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6 The Riemann and Ricci tensor and the Ricci scalar

6.1 2The Rieman tensor

6.1.1 Definitions

R%cq =10.T%q — 0qT % + 0%, — T4 I%,
Rabca =29qeR%pca
Rade = 3acrbda - adl—‘bca + 1—‘ebcl—‘ade - l—‘ebdl—‘ace

1( azgad angc angd aZgac

2\0xcaxb  9x49xd  0x°ox* axdaxb> +T%clage = Tpalace

6.1.2  Proofs and Properties
We need

Vedav = 0cGab — JavT %ac — Gaal® b = 0cGap — Lach — Teva = 0
=  Rapca = YGaeRpca = gae(acrebd —0qT%c +T bdF fc ™ 1-‘fbcr‘efd)
= gaeacrebd - gaeadrebc + gaerfbdrefc - gaerfbcrefd
= 0c(9aeT*sa) = TpadcGae ~ 0a(Gae*e) + Tsc0agae + Ipalrca = Tpelfaa

=450, (dea) —0dq4 (Fbca) - l-‘ebdr‘ace + l-‘ebcr‘ade QED
= Rapca = 9clpaa — 9albea +2Febcr‘ade _zrebdrace
0°Yaa 0°gpc 0°9pa e e
= 7_<axcaxb Triaes ~ wans ~ axiags) * nelade ~ Mnalice aeb
-~ R _ 1 0%gep 0°9aa _ 0% gap 0%gca re. r
cdab =7\ 9x29xd ' 9xPax¢ 09x%dx° dxPox? Lee = apTeae
1 a Ycb azgda _ 62.gdb a Yca g F g —Te.T
2\ 0xa9xd axbaxc 9x%9x¢  AxPaxd daf9nel db”cae
_1( 090 azgda _ 0°gap _ 0°gea 46/ Tgaf Ty — T T
2\ 0x%0x4 c')xbc')xc 9x%0x¢  dxPaxd daf” cb db”cae
1 azgcb azgda _ 62.gdb a? Yca +T —Te.T -R
2\ 0xa9xd axbaxc 9x%9x¢  AxPaxd dael b’ cae abed
1 azgac angd angc 0° Yad
e e - _
= Rabdc E(axdaxb 0xCdx® - axdaxa 0xCdxP +T bdrace r bcrade - Rabcd
= R 1 a gbd a Yac 62gad _ a Ibc T re T
bacd =7\ Gxcaxa ¥ oxT0xP  axcoxd  9x%0x° “acTbae = aallbee
_ 1 angd a Yac azgad angc 6fF Fh 5iF 1.,j
B E 0xC€0x 6xd6xb T 9xcaxP  9xd9xa T Onlacr!"pa = Ojtaail e
1 The Riemann tensor of first kind
2 Raising and lowering of the first index
3 The Riemann tensor of second kind
= 0:(Tpaa) — 94 (Theq) — l-‘ebd (Tace * Teea) + l—‘ebc(l—‘ade + Tgea) + l—‘fbdl—‘fca - 1—‘fbcl—‘fda =
>= ac(rbga) - aad (Fbca)a_ l—‘ebd (Face ;’ 1—‘cea)a'i' 1—‘ebca(l—‘ade + Fdea) + Febdreca - 1—‘ebcl—‘eda =
615 (%9ab | 99ad _ 99ba\ _ 1,5 (99ab 4 99ac _ 99bc e e =
=30 gaxd + 6sz ax‘;) 2 Ou ( axzc + axb axa) + hclaae = Mpalace =
7_1(09%gap 9°gad _ 9°gpa\ _1(9°gap 9’gac _ 9°gnc e _re -
T2 (axzcaxd T 6xzcaxb ax;ax‘l) 22(6xdaxc T dxddxP axdaxa) Toca + Ibclade = T palace=
10 9°gac 09gq d c i
°= 2 (axil;da 6x‘£3xb - 6xc£z?xdb - 6xd£g:ca) T gefracfgehrhbd - gelradigejrjhc
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 6 — The Riemann Tensor
Susawn Larsen

Thursday, June 9, 2022

1 angd aZgac 6 Yad
E(axcaxa 9x90xP  9xcoxP axda * Tacel*pa = Tadelse = ~Rapea
Raaaa = aaraaa - aaraaa + Feaal—‘aae F aae O
Rabbp = OpTbba — OpThpa + Tpplape — T bbrabe 0
RaaCC = aCFaC(ZI - aCFaCa;_ FeaCFaCez F aCFaCez - 0
1/0 a a 0
Rypea 1 Yba Ipc  0"Gpa  0"Gpc 4T Ty — T
¢ 2\0xoxb ~ 9x%oxb 9xcoxP Idx%oxb be*bde ba“bce
= gefrbcfgehrhbd — Tpalhce = 6}{Fbcfrhbd = Ialbce = Thcel *ba — T palbee
=0
Ravea = 9cTbaa — 9alhea + 1—‘ebcl—‘ade - 1—‘ebdl—‘ace
Raape = Oplaca — 9cTapa + 1-‘edbr‘ace - Fedcrabe
Racab = 9alcha — Opleaa + Tcalave — Téplade
=  Rapca + Raave + Racap = °0
= R%ca + R%pe + R%ap = 9*°(Repca + Reanc + Recap) = 0
R%ca = 9“Rapca = =9 Rapac = —R%ac
R%pe = gadeabc = _gadRadbc = _gadgafRfdbc = 6;’1 dbc — _Rddbc
= Raabc =150
Summarizing
Rapca = acrabéi - adl—‘abcz‘l' 1-‘eadr‘ebcz_ 1-'eacl—‘ebéi
1( 0°gaa 0 9pc 0°9ac 0°9pa e e
Rabcd Py b d - davb - Feacr bd + Feadr bc
2\0x€0x 0x%0x* 0x%0x 0xC0ox?
Rapca = Redab = —Rabac = —Rpaca
Ruaaa = Rbaaa = Raaba = Raavp = Raave = Rapee =0
Rapea + Raave + Racap =0
R%cqa + R%pc + R%qp =0
R%ca = —R%qc
Raabc =0

http://physicssusan.mono.net

In n dimensions, there are Ngjomann = n2(n? — 1)/12 independent elements in the Riemann tensor. In
the Ricci tensor there are Ng;..; = n(n + 1)/2 independent elements, and in the Weyl tensor there are
Nyeyr = 10 independent elements if n = 4, if n < 4 there are none. Summarized:
n?(n? -1 n(n+1
NRiemann = % NRiCCi = (T) NWeyl
n=2 1 Rabab 3 Raa 0
Rab
Rpp
n=3 6 Rapap 6 Rya 0
Rabac Rbb
Rabbc Rbc
R(lCClC Rac
Racbc Rab
Rbcbc Rcc
° e= a(:l—‘bda - ad l—‘bca + l—'ebcl—‘ade - l—‘ebdl—‘ace + ab cha - acrdba + l—‘edb l—‘ace - 1—‘edcl—‘abe‘ + ad l—‘cba - ab cha + 1—‘ecdl—‘abe -
I cblage =

logik.susan@gmail.com


http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 6 — The Riemann Tensor

Susan Larsen Thursday, June 9, 2022

n=4 20 1ORabcd 10 Rab = Rcacb 10 Cabcd

Rabab Raa Cabbc
Rabac Rbb Cabbd
Rabad Rbc Cabcd
Rabbc Rbd Cacbc
Rabbd Rac Cacbd
Rabcd Rad Caccd
Racac RCC %ﬁg
Racad Rab Cadbd
Racbc RCd Cadca
Racbd Rdd Cbccd
Racea Chaca
Radad
Reape™

Raapa

Radcd

Rbcbc

Rpcpa

Rbccd

Rpapa

Rpaca

Rcdcd

6.2 The Ricci Tensor
6.2.1 Definition
Rab Rcacb
= Rpg = Rcbca = ngRdbca = ngRcadb = Rdadb = Rap

6.2.2 The Ricci Tensor of diagonal space in Three Dimensions
The line element
ds? = gurdx® + gy, dy* + g,,dz?
The metric tensor and its inverse

gxx
Gap = 9yy
gZZ
L 3
gxx
1
g® = — >
9yy
1
\ 922/

In 3 dimensions the Riemann tensor has six independent elements:

nyxy; nyxz; nyyz; Ryzxz; szyz; Ryzyz

10 Notice: In the case of a diagonal metric, the Riemann tensor elements with raised index has the same
properties. E.g. R%, 45, R%acr R%aq €tc. are independent, R%,;,, = 0, R%,.. = 0 etc.

1 Because: Rypeq + Racap + Raape = 0
12 Because: Cypeq + Cacap + Cagpe = 0

http://physicssusan.mono.net
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The Ricci Tensor
Ry = Rcacb y
> Ry = chcx = Rxxxx +R xyx + R = gxxRxxxx + gnyyxyx + 9% Ryxzx
= gnyxyxy + 9% Ryzxz
Ry = chcy = Rxxxy + Ryxyy + szzy = gxxRxxxy + gnyyxyy + gZZszzy = gZZszyZ
Ryz =R %c; = Rz + Ryxyz + R%y22 = 9 Ryxxz + gnyyxyz + 9% Ryxzz = _gnyxyyz
— — y —
Ryy  =Rycy = R¥yxy + R7yyy + R¥yzy = 9 Rayxy + 977 Ryyy + 9 Riyzy
=9 Ryyxy + 9" Ryzy2
Ry, =R e, =R*; + R, + R% 0 = 0™ Ryyrs + 9”7V Ryyys + 9%%Ryysr = 9°*R
vz = Rycz = 0yxz yyz yzz = 9 xyxz T 4 yyyz T Y " Rzyzz = 3 Xyxz
R,, = Rczcz = szxz + Ryzyz +R%,,, = gxxszxz + gnyyzyz + 9%R;222
= 9" Ryzxz + .gnyyzyz
Summerized in a matrix, where a refers to column and b to row.

9> Ryyxy + 9% Ryzxz 9% Ryzyz -g” Ryyyz
Rap = S gxxnyxy + gZZRyzyz gxxnyxz
S S 9 Ryzxz + gnyyzyz

6.3 9The Ricci scalar

6.3.1 The Ricci scalar of two-dimensional space
The line-element
ds? = gurdx® + gy,dy
A 2-dimensional diagonal metric has only one independent element in the Riemann tensor
Rapap = Rpapq (N0 summation)
The Ricci scalar
R =R%=g%Rap = "' Ri1 + g°*Ra2 = g"' R c1 + 9%*R,
= g''RY 11 + 9**R' 315 + g"' R%51 + g% R%5,
= 9" 9" Ri111 + 9%29" Riz1z + 91 9% Ra121 + 92 9% Ry222
= 9%29" Riz12 + 9" 9% Ry121 = 29" R% 121 = 29%°RY 51,

6.3.2 The Ricci Scalar of diagonal space in Three Dimensions
The line-element

ds® = gudx?® + gy, dy* + g,,dz*
The Ricci scalar:
R = R%G =1Bg%Ruq = g Ryx + gnyyy + 9** Ry,
= gxx(gnyxyxy + gZZszxz) + gyy (gxxnyxy + gZZRyzyz) + gzz(gxxszxz + gnyyzyz)
= ngxgnyxyxy + 29 9% Ryzxz + ZgyngZRyzyz
= 29"*g> 9% (9zzRuyxy + GyyRuzxz + GuxRyzyz)

6.4 ©The Weyl tensor

Definition:

1 1
Cabca = Rapca + > (9aaRer + GvcRaa = GacRap — gpaRea) + Z (9acGap — Yaa9er)R
Properties:
The Weyl tensor possesses the same symmetries as the Riemann tensor: Copca = —Capac = —Chacd =
Ceaap and Capca + Caane + Cacap = 0. It possesses an additional symmetry: C€,., = 0. It follows that the

13 Notice: The general formulais R = g%’ R,,,, which in the diagonal case reduces to R = g%*R,

http://physicssusan.mono.net logik.susan@gmail.com
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Weyl tensor is trace-free, in other words, it vanishes for any pair of contracted indices. One can think of
the Weyl tensor as that part of the curvature tensor for which all contractions vanish. The Weyl tensor is
the same for a given metric g,; and a metric that is conformally related to it g, = f(x)gap- TO put it a
bit more informally we can say that the Weyl tensor is the same as the Riemann tensor but with the Ricci
tensor parts removed. This means that, as the Ricci tensor represents the source!, the Weyl tensor repre-
sents the pure gravitational part.

6.5 fContractions: The Metric tensor, the Riemann tensor, the Ricci tensor and the Ricci sca-

lar.
Contraction of the metric tensor with itself:
gacgd; = 52
Japg® =4

Contracting the metric tensor with the Riemann tensor to get the Ricci tensor
9®Rapca = 9™ Rogap = RY,.; = 0if the metric is diagonal, otherwise not.
b _ ab _ _
gabRacbd = 9" Rpdac = Rand =Rcq
9%Raabc = 9% Rocag = R°apc = Rea
Contracting the metric tensor twice with the Riemann tensor to get the Ricci scalar
949’ Rypea = 0if the metric is diagonal, otherwise not.
9°9Racba = 9°“Rea = R%;
nggabRadbc — ngRcd — Rdd

6.6 A metric example 1: ds? = y% sin x dx? + x* tan y dy?
The line element:
ds? =y?sinxdx?+ x?tanydy?
The metric tensor and its inverse:

_ {yz sinx }
Gab x%tany
1
ab y2sinx
g = 1
x?tan y}
6.6.1 The Christoffel symbols
The Christoffel symbols of first kind Christoffel symbols of the second kind
1
Fabc - E (aagbc + ab.gca - acgab) l-‘abc = gadrbcd
1 1 5 . 1, x x 1
Dexx = Eaxgxx = E(’)x(y sinx) = Sy cosx > My =g T = 15§cotx
1 1 1 y 1+ tan?y
Lyyy = 50y Gyy = an(x2 tany) = Exz(l +tan?y) = [, =g»T,, =16 Tany
1 1 5 . _ y vy ysinx
Dexy = —angxx = —an(y sinx) = —ysinx = Iy =97Tay = T XZtany

14 See later chapters on the Einstein Equations with source.

= ;ny%xz(l + tan?y) =
7= " tzny (—ysinx) =
http://physicssusan.mono.net logik.susan@gmail.com
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. 1 ) [ or 1 xtany
yyx =—56xg31,y=—58xl(x tany) = —xtany = yy =9 lyyx = _yzsinlx
y
Loy = [y = E(?xgyy = Eax(xz tany) = xtany = Iy, = ryyx = g7 Ty = 19;
1 1
Dyxx =Ty = angxx = an(yz sinx) = ysinx = [y =Ty =g Ty = 20;

6.6.2 The Ricci scalar
A 2-dimensional diagonal metric has only one independent element in the Riemann tensor

nyxy = Ryxyx
The Ricci scalar
= R =29"R%,,
X — X X e X e X
R*yy = 0x[%y, — 0,17, + T, % — T4, T%, ) )
— X X X X X X X X
= 0, %)y, — 0,17, + T%,, [y —T%,T xy T U7y I =T, 1%,y
i (xtanycos x) (1 x tany cos x) 1+tan?y
- y?sin? x 2y? sin?x 2ytany
_ (xcosxtan®y + ysin®x + ysin® x tan® y
- 2y?sin? x tany
1 x cos x tan? y + y sin® x + y sin? x tan®
> R =2gWnyxy=2( ) YT Y 4
x?tany 2y?sin? x tany

x cos x tan? y + y sin® x + y sin? x tan? y
x2y?sin? x tan? y

6.7 "A metric example 3: ds? = (u? + v*)du? + (u? + v*)dv? + u*v*de?
The line element:
ds? = W? +v¥du?® + (u? + v®)dv? + u?v2de?
The metric tensor and its inverse:

u? +v? 0 0
0 uz+v¢ 0

Jar =
O1 0 u?v?
u? +v2
gab — 1
u? +v?

6.7.1 The Christoffel symbols

The Christoffel symbols of first kind Christoffel symbols of the second kind
1

Fabc - E (aagbc + abgca - acgab) IWLDC = gadrbcd

18 1
y2Zsinx

1
¥=———xtany =
x2tany

(—xtany) =

1 .
P=———ysinx =
y?sinx

2 2
x tan 1 x tan 1 1 1+tan 1 1 x tan
=0 22) -, () (220 (o) - )+ (222) () - ) (- 2222 -
y2sinx Y\y y2Zsinx/ \2 y 2tany y x y2Zsinx
2 tany [ 1 XCoSXx 1\2 1 x tanycosx 1\2 1+tan2y tany
=——QF g =-=)t\) " Gaz—72= —(z) * + (= =
y4 \sinx  sin“x y 2y“ sin“x y 2ytany Yy sinx.
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1 1 u
Liww = Eauguu = Eau(uz +v¥) =u = My =9 = m
1 1
Ly = Eavgvv = Eav(uz + VZ) =y = I, = gVl = —(uz Y
1 v
L = _Eavguu = _Eav(uz +v)=—v = My = 9" Ty = _m
Do = _la 9w = _la (uz +V2) =—u = I%, = 9" Dy = _%
2 udvv 2 u (u +;/ )
1 1 uv
Toou = —50ugep = =50, (W'v?) = —w? = [0 = g""Togu = T2
1 1 u?v
_ _ 2.2y _ .2 v _ _
Tooy = —Eavgee = _Ea”(u vi)=-u*v = [gg =g""Tye, = NOETD)
u
Loy =Ty = Eaugw =u = IV, = M = 9" T = w2 2+ v2)
1 uv 1
_ _ _ 2 0 6
Tuse = Tpup = gaugee =uv = Ty =T%,=9%Tu = g
v
Dowu =Ty = Eavguu =v = IY, = My = gy = W2 +v2)
1 v 1
_ _ _ 0 6
Lo =Tgye = 5 %960 = u?v = I =T%, =9g%T = whv? v

The Riemann tensor has six independent elements: R, Ryvug, Ruvver Ruoue, Rugve, Rveve
Rabca = 9:Tpaa — 0alpea + 1—‘ebcl—‘ade - 1—‘ebdl—‘ace
= Ruvuv = aul-‘vvu - avl-‘vuu + 1-‘evul-‘uve - 1-‘evvl—‘uue

v u u v

=24 ((u2 + v2)> v (_ (u? + vz))u + ((u2 + 1/2)) - ((u2 + vz)) (=v) = =0
Ruvu@ = aurveu - 69 l-‘vuu + 1-‘evul-‘uee - Feve 1—‘uue

="y lugu — Fuve Lo + Thulugy — Fvve Lyuy + nguruee - Fev@ Luug =0
Rywe = avl—‘veu - 69 Dovu + l—‘evvl—‘uGe - FevG Luve

=TI Tugu — Fqu Cuvu + T Ty — Fvv@ Ly + FevvruGG - Feveruve =0
Ruous = 0uloou — 0gTouy + FeGuFuGe - FeGGFuue

= 0y (~uv?) + T, Tugy = M9 uun + TouTuoy — Moo Ty + M uTuse — ToTuus

= —v2 — T yuu — Mo Tuuv + Touluoe

=—v?— (_u—v2>u — (—L> (—v) +l-uv2 =0
(u? +v?) (u? +v?) u
Rugve = 0yTogu — 0gTgyu + Feevruee - FeQQFuve
= 9, (—uv?) + I, Tuou — Mg uvu + MouTuoy = TagTuwy + Ty Tuse — To06Tuve
= —2uv — goTuvu — TagTuvy + %, Tuso
uv

_ 2 u?v N 1,
- Tew (uz +v2) v (u? +v2) u Vuv

v? u?
=uv(—-2+ + +1|=0
< w2 +v%)  (u?+v?) )
Rygve = 0yToey — 09Ty + %%, Thoe — T¥90T0ve , ,
= 0, (—u?v) +T%,Tgu — g Fvvg + T, Doy — Toe Ty + TP Tvge — Togeluve
= —u? = %ol — Tgglny + Ty Iveg

2= au(_u) - 61/ (V) + l-‘uvul-‘uvu - 1—‘uvvl—‘uuu + l-‘Vvur‘uvv - 1—‘vvvl—‘uuv + l—‘61/ul—‘uv9 - Fevvruue =
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5 uv? u?v 1,
= —-u"- — —m (—u)— —m v+;u v=20

6.7.2.1 The Riemann tensor —'Alternative version
Rgpeqa = O for the following reason: Consider the global Minkowski spacetime ds? = du'? + dv'? + d@'?,
in some coordinates (u', v’,8") [the corresponding Riemannian curvature tensor identically vanishing, of
course], and consider the following coordinate transformation:

!

u' =uvcosf

!

v =uvsind
0 = —v?)
The differentials are related as
du’ = (udv + vdu) cos @ —uvsin6 dé
dv' = (udv + vdu) sinf + uv cos 6 d6
df' =udu—vdv
from which it readily follows that
du? + dv'? +d6'? = (udv + vdu)? + (uv)?d6? + (udu — vdv)?
= (u? + v?)(du? + dv?) + u?v?do?
Thus the line element ds? = (u? + v?)(du? + dv?) + u?v?d6? must correspond to an identically van-
ishing Riemannian curvature tensor.

6.8 Metric example 4: A three-dimensional spacetime ds? = dx? + 2xdy? + 2ydz*
The line element
ds? =dx?+ 2xdy? + 2ydz?
The metric tensor and its inverse

1
Gab = { 2x }
2y

1
1
g = 2x
L 3
2y
6.8.1 The Christoffel symbols, the Riemann tensor, Ricci tensor and scalar
The Christoffel symbols

1 1
l—‘abc = E(aagbc + abgca - acgab) IWLbc = Egad (acgdb + abgdc - adgbc)
1 y
nyy =1y = Eaxgyy = Eax(zx) =1 = r xy = Fyyx = gyyr‘xyy = Z
1 1 1
1—‘yzz = l—‘zylz = angzz 1= an(ZY) =1 = l—‘Zyz = I‘Zzy = gzzryzz = 5
bye = _Eaxgyy = —Ef)x(Zx) =-1 = F’g,y = gxxryyx =-1
1 1 y 1
FZZ}’ = _angzz = _an(zy) =-1 = I, = gyyrzzy = _Z
The Riemann tensor
In 3 dimensions the Riemann tensor has six independent elements:
nyxy; nyxz; nyyz; Rysxzs szyz; Ryzyz
Ravea = 9cTbaa — 0alhea + 1-‘ebcr‘ade - 1-‘ebdl—‘ace
http://physicssusan.mono.net logik.susan@gmail.com
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Ruyxy = OxLyyx = Oylynx + 1-‘eyxl-‘xye - Iﬂeyyrxxe = Iﬂ])/Jcl-‘Jc3131 = 2%
nyxz = axryzx - azryxx + 1—‘eyxl—‘xze - 1—‘eyzl—‘xxe =0
nyyz = ayl-‘yzx - azl-‘yyx + 1-‘eyyl-‘xze - 1-‘eyzl-‘xye =0
Ryzxz = Oxlpp — 0500, + [ leze = T2 kxe = 0
szyz = ayl-‘zzx - aZFZyx + 1-‘ezyrxze - Iﬂezzl-‘xye = _Fyzzrxyy = ﬂ

Ryzyz = aszzy - adl—‘zyy + 1—‘ezyl—‘yze - 1—‘ezzl—‘yy = l—‘Zzyl—‘yzz - 5

The Ricci tensor

g nyxyxy + g ZZszxz g ZZszyz -9 nyxyyZ
Rab = S gxxnyxy + gZZRyzyz gxxnyxz
S S 9 Ryzxz t+ gnyyzyz
(11 1 11 1y r( 1 )2 1 0
2x2x 2y 2y 2x 2x 2x 4xy
s L 0 =4 L, (Ly >
— < —_— —_— = R [R—
2x  2y2y S oot (2y>
s s 04— !
Py S S —
\ 2x2y) | 4xy)

The Ricci scalar
R = R 4 VR 4 iR _(1)2+1 1+(1>2 +1 1 _2(1)2+ 1
=9 Rax TG Ryy TG Rz = 2x 2x\2x  \2y 2y4xy  \2x 4xy?

6.9 “Metric example 5: A three-dimensional spacetime ds? = f(x)dx? + g(x)dy?* +
h(x)dz?
The line element
ds? = f(x)dx? + g(x)dy? + h(x)dz?
The metric tensor and its inverse

f(x)
Jab = g(x)
h(x)
(L )
f(x)
gab = L \
gx)
1
L h(x))

6.9.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar

The non-zero Christoffel symbols
1 a

Tape ZE(aagbc-}'abgca_acgab) e =gadrbcd
1 10f(x) 1 1 f(x)
Lo =5 0x0x =575, 7 P =07 = 5705 ox
1 109(x) y y 11 9g(x)
Loy =Day =500 =375 = T =Du=0"Tyy =57
http://physicssusan.mono.net logik.susan@gmail.com
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1 1dh(x) . Z 2z 1 1 0h(x)
[yzz :szzzzax.gzz:z 9x = I%, =T% =g szzzzm Ox
1 19g(x) 11 dg(x)
F = - = —— Fx = xx — ———
yyx 2 0xdyy 2 ox = yy 9 Tyyx 200 ox
r _ 16 :_lah(x) [x _ gur :_1 1 0dh(x)
ZZX 2 X-gZZ 2 ax = ZZ g ZZX Zf(x) ax
The Riemann tensor
In 3 dimensions the Riemann tensor has six independent elements:
nyxy; nyxz; nyyz; Ryzxzs szyz; Ryzyz
Rabca = 9clpaa — 0alpea + Febcrade - Febdrace
R = 0, a,T re,,I ¢ Texe = 10%9(0) r~,r r’,,T
xyxy = Uxlyyx = Uylyxx + yxixye — 1 yylxxe — __W_ Yy xxx + yxixyy
_1d%g() (_} 1 9g()\(10f(x) (L 9g(x)\ (10g(x)
2 0%x 2f(x) ox 2 ox 2g9(x) 0x 2 0Ox
102 1(0 1 40 10
_19%g()  1(9g(x) f) 1 9900
2 02%x 4\ 0x f(x) ox glx) ox
nyxz = axl—‘yzx - azl—‘yxx + 1—‘eyxl—‘xze - 1—‘eyzl—‘xxe =0
nyyz = ayryzx - azl—‘yyx + 1—‘eyyl—‘xze - 1—‘eyzl—‘xye =0
Rizxz = Oxlpzn — 05 0x + Ixlze — M2zlxxe
3 _lazh(x) B <_1 1 0h(x)) (10f(x) N 1 1 0h(x)\(10h(x)
2 0%x 2f(x) ox 2 ox 2h(x) 0x 2 ox
_ 10%h(x)  1(0h(x) 1 df(x) 1 0h(x)
T2 0%« 4\ ax f(x) ox h(x) ox
szyz = ayl-‘zzx - azr‘zyx +T ezyrxze — I, xye — 0
Ryzyz = ayl—‘zzy - azrzyy + 1—‘ezyl—‘yze - 1—‘ezzl—‘yye = _szzryyx
B <_l 1 6h(x)> <_16g(x)> _ 11 dg(x) oh(x)
2f(x) ox 2 0x ) 4f(x) ox Ox
Collecting the results
19%2g(x) 1(dg(x) 1 [(0f(x) 1 dg(x)
nyxy =-5 - +
2 0%x 4\ Ox f)\ ox gx) ox
19%h(x) 1 /[0h(x) 1 [0f(x) 1 0h(x)
xzxz = T2 T4\ ox fo\ ox + h(x) ox
R 11 ag(x)\ (0h(x)
YEE T4 f(x0)\ ox 0x
nyxz = nyyz = szyz =0
The Ricci tensor?*

Rxx = gnyxyxy + gZZszxz

24 The non-diagonal elements are zero

http://physicssusan.mono.net
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_ . 171 9%g(x) 1 9%h(x)
B __<g(x) 02%x +h(x) 62x>

2
1 1 [of(x) 1 [dg(x) 1 [0h(x)
+Zf(x)( dx > g(x)< dx >+h(x)< dx >
1/ 1 [ag(x) 2 1 (8h(x)\
+Z(g2(x)< 0x ) +h2(x)< 0x >)

Ryy = 9™ Ruyxy + 9 Ryzy,

1 1 [ag(x) 1 [of(x) 1 [dg(x) 1 [(0h(x)
+Zf(x)( ox ) f(x)< 0x >+g(x)< dx >_h(x)< dx >
R,, = 9 Ryzxz + gnyyzyz

1 1 0°h(x) 1 1 [0h(x) 1 [(9f(x) 1 0h(x) 1 [(dg(x)
_Ef(x) 0%x +Zf(x)( 0x ) f(x)< 0x )+h(x) 0x _g(x)< 0x >

The Ricci scalar
R = ngxgyygzz(gzszyxy + gyyRyzxz + gxnyzyz)

2
= g R (RGO Rxyxy + 9O Rxzxz + F(ORyy,)

i (e [ 1200 () (1 () 1 0000
f)g(x)h(x) 2 0%« 4\ 0x f)\ ox g(x) o0x
10%h(x) 1 /0h(x) 1 [(9f(x) 1 0h(x)

+g(x)[—§ 0%x +Z< O0x )(f(x)( o0x >+h(x) 0x >]

1 1 [dg(x)\ [dh(x)
+10 5765 () (50
6.10 'Metric example 6: A three-dimensional spacetime ds? = f(x)dx? + f(x)dy?* +
f(x)dz>

The line element
ds? = f(x)dx? + f(x)dy? + f(x)dz?
The metric tensor and its inverse

f(x)
ab = fx)
f(x)

(1 39 (25 (62) #2575 ) (2 3 (5 (5 () + ) ) -
(R ) (5 () ) s (i () (59)
(- 1 () (15 (2L2) 4 5 ) ) (-1 (2 (22) )

http://physicssusan.mono.net
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(1 )
f(x)
1
b= = >
¢ @)
1

\ f(x)/

6.10.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar
The Christoffel symbols

1
rabc - E (aagbc + abgca - acgab) IﬂabC = gadrbcd
1 19f(x) 1 1 9af(x)
Dox =5 0x0xx = 55— = My =9 Tax = 270 ox
10f(x) y y 1 1 df(x)
boy =Dy =575, = Do =T =550 o
10f(x) 1 1 df(x)
Iyzz =Dz = ET = TI%, =T%= Em ox
r _1lof(x) o orr. - 1 1 9af(x)
IET 2 oax Yo 2f(x) ox
10f(x 1 1 0f(x
1@ IR O /G
2 Ox 2f(x) ox
The Riemann tensor
In 3 dimensions the Riemann tensor has six independent elements:
nyxy; nyxz; nyyz; Ryzxz; szyz; Ryzyz
102f(x) 1 1 [3f()\°
nyxy = —= + =
2 0% 2f(x)\ ox
102f(x) 1 1 [(3fC0)\°
Ryzxz =—2 2 +3 = Rxyxy
2 0%x 2f(x)\ ox
R 11 (N
YVET T4 0\ ox
Ryyxz = Rxyyz = Ryxzyz =0
The Ricci tensor
g nyxyxy +4g Zszzxz g ZZszyz -9 nyxyyz
Rab = S gxxnyxy + gZZRyzyz gxxnyxz
S S gxxszxz + gnyyzyz
2 )
——R 0 0
FGo
1
= S o) (Rayxy + Ryzyz) 0 >
1
L S S fﬁ (szxz + Ryzyz)J
http://physicssusan.mono.net logik.susan@gmail.com
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r[ _Lazf(x) ] \
flx) 0%x 0 0
H RS af(x)>2J
flx) ox
[_ 11 8°f(0) ]
=4 S 2f(x) 0% 2 0 r
= ( 1 0f(x)> J
4\f(x) ox
[ -1 L2y
2f(x) 0%x
> > | 1/ 1 af(x) 2|
lﬁ(m ox )J)

The Ricci scalar

R =29"9"Y 97(92zRuyxy + GyyRuzxz + GxxRyzyz) = ]% (2Ryyxy + Ryzyz)
__2 <2 <_ 19%() 1 1 (f#(x))"’) 11 <6f(X)>2)
f2(x) 2 0%x 2f(x)\ o0x 4f(x)\ ox
2 02f(x) 3 1 [(9f(0)\
=f2(x)<_ 0%x +Zf(x)( ox > )

6.11 ™Metric example 7: A three-dimensional spacetime ds? = xll dx? + xll dy? + xlz dz?

The line element

1 1 1
2 _
ds —x—zdx2+ﬁdy2+ﬁdzz

The metric tensor and its inverse

(1 )
x2
1
Jap — < ﬁ >
1
\ oy
X2
gab — { xz
x2
We need
fo) =x7?
() _ _, s
) 0x
a f(X) — 6x—4
0%x

6.11.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar
The non-zero Christoffel symbols

1
Tabe = E (aagbc + abgca - acgab) Iﬂabc = gadrbcd
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rzz =rm=%%x)=—x'3 > 7%, =Fzzx=%]%%x)=—%
10f(x 11 0f(x) 1
L > M =27 =

The Riemann tensor
In 3 dimensions the Riemann tensor has six independent elements:

nyxy; nyxz; nyyz; Ryzxzs szyz; R yzyz

192 11 (of0) _ 1 1
Rey = =575 zfoo( 2&”) = g6 gt =
R 1% 11 (of(0))° L
T2 9% Ef(x)< ox ) = Rxyxy = =%
11 (af\ 1
yzyz =—Zm< ];Ecx)> =—Zx2(—2x‘3)2:—x‘4

nyxz = nyyz = szyz =0
The Ricci tensor

( 2
f_(x)nyxy 0 0
1
Ry ={ S —— (Rayxy + Ryzyz) 0 >
ab f(x) Xyxy yzZyz
1
S S m (szxz + Ryzyz)
—2x72 0 0
=1 5 222 0
S S —2x72

The Ricci scalar
6
R = 29xxgyygzz(gzszyxy + gnyxzxz + gxnyzyz) = meyxy = 6x4(_x_4) =—6
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