ) Oy Gu) = Av => My
" Iy
Douu =Ty = 2 (0yGuu) = —Av => Iy
My
1 1 Ax
Doex = _( xgxx) =573 = l-‘xxx
1 Ay
Fxxy = __a (gxx) 203 = 1-‘yxx
1 1Ay
Dyex = Deyx = a (gxx) 203 . nyx
1 1Ay y
By = —( ygyy) T = Iy
1 Ax
Lyyx 6 (gyy) 203 = Ty
1Ax y
Ceyy Fyxy 6 (gyy) 203 = My

Ay
B

14 April 2023

Ax
_Q3
= 9% Theq
= 9" Tuua = 9" Tuww + 9" Tuae = A*V?
= gudruud = 9" Ty + 9" Ty = AV
=T, = gudruvd = 680
=TV, = gy yq =6 — Av
x o 1AX 1 Ax
= g Texx = (— 9)293 o
1Ay 1Ay
=Ty = -0 (-353) =577
1Ay
— l-‘x = g*x Tyux =70 5
1Ay 1Ay
=97y =35 = "5
x ) 1Ax 1 Ax
=0T = (99 (~375) =7
oy 1AX 1Ax
= =0y = C5 =75

Collecting the results we find the non-zero Christoffel symbols

[y, =-TH,=—-Av
Fvuu — A2V3
—_Ty
Mo =T yx =~y
x —_rY _ry _
[yy __rxx_ryy_

14. 13 2 The basis one forms

1
A—dv — (\/_vdu——dv

VAv

2

67 = Av2(Av) =
% = guuruvu + guvruvv =
» = gvvruvv + gvuruvu -

1Ay
=0 )293

http://physicssusan.mono.net
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1

w? =—dv dv = +vVAvw?
7 Vivw
w? =+VAvdu — Ldv du = L (ooﬁ + (uﬁ) 1
VAv VAv nii = -1
. 1 b — o -1
w* = adx x =Qw 1
- 1 .
Y =—d dy =Qw”
W 4 y W
14.13.3 Cartan’s First Structure equation and the calculation of the curvature one-forms
do? = —I‘aB/\wB
_ 1
dw? =—dv =0
VAv
-~ 1 . 1 - - - N
do® =d (\/deu — —dv) = VAdv A du = VAVAV0?) A | — (0 + ?) | = VAW® A ®
VAv VAv
= —VAw? A w?
do? d(ld) d ! d LA A dx = Syne® A w?
w* =d{=dx|= x| =—-s=dyAdx =syAw* AN
Q 1 +i—\(x2 +y2) 24 2
dw? d(ld) d ! d LA e A dy = 2 xhw? A wf
w = —dy) = Y| = 5452 X Y = - XAWw w
Q 1+ fl—\(x2 +y2) 24 2
The curvature one-forms summarized in a matrix:
0 VAw® 0 0
VAw® 0 0 0
a 1 - .
s =4 0 0 0 —5A(x0? —yo)
1 ) ) |
l 0 0 EA(xa)y - yo*) 0 )

Where @ refers to column and b to row
14.13.4 The curvature two forms:

0% =dr% 4T AT = %R‘if,é&wf A
0%, =dr?, + TP, AT¢, =P ATE, =
Qﬁﬁ - dl"’?ﬁ + r‘f’é A FCAﬁ = d(\/j_\wﬁ) + Fﬁﬁ A Fﬁﬁ = VAdw® = Aw? A wt = Qﬁf,
in — ‘Qﬁj} =0

Quﬁ = dFuﬁ + Fu’é A Fcﬁ = Fuﬁ N FU = 0

Q¢ = -Quy

- o o R o 5 1 - N 1 - N
OFp =dT¥ e +T¥ AT, =T¥ ATV, = — (EA(xwy —yo*) | A EA(xa)y - ya)x))
1 . 1 N 1 . 1 -
N h% A AN (A x - b
<2A(xa) )>A<2A( YV )> <2A( Yyw ))A(ZA(xw ))
1 - - N -
= ZAny(a)y Ao* +wfAw¥)=0

N - N . 1 - - - 5 1A
- - y _
Q5 =dI; +T% AT, =d (EA(xwy - ywx)> +T75 AT, =d (Eﬁ(xdy - ydx))
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1A 1A 1A 1A
= Ea—Zﬁx dX/\dy+ —554'1@}/ dy/\dx

= <1AQ - 1Azxz> o* Aw? + (—EAQ + lA2yZ> w¥ A w*
2 4 2 4
1 . . A . - . -
= AQ—ZAZ(x2 +y) Jw*AwY =A Q—Z(x2 +92) |w* A w?¥ = Aw* A w¥
y o _ gy _ £ _ Y £
Q, =dr’; = —dey = Aw? A w*
Summarized in a matrix:
0 —Aw? A w? 0 0
Qi = ]Aw" A 0 0 U
b 0 0 0 Aw? A w*
0 0 Aw* A w7 0

Where d refers to column and b to row
Now we can write down the independent elements of the Riemann tensor in the non-coordinate basis:
- A

y
14.13.5 The Ricci tensor

. —_ C
Rap =Raep ) ) ) A
Rop = R%ep = R%qp + RVppp + RMp2p + R7 555 = R¥pgp = —A
_ pé _ pll i £ y _
Ron =R = R%aa + R'ppa + Ripga + R pyq =0
Ryz =Rpy =0
_ pé _ pll i £ hY _ pb _
Raa =Rgen =R%aa + Rgpa t Raza T R gpa = R gpa = A
Raz =Ray =0 X X
Rer =Rges =R%%ap ¥ RVgpp T Rigpe T R7ppp = R gp2 = A
Ryz =R e = R%qe + RVppe + Rgge + R7 55, = 0
 _pé  _opa ? P 5 _ pr _
Ry =R9eyp = Ry + Rgpp + R7peg + RV 55 = R7gpp = A
Summarized in a matrix:
-A 0 0 O
0O A 0 O
0O 0 0 A

Where @ refers to column and b to row.
Which implies that R, = —gap/A

14.13.6 The Ricci scalar

R =n%Rz5 =n"Rop + n"™Rag + 1% Rez + 177 Ryp = 1P (=A) + n%8A + n* A+ n9IA = —4A

14.13.7 Change of signature
14.13.7.1 The Line element
The line element:

1
ds? = Av2idu? — 2dudv + E(dx2 +dy?)
1
Av?
A
Q = 1+Z(x2+y2)

1 21
dv? + (\/deu - Tydv) + ﬁ(dx2 + dy?)
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The metric tensor

Ews .
l éJ

14.13.7.2 The non-zero Christoffel symbols

v, =-T%,=—-Av
Fvuu — A2V3
Ax
x _ry _ _
Mx —Fyx—_rxyy—_ﬁ
Ay
My =-17,= ryyy =35
14.13.7.3 The Riemann tensor
R'gpn =A
2 _
14.13.7.4 The Ricci tensor
-A 0 0 O
0 A 0 O
Rab =310 o A of= Maph
0 0 0 A

Where @ refers to column and b to row.
Which implies that Rz, = gapA

14.13.7.5 The Ricci scalar

R =n%Rs5 = n""Rop + " Ryg + 1™ Reg + 1% Ry = n"P (—=A) + n™A + ™A + A = 41
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