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6 The Riemann and Ricci tensor and the Ricci scalar 

6.1 aThe Rieman tensor 

6.1.1 Definitions 
 𝑅   𝑏𝑐𝑑

𝑎  ≡ 1𝜕𝑐Γ   𝑏𝑑
𝑎 − 𝜕𝑑Γ   𝑏𝑐

𝑎 + Γ   𝑏𝑑
𝑒 Γ   𝑒𝑐

𝑎 − Γ   𝑏𝑐
𝑒 Γ   𝑒𝑑

𝑎   

 𝑅𝑎𝑏𝑐𝑑 ≡ 2𝑔𝑎𝑒𝑅   𝑏𝑐𝑑
𝑒   

 𝑅𝑎𝑏𝑐𝑑 = 3𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒  

  
=
1

2
(
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

+
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

−
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

−
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

) + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒 
 

6.1.2 Proofs and Properties 
We need 
 ∇𝑐𝑔𝑎𝑏 = 𝜕𝑐𝑔𝑎𝑏 − 𝑔𝑑𝑏Γ    𝑎𝑐

𝑑 − 𝑔𝑎𝑑Γ    𝑐𝑏
𝑑 = 𝜕𝑐𝑔𝑎𝑏 − Γ𝑎𝑐𝑏 − Γ𝑐𝑏𝑎 = 0  

⇒ 𝑅𝑎𝑏𝑐𝑑 = 𝑔𝑎𝑒𝑅   𝑏𝑐𝑑
𝑒 = 𝑔𝑎𝑒(𝜕𝑐Γ   𝑏𝑑

𝑒 − 𝜕𝑑Γ   𝑏𝑐
𝑒 + Γ   𝑏𝑑

𝑓
Γ   𝑓𝑐
𝑒 − Γ   𝑏𝑐

𝑓
Γ   𝑓𝑑
𝑒 )  

  = 𝑔𝑎𝑒𝜕𝑐Γ   𝑏𝑑
𝑒 − 𝑔𝑎𝑒𝜕𝑑Γ   𝑏𝑐

𝑒 + 𝑔𝑎𝑒Γ   𝑏𝑑
𝑓
Γ   𝑓𝑐
𝑒 − 𝑔𝑎𝑒Γ   𝑏𝑐

𝑓
Γ   𝑓𝑑
𝑒   

  = 𝜕𝑐(𝑔𝑎𝑒Γ   𝑏𝑑
𝑒 ) − Γ   𝑏𝑑

𝑒 𝜕𝑐𝑔𝑎𝑒 − 𝜕𝑑(𝑔𝑎𝑒Γ   𝑏𝑐
𝑒 ) + Γ   𝑏𝑐

𝑒 𝜕𝑑𝑔𝑎𝑒 + Γ   𝑏𝑑
𝑓
Γ𝑓𝑐𝑎 − Γ   𝑏𝑐

𝑓
Γ𝑓𝑑𝑎  

  = 4 5𝜕𝑐(Γ𝑏𝑑𝑎) − 𝜕𝑑(Γ𝑏𝑐𝑎) − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒 + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 QED 

⇒ 𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒  
  

= 6 7
1

2
(
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

+
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

−
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

−
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

) + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒 QED 

⇒ 𝑅𝑐𝑑𝑎𝑏 =
1

2
(
𝜕2𝑔𝑐𝑏
𝜕𝑥𝑎𝜕𝑥𝑑

+
𝜕2𝑔𝑑𝑎
𝜕𝑥𝑏𝜕𝑥𝑐

−
𝜕2𝑔𝑑𝑏
𝜕𝑥𝑎𝜕𝑥𝑐

−
𝜕2𝑔𝑐𝑎
𝜕𝑥𝑏𝜕𝑥𝑑

) + Γ   𝑑𝑎
𝑒 Γ𝑐𝑏𝑒 − Γ   𝑑𝑏

𝑒 Γ𝑐𝑎𝑒 
 

  
=
1

2
(
𝜕2𝑔𝑐𝑏
𝜕𝑥𝑎𝜕𝑥𝑑

+
𝜕2𝑔𝑑𝑎
𝜕𝑥𝑏𝜕𝑥𝑐

−
𝜕2𝑔𝑑𝑏
𝜕𝑥𝑎𝜕𝑥𝑐

−
𝜕2𝑔𝑐𝑎
𝜕𝑥𝑏𝜕𝑥𝑑

) + 𝑔𝑒𝑓Γ𝑑𝑎𝑓𝑔ℎ𝑒Γ   𝑐𝑏
ℎ − Γ   𝑑𝑏

𝑒 Γ𝑐𝑎𝑒 
 

  
=
1

2
(
𝜕2𝑔𝑐𝑏
𝜕𝑥𝑎𝜕𝑥𝑑

+
𝜕2𝑔𝑑𝑎
𝜕𝑥𝑏𝜕𝑥𝑐

−
𝜕2𝑔𝑑𝑏
𝜕𝑥𝑎𝜕𝑥𝑐

−
𝜕2𝑔𝑐𝑎
𝜕𝑥𝑏𝜕𝑥𝑑

) + 𝛿ℎ
𝑓
Γ𝑑𝑎𝑓Γ   𝑐𝑏

ℎ − Γ   𝑑𝑏
𝑒 Γ𝑐𝑎𝑒 

 

  
=
1

2
(
𝜕2𝑔𝑐𝑏
𝜕𝑥𝑎𝜕𝑥𝑑

+
𝜕2𝑔𝑑𝑎
𝜕𝑥𝑏𝜕𝑥𝑐

−
𝜕2𝑔𝑑𝑏
𝜕𝑥𝑎𝜕𝑥𝑐

−
𝜕2𝑔𝑐𝑎
𝜕𝑥𝑏𝜕𝑥𝑑

) + Γ𝑑𝑎𝑒Γ   𝑐𝑏
𝑒 − Γ   𝑑𝑏

𝑒 Γ𝑐𝑎𝑒 = 𝑅𝑎𝑏𝑐𝑑 
 

⇒ 𝑅𝑎𝑏𝑑𝑐 =
1

2
(
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

+
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

−
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

−
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

) + Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒 − Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 = −𝑅𝑎𝑏𝑐𝑑 
 

⇒ 𝑅𝑏𝑎𝑐𝑑 =
1

2
(
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

+
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

−
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

) + Γ   𝑎𝑐
𝑒 Γ𝑏𝑑𝑒 − Γ   𝑎𝑑

𝑒 Γ𝑏𝑐𝑒 
 

 
 = 8

1

2
(
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

+
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

−
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

) + 𝛿ℎ
𝑓
Γ𝑎𝑐𝑓Γ    𝑏𝑑

ℎ − 𝛿𝑗
𝑖Γ𝑎𝑑𝑖Γ   𝑏𝑐

𝑗
 

 

                                                           
1 The Riemann tensor of first kind 
2 Raising and lowering of the first index 
3 The Riemann tensor of second kind 
4= 𝜕𝑐(Γ𝑏𝑑𝑎) − 𝜕𝑑(Γ𝑏𝑐𝑎) − Γ   𝑏𝑑

𝑒 (Γ𝑎𝑐𝑒 + Γ𝑐𝑒𝑎) + Γ   𝑏𝑐
𝑒 (Γ𝑎𝑑𝑒 + Γ𝑑𝑒𝑎) + Γ   𝑏𝑑

𝑓
Γ𝑓𝑐𝑎 − Γ   𝑏𝑐

𝑓
Γ𝑓𝑑𝑎 = 

5 = 𝜕𝑐(Γ𝑏𝑑𝑎) − 𝜕𝑑(Γ𝑏𝑐𝑎) − Γ   𝑏𝑑
𝑒 (Γ𝑎𝑐𝑒 + Γ𝑐𝑒𝑎) + Γ   𝑏𝑐

𝑒 (Γ𝑎𝑑𝑒 + Γ𝑑𝑒𝑎) + Γ   𝑏𝑑
𝑒 Γ𝑒𝑐𝑎 − Γ   𝑏𝑐

𝑒 Γ𝑒𝑑𝑎 = 
6 =

1

2
𝜕𝑐 (

𝜕𝑔𝑎𝑏

𝜕𝑥𝑑
+

𝜕𝑔𝑎𝑑

𝜕𝑥𝑏
−

𝜕𝑔𝑏𝑑

𝜕𝑥𝑎
) −

1

2
𝜕𝑑 (

𝜕𝑔𝑎𝑏

𝜕𝑥𝑐
+

𝜕𝑔𝑎𝑐

𝜕𝑥𝑏
−

𝜕𝑔𝑏𝑐

𝜕𝑥𝑎
) + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒 = 

7 =
1

2
(
𝜕2𝑔𝑎𝑏

𝜕𝑥𝑐𝜕𝑥𝑑
+

𝜕2𝑔𝑎𝑑

𝜕𝑥𝑐𝜕𝑥𝑏
−

𝜕2𝑔𝑏𝑑

𝜕𝑥𝑐𝜕𝑥𝑎
) −

1

2
(
𝜕2𝑔𝑎𝑏

𝜕𝑥𝑑𝜕𝑥𝑐
+

𝜕2𝑔𝑎𝑐

𝜕𝑥𝑑𝜕𝑥𝑏
−

𝜕2𝑔𝑏𝑐

𝜕𝑥𝑑𝜕𝑥𝑎
) Γ𝑏𝑐𝑎 + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒= 

8 =
1

2
(
𝜕2𝑔𝑏𝑑

𝜕𝑥𝑐𝜕𝑥𝑎
+

𝜕2𝑔𝑎𝑐

𝜕𝑥𝑑𝜕𝑥𝑏
−

𝜕2𝑔𝑎𝑑

𝜕𝑥𝑐𝜕𝑥𝑏
−

𝜕2𝑔𝑏𝑐

𝜕𝑥𝑑𝜕𝑥𝑎
) + 𝑔𝑒𝑓Γ𝑎𝑐𝑓𝑔𝑒ℎΓ    𝑏𝑑

ℎ − 𝑔𝑒𝑖Γ𝑎𝑑𝑖𝑔𝑒𝑗Γ   𝑏𝑐
𝑗

= 
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 =

1

2
(
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

+
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

−
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

) + Γ𝑎𝑐𝑒Γ    𝑏𝑑
𝑒 − Γ𝑎𝑑𝑒Γ   𝑏𝑐

𝑒 = −𝑅𝑎𝑏𝑐𝑑 
 

 𝑅𝑎𝑎𝑎𝑎 = 𝜕𝑎Γ𝑎𝑎𝑎 − 𝜕𝑎Γ𝑎𝑎𝑎 + Γ   𝑎𝑎
𝑒 Γ𝑎𝑎𝑒 − Γ   𝑎𝑎

𝑒 Γ𝑎𝑎𝑒 = 0  
 𝑅𝑎𝑏𝑏𝑏 = 𝜕𝑏Γ𝑏𝑏𝑎 − 𝜕𝑏Γ𝑏𝑏𝑎 + Γ   𝑏𝑏

𝑒 Γ𝑎𝑏𝑒 − Γ   𝑏𝑏
𝑒 Γ𝑎𝑏𝑒 = 0  

 𝑅𝑎𝑎𝑐𝑐 = 𝜕𝑐Γ𝑎𝑐𝑎 − 𝜕𝑐Γ𝑎𝑐𝑎 + Γ   𝑎𝑐
𝑒 Γ𝑎𝑐𝑒 − Γ   𝑎𝑐

𝑒 Γ𝑎𝑐𝑒 = 0  
 

𝑅𝑏𝑏𝑐𝑑 =
1

2
(
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

+
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

) + Γ   𝑏𝑐
𝑒 Γ𝑏𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑏𝑐𝑒 
 

  = 𝑔𝑒𝑓Γ𝑏𝑐𝑓𝑔𝑒ℎΓ   𝑏𝑑
ℎ − Γ   𝑏𝑑

𝑒 Γ𝑏𝑐𝑒 = 𝛿ℎ
𝑓
Γ𝑏𝑐𝑓Γ   𝑏𝑑

ℎ − Γ   𝑏𝑑
𝑒 Γ𝑏𝑐𝑒 = Γ𝑏𝑐𝑒Γ   𝑏𝑑

𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑏𝑐𝑒  

  = 0  
 𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒  

 𝑅𝑎𝑑𝑏𝑐 = 𝜕𝑏Γ𝑑𝑐𝑎 − 𝜕𝑐Γ𝑑𝑏𝑎 + Γ   𝑑𝑏
𝑒 Γ𝑎𝑐𝑒 − Γ   𝑑𝑐

𝑒 Γ𝑎𝑏𝑒  
 𝑅𝑎𝑐𝑑𝑏 = 𝜕𝑑Γ𝑐𝑏𝑎 − 𝜕𝑏Γ𝑐𝑑𝑎 + Γ   𝑐𝑑

𝑒 Γ𝑎𝑏𝑒 − Γ   𝑐𝑏
𝑒 Γ𝑎𝑑𝑒  

⇒ 𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑑𝑏𝑐 + 𝑅𝑎𝑐𝑑𝑏 = 90  

⇒ 𝑅   𝑏𝑐𝑑
𝑎 + 𝑅   𝑑𝑏𝑐

𝑎 + 𝑅   𝑐𝑑𝑏
𝑎 = 𝑔𝑎𝑒(𝑅𝑒𝑏𝑐𝑑 + 𝑅𝑒𝑑𝑏𝑐 + 𝑅𝑒𝑐𝑑𝑏) = 0  

 𝑅   𝑏𝑐𝑑
𝑎  = 𝑔𝑎𝑑𝑅𝑑𝑏𝑐𝑑 = −𝑔

𝑎𝑑𝑅𝑑𝑏𝑑𝑐 = −𝑅   𝑏𝑑𝑐
𝑎   

 𝑅   𝑎𝑏𝑐
𝑎  = 𝑔𝑎𝑑𝑅𝑑𝑎𝑏𝑐 = −𝑔

𝑎𝑑𝑅𝑎𝑑𝑏𝑐 = −𝑔
𝑎𝑑𝑔𝑎𝑓𝑅  𝑑𝑏𝑐

𝑓
= −𝛿𝑓

𝑑𝑅  𝑑𝑏𝑐
𝑓

= −𝑅  𝑑𝑏𝑐
𝑑   

⇒ 𝑅   𝑎𝑏𝑐
𝑎  = b0  

Summarizing 
𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑎𝑏𝑑 − 𝜕𝑑Γ𝑎𝑏𝑐 + Γ𝑒𝑎𝑑Γ   𝑏𝑐

𝑒 − Γ𝑒𝑎𝑐Γ   𝑏𝑑
𝑒  

𝑅𝑎𝑏𝑐𝑑 =
1

2
(
𝜕2𝑔𝑎𝑑
𝜕𝑥𝑐𝜕𝑥𝑏

+
𝜕2𝑔𝑏𝑐
𝜕𝑥𝑑𝜕𝑥𝑎

−
𝜕2𝑔𝑎𝑐
𝜕𝑥𝑑𝜕𝑥𝑏

−
𝜕2𝑔𝑏𝑑
𝜕𝑥𝑐𝜕𝑥𝑎

) − Γ𝑒𝑎𝑐Γ   𝑏𝑑
𝑒 + Γ𝑒𝑎𝑑Γ   𝑏𝑐

𝑒  

𝑅𝑎𝑏𝑐𝑑 = 𝑅𝑐𝑑𝑎𝑏 = −𝑅𝑎𝑏𝑑𝑐 = −𝑅𝑏𝑎𝑐𝑑  
𝑅𝑎𝑎𝑎𝑎 = 𝑅𝑏𝑎𝑎𝑎 = 𝑅𝑎𝑎𝑏𝑎 = 𝑅𝑎𝑎𝑏𝑏 = 𝑅𝑎𝑎𝑏𝑐 = 𝑅𝑎𝑏𝑐𝑐 = 0 

𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑑𝑏𝑐 + 𝑅𝑎𝑐𝑑𝑏 = 0 
𝑅   𝑏𝑐𝑑
𝑎 + 𝑅   𝑑𝑏𝑐

𝑎 + 𝑅   𝑐𝑑𝑏
𝑎  = 0 
𝑅   𝑏𝑐𝑑
𝑎  = −𝑅   𝑏𝑑𝑐

𝑎  
𝑅   𝑎𝑏𝑐
𝑎  = 0 

  

6.1.3 Independent elements in the Riemann, Ricci and Weyl tensor 

In 𝑛 dimensions, there are 𝑁𝑅𝑖𝑒𝑚𝑎𝑛𝑛 = 𝑛
2(𝑛2 − 1)/12 independent elements in the Riemann tensor. In 

the Ricci tensor there are 𝑁𝑅𝑖𝑐𝑐𝑖 = 𝑛(𝑛 + 1)/2 independent elements, and in the Weyl tensor there are 
𝑁𝑊𝑒𝑦𝑙 = 10 independent elements if 𝑛 = 4, if 𝑛 < 4 there are none. Summarized: 

 
𝑁𝑅𝑖𝑒𝑚𝑎𝑛𝑛 =

𝑛2(𝑛2 − 1)

12
 𝑁𝑅𝑖𝑐𝑐𝑖 =

𝑛(𝑛 + 1)

2
 𝑁𝑊𝑒𝑦𝑙  

𝑛 = 2 1 𝑅𝑎𝑏𝑎𝑏 3 𝑅𝑎𝑎 
𝑅𝑎𝑏 
𝑅𝑏𝑏 

0 

𝑛 = 3 6 𝑅𝑎𝑏𝑎𝑏 
𝑅𝑎𝑏𝑎𝑐 
𝑅𝑎𝑏𝑏𝑐 
𝑅𝑎𝑐𝑎𝑐 
𝑅𝑎𝑐𝑏𝑐 
𝑅𝑏𝑐𝑏𝑐 

6 𝑅𝑎𝑎 
𝑅𝑏𝑏 
𝑅𝑏𝑐 
𝑅𝑎𝑐 
𝑅𝑎𝑏 
𝑅𝑐𝑐 

0 

                                                           
9 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒 + 𝜕𝑏Γ𝑑𝑐𝑎 − 𝜕𝑐Γ𝑑𝑏𝑎 + Γ   𝑑𝑏

𝑒 Γ𝑎𝑐𝑒 − Γ   𝑑𝑐
𝑒 Γ𝑎𝑏𝑒 + 𝜕𝑑Γ𝑐𝑏𝑎 − 𝜕𝑏Γ𝑐𝑑𝑎 + Γ   𝑐𝑑

𝑒 Γ𝑎𝑏𝑒 −
Γ   𝑐𝑏
𝑒 Γ𝑎𝑑𝑒 = 
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𝑛 = 4 20 10𝑅𝑎𝑏𝑐𝑑 10 𝑅𝑎𝑏 = 𝑅
𝑐
𝑎𝑐𝑏 10 𝐶𝑎𝑏𝑐𝑑 

𝑅𝑎𝑏𝑎𝑏 
𝑅𝑎𝑏𝑎𝑐 
𝑅𝑎𝑏𝑎𝑑 
𝑅𝑎𝑏𝑏𝑐 
𝑅𝑎𝑏𝑏𝑑 
𝑅𝑎𝑏𝑐𝑑 
𝑅𝑎𝑐𝑎𝑐 
𝑅𝑎𝑐𝑎𝑑 
𝑅𝑎𝑐𝑏𝑐 
𝑅𝑎𝑐𝑏𝑑 
𝑅𝑎𝑐𝑐𝑑 
𝑅𝑎𝑑𝑎𝑑 

𝑅𝑎𝑑𝑏𝑐11 
𝑅𝑎𝑑𝑏𝑑 
𝑅𝑎𝑑𝑐𝑑 
𝑅𝑏𝑐𝑏𝑐 
𝑅𝑏𝑐𝑏𝑑 
𝑅𝑏𝑐𝑐𝑑 
𝑅𝑏𝑑𝑏𝑑 
𝑅𝑏𝑑𝑐𝑑 
𝑅𝑐𝑑𝑐𝑑 

𝑅𝑎𝑎 
𝑅𝑏𝑏 
𝑅𝑏𝑐 
𝑅𝑏𝑑 
𝑅𝑎𝑐 
𝑅𝑎𝑑 
𝑅𝑐𝑐 
𝑅𝑎𝑏 
𝑅𝑐𝑑 
𝑅𝑑𝑑 

𝐶𝑎𝑏𝑏𝑐 
𝐶𝑎𝑏𝑏𝑑 
𝐶𝑎𝑏𝑐𝑑 
𝐶𝑎𝑐𝑏𝑐 
𝐶𝑎𝑐𝑏𝑑 
𝐶𝑎𝑐𝑐𝑑 

𝐶𝑎𝑑𝑏𝑐12 
𝐶𝑎𝑑𝑏𝑑 
𝐶𝑎𝑑𝑐𝑑 
𝐶𝑏𝑐𝑐𝑑 
𝐶𝑏𝑑𝑐𝑑 

6.2 cThe Ricci Tensor 

6.2.1 Definition 
 𝑅𝑎𝑏 = 𝑅   𝑎𝑐𝑏

𝑐   
⇒ 𝑅𝑏𝑎 = 𝑅   𝑏𝑐𝑎

𝑐 = 𝑔𝑐𝑑𝑅𝑑𝑏𝑐𝑎 = 𝑔
𝑐𝑑𝑅𝑐𝑎𝑑𝑏 = 𝑅   𝑎𝑑𝑏

𝑑 = 𝑅𝑎𝑏  

6.2.2 The Ricci Tensor of diagonal space in Three Dimensions 
The line element 
 𝑑𝑠2 = 𝑔𝑥𝑥𝑑𝑥

2 + 𝑔𝑦𝑦𝑑𝑦
2 + 𝑔𝑧𝑧𝑑𝑧

2  

The metric tensor and its inverse 
 

𝑔𝑎𝑏 = {

𝑔𝑥𝑥
𝑔𝑦𝑦

𝑔𝑧𝑧

} 

 

 

𝑔𝑎𝑏 =

{
  
 

  
 
1

𝑔𝑥𝑥
1

𝑔𝑦𝑦
1

𝑔𝑧𝑧}
  
 

  
 

 

 

In 3 dimensions the Riemann tensor has six independent elements: 
𝑅𝑥𝑦𝑥𝑦; 𝑅𝑥𝑦𝑥𝑧; 𝑅𝑥𝑦𝑦𝑧; 𝑅𝑥𝑧𝑥𝑧; 𝑅𝑥𝑧𝑦𝑧; 𝑅𝑦𝑧𝑦𝑧 

                                                           
10 Notice: In the case of a diagonal metric, the Riemann tensor elements with raised index has the same 
properties. E.g. 𝑅   𝑏𝑎𝑏

𝑎 , 𝑅   𝑏𝑎𝑐
𝑎 , 𝑅   𝑏𝑎𝑑

𝑎  etc. are independent, 𝑅   𝑎𝑏𝑏
𝑎 = 0, 𝑅   𝑏𝑐𝑐

𝑎 = 0 etc. 
11 Because: 𝑅𝑎𝑏𝑐𝑑 + 𝑅𝑎𝑐𝑑𝑏 + 𝑅𝑎𝑑𝑏𝑐 = 0 
12 Because: 𝐶𝑎𝑏𝑐𝑑 + 𝐶𝑎𝑐𝑑𝑏 + 𝐶𝑎𝑑𝑏𝑐 = 0 
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The Ricci Tensor 
 𝑅𝑎𝑏 = 𝑅   𝑎𝑐𝑏

𝑐   

⇒ 𝑅𝑥𝑥 = 𝑅   𝑥𝑐𝑥
𝑐 = 𝑅   𝑥𝑥𝑥

𝑥 + 𝑅   𝑥𝑦𝑥
𝑦

+ 𝑅   𝑥𝑧𝑥
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑥𝑥𝑥 + 𝑔

𝑦𝑦𝑅𝑦𝑥𝑦𝑥 + 𝑔
𝑧𝑧𝑅𝑧𝑥𝑧𝑥  

  = 𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑥𝑧𝑥𝑧  

 𝑅𝑥𝑦 = 𝑅   𝑥𝑐𝑦
𝑐 = 𝑅   𝑥𝑥𝑦

𝑥 + 𝑅   𝑥𝑦𝑦
𝑦

+ 𝑅   𝑥𝑧𝑦
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑥𝑥𝑦 + 𝑔

𝑦𝑦𝑅𝑦𝑥𝑦𝑦 + 𝑔
𝑧𝑧𝑅𝑧𝑥𝑧𝑦 = 𝑔

𝑧𝑧𝑅𝑥𝑧𝑦𝑧  

 𝑅𝑥𝑧 = 𝑅   𝑥𝑐𝑧
𝑐 = 𝑅   𝑥𝑥𝑧

𝑥 + 𝑅   𝑥𝑦𝑧
𝑦

+ 𝑅   𝑥𝑧𝑧
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑥𝑥𝑧 + 𝑔

𝑦𝑦𝑅𝑦𝑥𝑦𝑧 + 𝑔
𝑧𝑧𝑅𝑧𝑥𝑧𝑧 = −𝑔

𝑦𝑦𝑅𝑥𝑦𝑦𝑧  

 𝑅𝑦𝑦 = 𝑅   𝑦𝑐𝑦
𝑐 = 𝑅   𝑦𝑥𝑦

𝑥 + 𝑅   𝑦𝑦𝑦
𝑦

+ 𝑅   𝑦𝑧𝑦
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔

𝑦𝑦𝑅𝑦𝑦𝑦 + 𝑔
𝑧𝑧𝑅𝑧𝑦𝑧𝑦  

  = 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧  

 𝑅𝑦𝑧 = 𝑅   𝑦𝑐𝑧
𝑐 = 𝑅   𝑦𝑥𝑧

𝑥 + 𝑅   𝑦𝑦𝑧
𝑦

+ 𝑅   𝑦𝑧𝑧
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑧 + 𝑔

𝑦𝑦𝑅𝑦𝑦𝑦𝑧 + 𝑔
𝑧𝑧𝑅𝑧𝑦𝑧𝑧 = 𝑔

𝑥𝑥𝑅𝑥𝑦𝑥𝑧  

 𝑅𝑧𝑧 = 𝑅   𝑧𝑐𝑧
𝑐 = 𝑅   𝑧𝑥𝑧

𝑥 + 𝑅   𝑧𝑦𝑧
𝑦

+ 𝑅   𝑧𝑧𝑧
𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔

𝑦𝑦𝑅𝑦𝑧𝑦𝑧 + 𝑔
𝑧𝑧𝑅𝑧𝑧𝑧𝑧  

  = 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧  

Summerized in a matrix, where 𝑎 refers to column and 𝑏 to row. 
 

𝑅𝑎𝑏 = {

𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑥𝑧𝑥𝑧 𝑔𝑧𝑧𝑅𝑥𝑧𝑦𝑧 −𝑔𝑦𝑦𝑅𝑥𝑦𝑦𝑧

𝑆 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑧

𝑆 𝑆 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧

} 

 

6.3 dThe Ricci scalar 

6.3.1 The Ricci scalar of two-dimensional space 
The line-element 
 𝑑𝑠2 = 𝑔𝑥𝑥𝑑𝑥

2 + 𝑔𝑦𝑦𝑑𝑦  

A 2-dimensional diagonal metric has only one independent element in the Riemann tensor  
𝑅𝑎𝑏𝑎𝑏 = 𝑅𝑏𝑎𝑏𝑎 (no summation) 
The Ricci scalar 
 𝑅 = 𝑅   𝑎

𝑎 = 𝑔𝑎𝑏𝑅𝑎𝑏 = 𝑔
11𝑅11 + 𝑔

22𝑅22 = 𝑔
11𝑅  1𝑐1

𝑐 + 𝑔22𝑅   2𝑐2
𝑐   

  = 𝑔11𝑅  111
1 + 𝑔22𝑅   212

1 + 𝑔11𝑅  121
2 + 𝑔22𝑅   222

2   
  = 𝑔11𝑔11𝑅1111 + 𝑔

22𝑔11𝑅1212 + 𝑔
11𝑔22𝑅2121 + 𝑔

22𝑔22𝑅2222  
  = 𝑔22𝑔11𝑅1212 + 𝑔

11𝑔22𝑅2121 = 2𝑔
11𝑅   121

2 = 2𝑔22𝑅   212
1   

6.3.2 The Ricci Scalar of diagonal space in Three Dimensions 
The line-element 
 𝑑𝑠2 = 𝑔𝑥𝑥𝑑𝑥

2 + 𝑔𝑦𝑦𝑑𝑦
2 + 𝑔𝑧𝑧𝑑𝑧

2  

The Ricci scalar: 
 𝑅 = 𝑅   𝑎

𝑎 = 13𝑔𝑎𝑎𝑅𝑎𝑎 = 𝑔
𝑥𝑥𝑅𝑥𝑥 + 𝑔

𝑦𝑦𝑅𝑦𝑦 + 𝑔
𝑧𝑧𝑅𝑧𝑧  

  = 𝑔𝑥𝑥(𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑥𝑧𝑥𝑧) + 𝑔

𝑦𝑦(𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧) + 𝑔

𝑧𝑧(𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧)  

  = 2𝑔𝑥𝑥𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 2𝑔
𝑥𝑥𝑔𝑧𝑧𝑅𝑥𝑧𝑥𝑧 + 2𝑔

𝑦𝑦𝑔𝑧𝑧𝑅𝑦𝑧𝑦𝑧  

  = 2𝑔𝑥𝑥𝑔𝑦𝑦𝑔𝑧𝑧(𝑔𝑧𝑧𝑅𝑥𝑦𝑥𝑦 + 𝑔𝑦𝑦𝑅𝑥𝑧𝑥𝑧 + 𝑔𝑥𝑥𝑅𝑦𝑧𝑦𝑧)  

6.4 eThe Weyl tensor 
Definition: 
 𝐶𝑎𝑏𝑐𝑑 = 𝑅𝑎𝑏𝑐𝑑 +

1

2
(𝑔𝑎𝑑𝑅𝑐𝑏 + 𝑔𝑏𝑐𝑅𝑑𝑎 − 𝑔𝑎𝑐𝑅𝑑𝑏 − 𝑔𝑏𝑑𝑅𝑐𝑎) +

1

6
(𝑔𝑎𝑐𝑔𝑑𝑏 − 𝑔𝑎𝑑𝑔𝑐𝑏)𝑅 

 

Properties: 
The Weyl tensor possesses the same symmetries as the Riemann tensor: 𝐶𝑎𝑏𝑐𝑑 = −𝐶𝑎𝑏𝑑𝑐 = −𝐶𝑏𝑎𝑐𝑑 =
𝐶𝑐𝑑𝑎𝑏 and 𝐶𝑎𝑏𝑐𝑑 + 𝐶𝑎𝑑𝑏𝑐 + 𝐶𝑎𝑐𝑑𝑏 = 0. It possesses an additional symmetry: 𝐶𝑐𝑎𝑐𝑏 = 0. It follows that the 

                                                           
13 Notice: The general formula is 𝑅 = 𝑔𝑎𝑏𝑅𝑎𝑏, which in the diagonal case reduces to 𝑅 = 𝑔𝑎𝑎𝑅𝑎𝑎 
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Weyl tensor is trace-free, in other words, it vanishes for any pair of contracted indices. One can think of 
the Weyl tensor as that part of the curvature tensor for which all contractions vanish. The Weyl tensor is 
the same for a given metric 𝑔𝑎𝑏 and a metric that is conformally related to it 𝑔𝑎𝑏

′ = 𝑓(𝑥)𝑔𝑎𝑏. To put it a 
bit more informally we can say that the Weyl tensor is the same as the Riemann tensor but with the Ricci 
tensor parts removed. This means that, as the Ricci tensor represents the source14, the Weyl tensor repre-
sents the pure gravitational part. 

6.5 fContractions: The Metric tensor, the Riemann tensor, the Ricci tensor and the Ricci sca-
lar. 

Contraction of the metric tensor with itself: 
 𝑔𝑎𝑐𝑔

𝑐𝑏 = 𝛿𝑎
𝑏  

 𝑔𝑎𝑏𝑔
𝑎𝑏 = 4  

Contracting the metric tensor with the Riemann tensor to get the Ricci tensor 
 𝑔𝑎𝑏𝑅𝑎𝑏𝑐𝑑 = 𝑔𝑎𝑏𝑅𝑐𝑑𝑎𝑏 = 𝑅   𝑏𝑐𝑑

𝑏 = 0 if the metric is diagonal, otherwise not.  

 𝑔𝑎𝑏𝑅𝑎𝑐𝑏𝑑 = 𝑔𝑎𝑏𝑅𝑏𝑑𝑎𝑐 = 𝑅   𝑐𝑎𝑑
𝑎 = 𝑅𝑐𝑑  

 𝑔𝑎𝑏𝑅𝑎𝑑𝑏𝑐 = 𝑔𝑎𝑏𝑅𝑏𝑐𝑎𝑑 = 𝑅   𝑑𝑏𝑐
𝑏 = 𝑅𝑐𝑑  

Contracting the metric tensor twice with the Riemann tensor to get the Ricci scalar 
 𝑔𝑐𝑑𝑔𝑎𝑏𝑅𝑎𝑏𝑐𝑑 = 0 if the metric is diagonal, otherwise not.  
 𝑔𝑐𝑑𝑔𝑎𝑏𝑅𝑎𝑐𝑏𝑑 = 𝑔𝑐𝑑𝑅𝑐𝑑 = 𝑅   𝑑

𝑑   

 𝑔𝑐𝑑𝑔𝑎𝑏𝑅𝑎𝑑𝑏𝑐 = 𝑔𝑐𝑑𝑅𝑐𝑑 = 𝑅   𝑑
𝑑   

6.6 gA metric example 1: 𝒅𝒔𝟐 = 𝒚𝟐 𝐬𝐢𝐧 𝒙𝒅𝒙𝟐 + 𝒙𝟐 𝐭𝐚𝐧𝒚𝒅𝒚𝟐 
The line element: 
 𝑑𝑠2 = 𝑦2 sin 𝑥 𝑑𝑥2 + 𝑥2 tan 𝑦 𝑑𝑦2  
The metric tensor and its inverse: 
 
𝑔𝑎𝑏 = {

𝑦2 sin 𝑥

𝑥2 tan 𝑦
} 

 

 

𝑔𝑎𝑏 =

{
 

 
1

𝑦2 sin 𝑥
1

𝑥2 tan 𝑦}
 

 

 

 

6.6.1 The Christoffel symbols 
The Christoffel symbols of first kind Christoffel symbols of the second kind 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏)  Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

 Γ𝑥𝑥𝑥 =
1

2
𝜕𝑥𝑔𝑥𝑥 =

1

2
𝜕𝑥(𝑦

2 sin 𝑥) =
1

2
𝑦2 cos 𝑥 ⇒ Γ   𝑥𝑥

𝑥  = 𝑔𝑥𝑥Γ𝑥𝑥𝑥 = 15
1

2
cot 𝑥 

 Γ𝑦𝑦𝑦 =
1

2
𝜕𝑦𝑔𝑦𝑦 =

1

2
𝜕𝑦(𝑥

2 tan 𝑦) =
1

2
𝑥2(1 + tan2 𝑦) ⇒ Γ   𝑦𝑦

𝑦
 = 𝑔𝑦𝑦Γ𝑦𝑦𝑦 = 16

1 + tan2 𝑦

2 tan𝑦
 

 Γ𝑥𝑥𝑦 = −
1

2
𝜕𝑦𝑔𝑥𝑥 = −

1

2
𝜕𝑦(𝑦

2 sin 𝑥) = −𝑦 sin𝑥 ⇒ Γ   𝑥𝑥
𝑦

 = 𝑔𝑦𝑦Γ𝑥𝑥𝑦 = 17 −
𝑦 sin 𝑥

𝑥2 tan 𝑦
 

                                                           
14 See later chapters on the Einstein Equations with source. 
15 =

1

𝑦2 sin 𝑥

1

2
𝑦2 cos 𝑥 = 

16 =
1

𝑥2 tan 𝑦

1

2
𝑥2(1 + tan2 𝑦) = 

17 =
1

𝑥2 tan 𝑦
(−𝑦 sin 𝑥) = 
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 Γ𝑦𝑦𝑥  = −
1

2
𝜕𝑥𝑔𝑦𝑦 = −

1

2
𝜕𝑥(𝑥

2 tan 𝑦) = −𝑥 tan 𝑦 ⇒ Γ   𝑦𝑦
𝑥  = 𝑔𝑥𝑥Γ𝑦𝑦𝑥 = 18 −

𝑥 tan𝑦

𝑦2 sin 𝑥
 

 Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =
1

2
𝜕𝑥𝑔𝑦𝑦 =

1

2
𝜕𝑥(𝑥

2 tan 𝑦) = 𝑥 tan𝑦 ⇒ Γ   𝑥𝑦
𝑦

 = Γ   𝑦𝑥
𝑦

= 𝑔𝑦𝑦Γ𝑥𝑦𝑦 = 19
1

𝑥
 

 Γ𝑦𝑥𝑥 = Γ𝑥𝑦𝑥 =
1

2
𝜕𝑦𝑔𝑥𝑥 =

1

2
𝜕𝑦(𝑦

2 sin 𝑥) = 𝑦 sin 𝑥 ⇒ Γ   𝑦𝑥
𝑥  = Γ    𝑥𝑦

𝑥 = 𝑔𝑥𝑥Γ𝑦𝑥𝑥 = 20
1

𝑦
 

6.6.2 The Ricci scalar 
A 2-dimensional diagonal metric has only one independent element in the Riemann tensor  
𝑅𝑥𝑦𝑥𝑦 = 𝑅𝑦𝑥𝑦𝑥 

The Ricci scalar 
⇒ 𝑅 = 2𝑔𝑦𝑦𝑅  𝑦𝑥𝑦

𝑥   

 𝑅   𝑦𝑥𝑦
𝑥  = 𝜕𝑥Γ   𝑦𝑦

𝑥 − 𝜕𝑦Γ   𝑦𝑥
𝑥 + Γ   𝑦𝑦

𝑒 Γ   𝑒𝑥
𝑥 − Γ   𝑦𝑥

𝑒 Γ   𝑒𝑦
𝑥   

  = 𝜕𝑥Γ   𝑦𝑦
𝑥 − 𝜕𝑦Γ   𝑦𝑥

𝑥 + Γ   𝑦𝑦
𝑥 Γ   𝑥𝑥

𝑥 − Γ   𝑦𝑥
𝑥 Γ   𝑥𝑦

𝑥 + Γ   𝑦𝑦
𝑦
Γ   𝑦𝑥
𝑥 − Γ   𝑦𝑥

𝑦
Γ   𝑦𝑦
𝑥   

  
= 21 22 (

𝑥tan𝑦 cos 𝑥

𝑦2 sin2 𝑥
) − (

1

2

𝑥

𝑦2
tan 𝑦 cos 𝑥

sin2 𝑥
) + (

1 + tan2 𝑦

2𝑦 tan𝑦
) 

 

  
= (

𝑥 cos 𝑥 tan2 𝑦 + 𝑦 sin2 𝑥 + 𝑦 sin2 𝑥 tan2 𝑦

2𝑦2 sin2 𝑥 tan𝑦
) 

 

⇒ 𝑅 = 2𝑔𝑦𝑦𝑅  𝑦𝑥𝑦
𝑥 = 2(

1

𝑥2 tan 𝑦
)(
𝑥 cos 𝑥 tan2 𝑦 + 𝑦 sin2 𝑥 + 𝑦 sin2 𝑥 tan2 𝑦

2𝑦2 sin2 𝑥 tan 𝑦
) 

 

  = (
𝑥 cos 𝑥 tan2 𝑦 + 𝑦 sin2 𝑥 + 𝑦 sin2 𝑥 tan2 𝑦

𝑥2𝑦2 sin2 𝑥 tan2 𝑦
) 

 

6.7 hA metric example 3: 𝒅𝒔𝟐 = (𝒖𝟐 + 𝝂𝟐)𝒅𝒖𝟐 + (𝒖𝟐 + 𝝂𝟐)𝒅𝝂𝟐 + 𝒖𝟐𝝂𝟐𝒅𝜽𝟐 
The line element: 
 𝑑𝑠2 = (𝑢2 + 𝜈2)𝑑𝑢2 + (𝑢2 + 𝜈2)𝑑𝜈2 + 𝑢2𝜈2𝑑𝜃2  
The metric tensor and its inverse: 
 
𝑔𝑎𝑏 = {

𝑢2 + 𝜈2 0 0
0 𝑢2 + 𝜈2 0
0 0 𝑢2𝜈2

} 
 

 

𝑔𝑎𝑏 =

{
 
 

 
 

1

𝑢2 + 𝜈2

1

𝑢2 + 𝜈2

1

𝑢2𝜈2}
 
 

 
 

 

 

6.7.1 The Christoffel symbols 
The Christoffel symbols of first kind Christoffel symbols of the second kind 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏)  Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

                                                           
18 =

1

𝑦2 sin 𝑥
(−𝑥 tan 𝑦) = 

19 =
1

𝑥2 tan 𝑦
𝑥 tan 𝑦 = 

20 =
1

𝑦2 sin 𝑥
𝑦 sin 𝑥 = 

21 = 𝜕𝑥 (−
𝑥 tan𝑦

𝑦2 sin𝑥
) − 𝜕𝑦 (

1

𝑦
) + (−

𝑥 tan𝑦

𝑦2 sin𝑥
) (

1

2
cot 𝑥) − (

1

𝑦
)
2
+ (

1+tan2 𝑦

2 tan𝑦
) (

1

𝑦
) − (

1

𝑥
) (−

𝑥 tan𝑦

𝑦2 sin 𝑥
) = 

22 = −
tan𝑦

𝑦2
(
1

sin𝑥
−
𝑥cos𝑥

sin2 𝑥
)+ (

1

𝑦
)
2
− (

1

2

𝑥

𝑦2
tan𝑦cos𝑥

sin2 𝑥
)− (

1

𝑦
)
2
+ (

1+tan2𝑦

2𝑦 tan𝑦
)+ (

tan𝑦

𝑦2 sin𝑥
) = 
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 Γ𝑢𝑢𝑢 =
1

2
𝜕𝑢𝑔𝑢𝑢 =

1

2
𝜕𝑢(𝑢

2 + 𝜈2) = 𝑢 ⇒ Γ   𝑢𝑢
𝑢  = 𝑔𝑢𝑢Γ𝑢𝑢𝑢 =

𝑢

(𝑢2 + 𝜈2)
 

 Γ𝜈𝜈𝜈 =
1

2
𝜕𝜈𝑔𝜈𝜈 =

1

2
𝜕𝜈(𝑢

2 + 𝜈2) = 𝜈 ⇒ Γ   𝜈𝜈
𝜈  = 𝑔𝜈𝜈Γ𝜈𝜈𝜈 =

𝜈

(𝑢2 + 𝜈2)
 

 Γ𝑢𝑢𝜈 = −
1

2
𝜕𝜈𝑔𝑢𝑢 = −

1

2
𝜕𝜈(𝑢

2 + 𝜈2) = −𝜈 ⇒ Γ   𝑢𝑢
𝜈  = 𝑔𝜈𝜈Γ𝑢𝑢𝜈 = −

𝜈

(𝑢2 + 𝜈2)
 

 Γ𝜈𝜈𝑢 = −
1

2
𝜕𝑢𝑔𝜈𝜈 = −

1

2
𝜕𝑢(𝑢

2 + 𝜈2) = −𝑢 ⇒ Γ   𝜈𝜈
𝑢  = 𝑔𝑢𝑢Γ𝜈𝜈𝑢 = −

𝑢

(𝑢2 + 𝜈2)
 

 Γ𝜃𝜃𝑢 = −
1

2
𝜕𝑢𝑔𝜃𝜃 = −

1

2
𝜕𝑢(𝑢

2𝜈2) = −𝑢𝜈2 ⇒ Γ   𝜃𝜃
𝑢  = 𝑔𝑢𝑢Γ𝜃𝜃𝑢 = −

𝑢𝜈2

(𝑢2 + 𝜈2)
 

 Γ𝜃𝜃𝜈  = −
1

2
𝜕𝜈𝑔𝜃𝜃 = −

1

2
𝜕𝜈(𝑢

2𝜈2) = −𝑢2𝜈 ⇒ Γ   𝜃𝜃
𝜈  = 𝑔𝜈𝜈Γ𝜃𝜃𝜈 = −

𝑢2𝜈

(𝑢2 + 𝜈2)
 

 Γ𝑢𝜈𝜈 = Γ𝜈𝑢𝜈 =
1

2
𝜕𝑢𝑔𝜈𝜈 = 𝑢 ⇒ Γ   𝑢𝜈

𝜈  = Γ   𝜈𝑢
𝜈 = 𝑔𝜈𝜈Γ𝑢𝜈𝜈 =

𝑢

(𝑢2 + 𝜈2)
 

 Γ𝑢𝜃𝜃 = Γ𝜃𝑢𝜃 =
1

2
𝜕𝑢𝑔𝜃𝜃 = 𝑢𝜈

2 ⇒ Γ   𝑢𝜃
𝜃  = Γ   𝜃𝑢

𝜃 = 𝑔𝜃𝜃Γ𝑢𝜃𝜃 =
𝑢𝜈2

𝑢2𝜈2
=
1

𝑢
 

 Γ𝜈𝑢𝑢 = Γ𝑢𝜈𝑢 =
1

2
𝜕𝜈𝑔𝑢𝑢 = 𝜈 ⇒ Γ   𝜈𝑢

𝑢  = Γ    𝑢𝜈
𝑢 = 𝑔𝑢𝑢Γ𝜈𝑢𝑢 =

𝜈

(𝑢2 + 𝜈2)
 

 Γ𝜈𝜃𝜃 = Γ𝜃𝜈𝜃 =
1

2
𝜕𝜈𝑔𝜃𝜃 = 𝑢

2𝜈 ⇒ Γ   𝜈𝜃
𝜃  = Γ    𝜃𝜈

𝜃 = 𝑔𝜃𝜃Γ𝜈𝜃𝜃 =
𝑢2𝜈

𝑢2𝜈2
=
1

𝜈
 

6.7.2 The Riemann tensor 
The Riemann tensor has six independent elements: 𝑅𝑢𝜈𝑢𝜈, 𝑅𝑢𝜈𝑢𝜃 , 𝑅𝑢𝜈𝜈𝜃 , 𝑅𝑢𝜃𝑢𝜃 , 𝑅𝑢𝜃𝜈𝜃, 𝑅𝜈𝜃𝜈𝜃 
 𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐

𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑
𝑒 Γ𝑎𝑐𝑒  

⇒ 𝑅𝑢𝜈𝑢𝜈 = 𝜕𝑢Γ𝜈𝜈𝑢 − 𝜕𝜈Γ𝜈𝑢𝑢 + Γ   𝜈𝑢
𝑒 Γ𝑢𝜈𝑒 − Γ   𝜈𝜈

𝑒 Γ𝑢𝑢𝑒  
  = −2 + (

𝜈

(𝑢2 + 𝜈2)
) ⋅ 𝜈 − (−

𝑢

(𝑢2 + 𝜈2)
) 𝑢 + (

𝑢

(𝑢2 + 𝜈2)
) 𝑢 − (

𝜈

(𝑢2 + 𝜈2)
) (−𝜈) = 230  

 𝑅𝑢𝜈𝑢𝜃 = 𝜕𝑢Γ𝜈𝜃𝑢 − 𝜕𝜃Γ𝜈𝑢𝑢 + Γ   𝜈𝑢
𝑒 Γ𝑢𝜃𝑒 − Γ   𝜈𝜃

𝑒 Γ𝑢𝑢𝑒  
  = Γ   𝜈𝑢

𝑢 Γ𝑢𝜃𝑢 − Γ   𝜈𝜃
𝑢 Γ𝑢𝑢𝑢 + Γ   𝜈𝑢

𝜈 Γ𝑢𝜃𝜈 − Γ   𝜈𝜃
𝜈 Γ𝑢𝑢𝜈 + Γ   𝜈𝑢

𝜃 Γ𝑢𝜃𝜃 − Γ   𝜈𝜃
𝜃 Γ𝑢𝑢𝜃 = 0  

 𝑅𝑢𝜈𝜈𝜃 = 𝜕𝜈Γ𝜈𝜃𝑢 − 𝜕𝜃Γ𝜈𝜈𝑢 + Γ   𝜈𝜈
𝑒 Γ𝑢𝜃𝑒 − Γ   𝜈𝜃

𝑒 Γ𝑢𝜈𝑒  
  = Γ   𝜈𝜈

𝑢 Γ𝑢𝜃𝑢 − Γ   𝜈𝜃
𝑢 Γ𝑢𝜈𝑢 + Γ   𝜈𝜈

𝜈 Γ𝑢𝜃𝜈 − Γ   𝜈𝜃
𝜈 Γ𝑢𝜈𝜈 + Γ   𝜈𝜈

𝜃 Γ𝑢𝜃𝜃 − Γ   𝜈𝜃
𝜃 Γ𝑢𝜈𝜃 = 0  

 𝑅𝑢𝜃𝑢𝜃 = 𝜕𝑢Γ𝜃𝜃𝑢 − 𝜕𝜃Γ𝜃𝑢𝑢 + Γ   𝜃𝑢
𝑒 Γ𝑢𝜃𝑒 − Γ   𝜃𝜃

𝑒 Γ𝑢𝑢𝑒  
  = 𝜕𝑢(−𝑢𝜈

2) + Γ   𝜃𝑢
𝑢 Γ𝑢𝜃𝑢 − Γ   𝜃𝜃

𝑢 Γ𝑢𝑢𝑢 + Γ   𝜃𝑢
𝜈 Γ𝑢𝜃𝜈 − Γ   𝜃𝜃

𝜈 Γ𝑢𝑢𝜈 + Γ   𝜃𝑢
𝜃 Γ𝑢𝜃𝜃 − Γ   𝜃𝜃

𝜃 Γ𝑢𝑢𝜃  

  = −𝜈2 − Γ   𝜃𝜃
𝑢 Γ𝑢𝑢𝑢 − Γ   𝜃𝜃

𝜈 Γ𝑢𝑢𝜈 + Γ   𝜃𝑢
𝜃 Γ𝑢𝜃𝜃  

  
= −𝜈2 − (−

𝑢𝜈2

(𝑢2 + 𝜈2)
)𝑢 − (−

𝑢2𝜈

(𝑢2 + 𝜈2)
) (−𝜈) +

1

𝑢
⋅ 𝑢𝜈2 = 0 

 

 𝑅𝑢𝜃𝜈𝜃 = 𝜕𝜈Γ𝜃𝜃𝑢 − 𝜕𝜃Γ𝜃𝜈𝑢 + Γ   𝜃𝜈
𝑒 Γ𝑢𝜃𝑒 − Γ   𝜃𝜃

𝑒 Γ𝑢𝜈𝑒  
  = 𝜕𝜈(−𝑢𝜈

2) + Γ   𝜃𝜈
𝑢 Γ𝑢𝜃𝑢 − Γ   𝜃𝜃

𝑢 Γ𝑢𝜈𝑢 + Γ   𝜃𝜈
𝜈 Γ𝑢𝜃𝜈 − Γ   𝜃𝜃

𝜈 Γ𝑢𝜈𝜈 + Γ   𝜃𝜈
𝜃 Γ𝑢𝜃𝜃 − Γ   𝜃𝜃

𝜃 Γ𝑢𝜈𝜃  

  = −2𝑢𝜈 − Γ   𝜃𝜃
𝑢 Γ𝑢𝜈𝑢 − Γ   𝜃𝜃

𝜈 Γ𝑢𝜈𝜈 + Γ   𝜃𝜈
𝜃 Γ𝑢𝜃𝜃  

  
= −2𝑢𝜈 − (−

𝑢𝜈2

(𝑢2 + 𝜈2)
) 𝜈 − (−

𝑢2𝜈

(𝑢2 + 𝜈2)
)𝑢 +

1

𝜈
𝑢𝜈2 

 

  
= 𝑢𝜈 (−2 +

𝜈2

(𝑢2 + 𝜈2)
+

𝑢2

(𝑢2 + 𝜈2)
+ 1) = 0 

 

 𝑅𝜈𝜃𝜈𝜃 = 𝜕𝜈Γ𝜃𝜃𝜈 − 𝜕𝜃Γ𝜃𝜈𝜈 + Γ   𝜃𝜈
𝑒 Γ𝜈𝜃𝑒 − Γ   𝜃𝜃

𝑒 Γ𝜈𝜈𝑒  
  = 𝜕𝜈(−𝑢

2𝜈) + Γ   𝜃𝜈
𝑢 Γ𝜈𝜃𝑢 − Γ   𝜃𝜃

𝑢 Γ𝜈𝜈𝑢 + Γ   𝜃𝜈
𝜈 Γ𝜈𝜃𝜈 − Γ   𝜃𝜃

𝜈 Γ𝜈𝜈𝜈 + Γ   𝜃𝜈
𝜃 Γ𝜈𝜃𝜃 − Γ   𝜃𝜃

𝜃 Γ𝜈𝜈𝜃  

  = −𝑢2 − Γ   𝜃𝜃
𝑢 Γ𝜈𝜈𝑢 − Γ   𝜃𝜃

𝜈 Γ𝜈𝜈𝜈 + Γ   𝜃𝜈
𝜃 Γ𝜈𝜃𝜃  

                                                           
23 = 𝜕𝑢(−𝑢) − 𝜕𝜈(𝜈) + Γ   𝜈𝑢

𝑢 Γ𝑢𝜈𝑢 − Γ   𝜈𝜈
𝑢 Γ𝑢𝑢𝑢 + Γ   𝜈𝑢

𝜈 Γ𝑢𝜈𝜈 − Γ   𝜈𝜈
𝜈 Γ𝑢𝑢𝜈 + Γ   𝜈𝑢

𝜃 Γ𝑢𝜈𝜃 − Γ   𝜈𝜈
𝜃 Γ𝑢𝑢𝜃 = 
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= −𝑢2 − (−

𝑢𝜈2

(𝑢2 + 𝜈2)
) (−𝑢) − (−

𝑢2𝜈

(𝑢2 + 𝜈2)
) 𝜈 +

1

𝜈
𝑢2𝜈 = 0 

 

6.7.2.1 The Riemann tensor – iAlternative version 
𝑅𝑎𝑏𝑐𝑑 = 0 for the following reason: Consider the global Minkowski spacetime 𝑑𝑠2 = 𝑑𝑢′2 + 𝑑𝑣′2 + 𝑑𝜃′2, 
in some coordinates (𝑢′, 𝑣′, 𝜃′) [the corresponding Riemannian curvature tensor identically vanishing, of 
course], and consider the following coordinate transformation: 
 𝑢′ = 𝑢𝑣 cos 𝜃  
 𝑣′ = 𝑢𝑣 sin 𝜃  
 

𝜃′ =
1

2
(𝑢2 − 𝑣2) 

 

The differentials are related as 
 𝑑𝑢′ = (𝑢𝑑𝑣 + 𝑣𝑑𝑢) cos𝜃 − 𝑢𝑣 sin 𝜃 𝑑𝜃  
 𝑑𝑣′ = (𝑢𝑑𝑣 + 𝑣𝑑𝑢) sin𝜃 + 𝑢𝑣 cos 𝜃 𝑑𝜃  
 𝑑𝜃′ = 𝑢𝑑𝑢 − 𝑣𝑑𝑣  
from which it readily follows that 
 𝑑𝑢′2 + 𝑑𝑣′2 + 𝑑𝜃′2 = (𝑢𝑑𝑣 + 𝑣𝑑𝑢)2 + (𝑢𝑣)2𝑑𝜃2 + (𝑢𝑑𝑢 − 𝑣𝑑𝑣)2  
  = (𝑢2 + 𝑣2)(𝑑𝑢2 + 𝑑𝑣2) + 𝑢2𝑣2𝑑𝜃2  
Thus the line element 𝑑𝑠2 = (𝑢2 + 𝑣2)(𝑑𝑢2 + 𝑑𝑣2) + 𝑢2𝑣2𝑑𝜃2 must correspond to an identically van-
ishing Riemannian curvature tensor. 

6.8 jMetric example 4: A three-dimensional spacetime 𝒅𝒔𝟐 = 𝒅𝒙𝟐 + 𝟐𝒙𝒅𝒚𝟐 + 𝟐𝒚𝒅𝒛𝟐 
The line element 
 𝑑𝑠2 = 𝑑𝑥2 + 2𝑥𝑑𝑦2 + 2𝑦𝑑𝑧2  
The metric tensor and its inverse 
 
𝑔𝑎𝑏 = {

1
2𝑥

2𝑦
} 

 

 

𝑔𝑎𝑏 =

{
 
 

 
 
1

1

2𝑥
1

2𝑦}
 
 

 
 

 

 

6.8.1 The Christoffel symbols, the Riemann tensor, Ricci tensor and scalar 
The Christoffel symbols 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏)  Γ   𝑏𝑐

𝑎  =
1

2
𝑔𝑎𝑑(𝜕𝑐𝑔𝑑𝑏 + 𝜕𝑏𝑔𝑑𝑐 − 𝜕𝑑𝑔𝑏𝑐) 

 Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =
1

2
𝜕𝑥𝑔𝑦𝑦 =

1

2
𝜕𝑥(2𝑥) = 1 ⇒ Γ   𝑥𝑦

𝑦
 = Γ   𝑦𝑥

𝑦
= 𝑔𝑦𝑦Γ𝑥𝑦𝑦 =

1

2𝑥
 

 
Γ𝑦𝑧𝑧 = Γ𝑧𝑦𝑧 =

1

2
𝜕𝑦𝑔𝑧𝑧 =

1

2
𝜕𝑦(2𝑦) = 1 ⇒ Γ   𝑦𝑧

𝑧  = Γ   𝑧𝑦
𝑧 = 𝑔𝑧𝑧Γ𝑦𝑧𝑧 =

1

2𝑦
 

 Γ𝑦𝑦𝑥  = −
1

2
𝜕𝑥𝑔𝑦𝑦 = −

1

2
𝜕𝑥(2𝑥) = −1 ⇒ Γ  𝑦𝑦

𝑥  = 𝑔𝑥𝑥Γ𝑦𝑦𝑥 = −1 

 Γ𝑧𝑧𝑦 = −
1

2
𝜕𝑦𝑔𝑧𝑧 = −

1

2
𝜕𝑦(2𝑦) = −1 ⇒ Γ   𝑧𝑧

𝑦
 = 𝑔𝑦𝑦Γ𝑧𝑧𝑦 = −

1

2𝑥
 

 

 
The Riemann tensor 
In 3 dimensions the Riemann tensor has six independent elements: 
𝑅𝑥𝑦𝑥𝑦; 𝑅𝑥𝑦𝑥𝑧; 𝑅𝑥𝑦𝑦𝑧; 𝑅𝑥𝑧𝑥𝑧; 𝑅𝑥𝑧𝑦𝑧; 𝑅𝑦𝑧𝑦𝑧 

 𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒  
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 𝑅𝑥𝑦𝑥𝑦 = 𝜕𝑥Γ𝑦𝑦𝑥 − 𝜕𝑦Γ𝑦𝑥𝑥 + Γ   𝑦𝑥
𝑒 Γ𝑥𝑦𝑒 − Γ   𝑦𝑦

𝑒 Γ𝑥𝑥𝑒 = Γ   𝑦𝑥
𝑦
Γ𝑥𝑦𝑦 =

1

2𝑥
 

 

 𝑅𝑥𝑦𝑥𝑧 = 𝜕𝑥Γ𝑦𝑧𝑥 − 𝜕𝑧Γ𝑦𝑥𝑥 + Γ   𝑦𝑥
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑦𝑧

𝑒 Γ𝑥𝑥𝑒 = 0  

 𝑅𝑥𝑦𝑦𝑧 = 𝜕𝑦Γ𝑦𝑧𝑥 − 𝜕𝑧Γ𝑦𝑦𝑥 + Γ   𝑦𝑦
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑦𝑧

𝑒 Γ𝑥𝑦𝑒 = 0  

 𝑅𝑥𝑧𝑥𝑧 = 𝜕𝑥Γ𝑧𝑧𝑥 − 𝜕𝑧Γ𝑧𝑥𝑧 + Γ   𝑧𝑥
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑧𝑧

𝑒 Γ𝑥𝑥𝑒 = 0  
 𝑅𝑥𝑧𝑦𝑧 = 𝜕𝑦Γ𝑧𝑧𝑥 − 𝜕𝑧Γ𝑧𝑦𝑥 + Γ   𝑧𝑦

𝑒 Γ𝑥𝑧𝑒 − Γ   𝑧𝑧
𝑒 Γ𝑥𝑦𝑒 = −Γ   𝑧𝑧

𝑦
Γ𝑥𝑦𝑦 =

1

2𝑥
 

 

 
𝑅𝑦𝑧𝑦𝑧 = 𝜕𝑦Γ𝑧𝑧𝑦 − 𝜕𝑑Γ𝑧𝑦𝑦 + Γ   𝑧𝑦

𝑒 Γ𝑦𝑧𝑒 − Γ   𝑧𝑧
𝑒 Γ𝑦𝑦 = Γ   𝑧𝑦

𝑧 Γ𝑦𝑧𝑧 =
1

2𝑦
 

 

The Ricci tensor 
 

𝑅𝑎𝑏 = {

𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑥𝑧𝑥𝑧 𝑔𝑧𝑧𝑅𝑥𝑧𝑦𝑧 −𝑔𝑦𝑦𝑅𝑥𝑦𝑦𝑧

𝑆 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑧

𝑆 𝑆 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧

} 

 

 

 =

{
  
 

  
 
1

2𝑥

1

2𝑥
+
1

2𝑦
0

1

2𝑦

1

2𝑥
−
1

2𝑥
0

𝑆
1

2𝑥
+
1

2𝑦

1

2𝑦
0

𝑆 𝑆 0 +
1

2𝑥

1

2𝑦}
  
 

  
 

=

{
  
 

  
 (

1

2𝑥
)
2 1

4𝑥𝑦
0

𝑆
1

2𝑥
+ (

1

2𝑦
)
2

0

𝑆 𝑆
1

4𝑥𝑦}
  
 

  
 

 

 

The Ricci scalar 
 

𝑅 = 𝑔𝑥𝑥𝑅𝑥𝑥 + 𝑔
𝑦𝑦𝑅𝑦𝑦 + 𝑔

𝑧𝑧𝑅𝑧𝑧 = (
1

2𝑥
)
2

+
1

2𝑥
(
1

2𝑥
+ (

1

2𝑦
)
2

) +
1

2𝑦

1

4𝑥𝑦
= 2 (

1

2𝑥
)
2

+
1

4𝑥𝑦2
 

 

6.9 kMetric example 5: A three-dimensional spacetime 𝒅𝒔𝟐 = 𝒇(𝒙)𝒅𝒙𝟐 + 𝒈(𝒙)𝒅𝒚𝟐 +

𝒉(𝒙)𝒅𝒛𝟐 
The line element 
 𝑑𝑠2 = 𝑓(𝑥)𝑑𝑥2 + 𝑔(𝑥)𝑑𝑦2 + ℎ(𝑥)𝑑𝑧2  
The metric tensor and its inverse 
 

𝑔𝑎𝑏 = {

𝑓(𝑥)

𝑔(𝑥)

ℎ(𝑥)

} 

 

 

𝑔𝑎𝑏 =

{
  
 

  
 

1

𝑓(𝑥)
1

𝑔(𝑥)
1

ℎ(𝑥)}
  
 

  
 

 

 

6.9.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar 
The non-zero Christoffel symbols 

 
Γ𝑎𝑏𝑐 =

1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) 

 
Γ   𝑏𝑐
𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

 
Γ𝑥𝑥𝑥 =

1

2
𝜕𝑥𝑔𝑥𝑥 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑥

𝑥  = 𝑔𝑥𝑥Γ𝑥𝑥𝑥 =
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

 
Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =

1

2
𝜕𝑥𝑔𝑦𝑦 =

1

2

𝜕𝑔(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑦

𝑦
 = Γ   𝑦𝑥

𝑦
= 𝑔𝑦𝑦Γ𝑥𝑦𝑦 =

1

2

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
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Γ𝑥𝑧𝑧 = Γ𝑧𝑥𝑧 =

1

2
𝜕𝑥𝑔𝑧𝑧 =

1

2

𝜕ℎ(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑧

𝑧  = Γ   𝑧𝑥
𝑧 = 𝑔𝑧𝑧Γ𝑥𝑧𝑧 =

1

2

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
 

 
Γ𝑦𝑦𝑥  = −

1

2
𝜕𝑥𝑔𝑦𝑦 = −

1

2

𝜕𝑔(𝑥)

𝜕𝑥
 ⇒ Γ   𝑦𝑦

𝑥  = 𝑔𝑥𝑥Γ𝑦𝑦𝑥 = −
1

2

1

𝑓(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
 

 
Γ𝑧𝑧𝑥  = −

1

2
𝜕𝑥𝑔𝑧𝑧 = −

1

2

𝜕ℎ(𝑥)

𝜕𝑥
 ⇒ Γ   𝑧𝑧

𝑥  = 𝑔𝑥𝑥Γ𝑧𝑧𝑥 = −
1

2

1

𝑓(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
 

The Riemann tensor 
In 3 dimensions the Riemann tensor has six independent elements: 
𝑅𝑥𝑦𝑥𝑦; 𝑅𝑥𝑦𝑥𝑧; 𝑅𝑥𝑦𝑦𝑧; 𝑅𝑥𝑧𝑥𝑧; 𝑅𝑥𝑧𝑦𝑧; 𝑅𝑦𝑧𝑦𝑧 

 𝑅𝑎𝑏𝑐𝑑 = 𝜕𝑐Γ𝑏𝑑𝑎 − 𝜕𝑑Γ𝑏𝑐𝑎 + Γ   𝑏𝑐
𝑒 Γ𝑎𝑑𝑒 − Γ   𝑏𝑑

𝑒 Γ𝑎𝑐𝑒  
 

𝑅𝑥𝑦𝑥𝑦 = 𝜕𝑥Γ𝑦𝑦𝑥 − 𝜕𝑦Γ𝑦𝑥𝑥 + Γ   𝑦𝑥
𝑒 Γ𝑥𝑦𝑒 − Γ   𝑦𝑦

𝑒 Γ𝑥𝑥𝑒 = −
1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
− Γ   𝑦𝑦

𝑥 Γ𝑥𝑥𝑥 + Γ   𝑦𝑥
𝑦
Γ𝑥𝑦𝑦 

 

 
 = −

1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
− (−

1

2

1

𝑓(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)(
1

2

𝜕𝑓(𝑥)

𝜕𝑥
) + (

1

2

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)(
1

2

𝜕𝑔(𝑥)

𝜕𝑥
) 

 

 
 = −

1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
+
1

4
(
𝜕𝑔(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
+

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
) 

 

 𝑅𝑥𝑦𝑥𝑧 = 𝜕𝑥Γ𝑦𝑧𝑥 − 𝜕𝑧Γ𝑦𝑥𝑥 + Γ   𝑦𝑥
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑦𝑧

𝑒 Γ𝑥𝑥𝑒 = 0  

 𝑅𝑥𝑦𝑦𝑧 = 𝜕𝑦Γ𝑦𝑧𝑥 − 𝜕𝑧Γ𝑦𝑦𝑥 + Γ   𝑦𝑦
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑦𝑧

𝑒 Γ𝑥𝑦𝑒 = 0  

 𝑅𝑥𝑧𝑥𝑧 = 𝜕𝑥Γ𝑧𝑧𝑥 − 𝜕𝑧Γ𝑧𝑥𝑥 + Γ   𝑧𝑥
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑧𝑧

𝑒 Γ𝑥𝑥𝑒  
 

 = −
1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
− (−

1

2

1

𝑓(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)(
1

2

𝜕𝑓(𝑥)

𝜕𝑥
) + (

1

2

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)(
1

2

𝜕ℎ(𝑥)

𝜕𝑥
) 

 

 
 = −

1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
+
1

4
(
𝜕ℎ(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
+

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
) 

 

 𝑅𝑥𝑧𝑦𝑧 = 𝜕𝑦Γ𝑧𝑧𝑥 − 𝜕𝑧Γ𝑧𝑦𝑥 + Γ   𝑧𝑦
𝑒 Γ𝑥𝑧𝑒 − Γ   𝑧𝑧

𝑒 Γ𝑥𝑦𝑒 = 0  

 𝑅𝑦𝑧𝑦𝑧 = 𝜕𝑦Γ𝑧𝑧𝑦 − 𝜕𝑧Γ𝑧𝑦𝑦 + Γ   𝑧𝑦
𝑒 Γ𝑦𝑧𝑒 − Γ   𝑧𝑧

𝑒 Γ𝑦𝑦𝑒 = −Γ   𝑧𝑧
𝑥 Γ𝑦𝑦𝑥  

 
 = −(−

1

2

1

𝑓(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)(−

1

2

𝜕𝑔(𝑥)

𝜕𝑥
) = −

1

4

1

𝑓(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥

𝜕ℎ(𝑥)

𝜕𝑥
 

 

Collecting the results 
 

𝑅𝑥𝑦𝑥𝑦 = −
1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
+
1

4
(
𝜕𝑔(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
) 

 

 
𝑅𝑥𝑧𝑥𝑧 = −

1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
+
1

4
(
𝜕ℎ(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
) 

 

 
𝑅𝑦𝑧𝑦𝑧 = −

1

4

1

𝑓(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
)(
𝜕ℎ(𝑥)

𝜕𝑥
) 

 

 𝑅𝑥𝑦𝑥𝑧 = 𝑅𝑥𝑦𝑦𝑧 = 𝑅𝑥𝑧𝑦𝑧 = 0  

The Ricci tensor24 
 𝑅𝑥𝑥 = 𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔

𝑧𝑧𝑅𝑥𝑧𝑥𝑧  

                                                           
24 The non-diagonal elements are zero 
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= 25 −
1

2
(
1

𝑔(𝑥)

𝜕2𝑔(𝑥)

𝜕2𝑥
+

1

ℎ(𝑥)

𝜕2ℎ(𝑥)

𝜕2𝑥
)

+
1

4

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)(

1

𝑔(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)
(
𝜕ℎ(𝑥)

𝜕𝑥
))

+
1

4
(

1

𝑔2(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
)

2

+
1

ℎ2(𝑥)
(
𝜕ℎ(𝑥)

𝜕𝑥
)

2

) 

 

 𝑅𝑦𝑦 = 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧  

 

 

= 26 −
1

2

1

𝑓(𝑥)

𝜕2𝑔(𝑥)

𝜕2𝑥

+
1

4

1

𝑓(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

𝑔(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
) −

1

ℎ(𝑥)
(
𝜕ℎ(𝑥)

𝜕𝑥
)) 

 

 𝑅𝑧𝑧 = 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧  

 
 = 27 −

1

2

1

𝑓(𝑥)

𝜕2ℎ(𝑥)

𝜕2𝑥
+
1

4

1

𝑓(𝑥)
(
𝜕ℎ(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
−

1

𝑔(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
)) 

 

The Ricci scalar 
 𝑅 = 2𝑔𝑥𝑥𝑔𝑦𝑦𝑔𝑧𝑧(𝑔𝑧𝑧𝑅𝑥𝑦𝑥𝑦 + 𝑔𝑦𝑦𝑅𝑥𝑧𝑥𝑧 + 𝑔𝑥𝑥𝑅𝑦𝑧𝑦𝑧)  

 
 =

2

𝑓(𝑥)𝑔(𝑥)ℎ(𝑥)
(ℎ(𝑥)𝑅𝑥𝑦𝑥𝑦 + 𝑔(𝑥)𝑅𝑥𝑧𝑥𝑧 + 𝑓(𝑥)𝑅𝑦𝑧𝑦𝑧) 

 

 

 

=
2

𝑓(𝑥)𝑔(𝑥)ℎ(𝑥)
(ℎ(𝑥) [−

1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
+
1

4
(
𝜕𝑔(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)]

+ 𝑔(𝑥) [−
1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
+
1

4
(
𝜕ℎ(𝑥)

𝜕𝑥
)(

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)]  

+ 𝑓(𝑥) [−
1

4

1

𝑓(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
)(
𝜕ℎ(𝑥)

𝜕𝑥
)]) 

 

6.10 lMetric example 6: A three-dimensional spacetime 𝒅𝒔𝟐 = 𝒇(𝒙)𝒅𝒙𝟐 + 𝒇(𝒙)𝒅𝒚𝟐 +

𝒇(𝒙)𝒅𝒛𝟐 
The line element 
 𝑑𝑠2 = 𝑓(𝑥)𝑑𝑥2 + 𝑓(𝑥)𝑑𝑦2 + 𝑓(𝑥)𝑑𝑧2  
The metric tensor and its inverse 
 

𝑔𝑎𝑏 = {

𝑓(𝑥)

𝑓(𝑥)

𝑓(𝑥)

} 

 

                                                           

25 =
1

𝑔(𝑥)
(−

1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
+

1

4
(
𝜕𝑔(𝑥)

𝜕𝑥
) (

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)) +

1

ℎ(𝑥)
(−

1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
+

1

4
(
𝜕ℎ(𝑥)

𝜕𝑥
) (

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)) = 

26 =
1

𝑓(𝑥)
(−

1

2

𝜕2𝑔(𝑥)

𝜕2𝑥
+

1

4
(
𝜕𝑔(𝑥)

𝜕𝑥
) (

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

𝑔(𝑥)

𝜕𝑔(𝑥)

𝜕𝑥
)) +

1

ℎ(𝑥)
(−

1

4

1

𝑓(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
) (

𝜕ℎ(𝑥)

𝜕𝑥
)) = 

27 =
1

𝑓(𝑥)
(−

1

2

𝜕2ℎ(𝑥)

𝜕2𝑥
+

1

4
(
𝜕ℎ(𝑥)

𝜕𝑥
) (

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
) +

1

ℎ(𝑥)

𝜕ℎ(𝑥)

𝜕𝑥
)) +

1

𝑔(𝑥)
(−

1

4

1

𝑓(𝑥)
(
𝜕𝑔(𝑥)

𝜕𝑥
) (

𝜕ℎ(𝑥)

𝜕𝑥
)) = 
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𝑔𝑎𝑏 =

{
  
 

  
 

1

𝑓(𝑥)
1

𝑓(𝑥)
1

𝑓(𝑥)}
  
 

  
 

 

 

6.10.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar 
The Christoffel symbols 

 
Γ𝑎𝑏𝑐 =

1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) 

 
Γ   𝑏𝑐
𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

 
Γ𝑥𝑥𝑥 =

1

2
𝜕𝑥𝑔𝑥𝑥 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑥

𝑥  = 𝑔𝑥𝑥Γ𝑥𝑥𝑥 =
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

 
Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑦

𝑦
 = Γ   𝑦𝑥

𝑦
=
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

 
Γ𝑥𝑧𝑧 = Γ𝑧𝑥𝑧 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑥𝑧

𝑧  = Γ   𝑧𝑥
𝑧 =

1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

 
Γ𝑦𝑦𝑥  = −

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑦𝑦

𝑥  = −
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

 
Γ𝑧𝑧𝑥  = −

1

2

𝜕𝑓(𝑥)

𝜕𝑥
 ⇒ Γ   𝑧𝑧

𝑥  = −
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
 

The Riemann tensor 
In 3 dimensions the Riemann tensor has six independent elements: 
𝑅𝑥𝑦𝑥𝑦; 𝑅𝑥𝑦𝑥𝑧; 𝑅𝑥𝑦𝑦𝑧; 𝑅𝑥𝑧𝑥𝑧; 𝑅𝑥𝑧𝑦𝑧; 𝑅𝑦𝑧𝑦𝑧 

 
𝑅𝑥𝑦𝑥𝑦 = −

1

2

𝜕2𝑓(𝑥)

𝜕2𝑥
+
1

2

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

 
 

 
𝑅𝑥𝑧𝑥𝑧 = −

1

2

𝜕2𝑓(𝑥)

𝜕2𝑥
+
1

2

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

= 𝑅𝑥𝑦𝑥𝑦 
 

 
𝑅𝑦𝑧𝑦𝑧 = −

1

4

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

 
 

 𝑅𝑥𝑦𝑥𝑧 = 𝑅𝑥𝑦𝑦𝑧 = 𝑅𝑥𝑧𝑦𝑧 = 0  

 
The Ricci tensor 

 

𝑅𝑎𝑏 = {

𝑔𝑦𝑦𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑥𝑧𝑥𝑧 𝑔𝑧𝑧𝑅𝑥𝑧𝑦𝑧 −𝑔𝑦𝑦𝑅𝑥𝑦𝑦𝑧

𝑆 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑦 + 𝑔
𝑧𝑧𝑅𝑦𝑧𝑦𝑧 𝑔𝑥𝑥𝑅𝑥𝑦𝑥𝑧

𝑆 𝑆 𝑔𝑥𝑥𝑅𝑥𝑧𝑥𝑧 + 𝑔
𝑦𝑦𝑅𝑦𝑧𝑦𝑧

} 

 

 

 =

{
  
 

  
 

2

𝑓(𝑥)
𝑅𝑥𝑦𝑥𝑦 0 0

𝑆
1

𝑓(𝑥)
(𝑅𝑥𝑦𝑥𝑦 + 𝑅𝑦𝑧𝑦𝑧) 0

𝑆 𝑆
1

𝑓(𝑥)
(𝑅𝑥𝑧𝑥𝑧 + 𝑅𝑦𝑧𝑦𝑧)}
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 =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

[
 
 
 
 −

1

𝑓(𝑥)

𝜕2𝑓(𝑥)

𝜕2𝑥

+(
1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
)

2

]
 
 
 
 

0 0

𝑆

[
 
 
 
 −

1

2

1

𝑓(𝑥)

𝜕2𝑓(𝑥)

𝜕2𝑥

+
1

4
(
1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
)

2

]
 
 
 
 

0

𝑆 𝑆

[
 
 
 
 −

1

2

1

𝑓(𝑥)

𝜕2𝑓(𝑥)

𝜕2𝑥

+
1

4
(
1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
)

2

]
 
 
 
 

}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

 

The Ricci scalar 
 
𝑅 = 2𝑔𝑥𝑥𝑔𝑦𝑦𝑔𝑧𝑧(𝑔𝑧𝑧𝑅𝑥𝑦𝑥𝑦 + 𝑔𝑦𝑦𝑅𝑥𝑧𝑥𝑧 + 𝑔𝑥𝑥𝑅𝑦𝑧𝑦𝑧) =

2

𝑓2(𝑥)
(2𝑅𝑥𝑦𝑥𝑦 + 𝑅𝑦𝑧𝑦𝑧) 

 

 
 =

2

𝑓2(𝑥)
(2(−

1

2

𝜕2𝑓(𝑥)

𝜕2𝑥
+
1

2

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

) −
1

4

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

) 
 

 
 =

2

𝑓2(𝑥)
(−

𝜕2𝑓(𝑥)

𝜕2𝑥
+
3

4

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

) 
 

6.11 mMetric example 7: A three-dimensional spacetime 𝒅𝒔𝟐 =
𝟏

𝒙𝟐
𝒅𝒙𝟐 +

𝟏

𝒙𝟐
𝒅𝒚𝟐 +

𝟏

𝒙𝟐
𝒅𝒛𝟐 

The line element 
 

𝑑𝑠2 =
1

𝑥2
𝑑𝑥2 +

1

𝑥2
𝑑𝑦2 +

1

𝑥2
𝑑𝑧2 

 

The metric tensor and its inverse 
 

𝑔𝑎𝑏 =

{
 
 

 
 
1

𝑥2

1

𝑥2

1

𝑥2}
 
 

 
 

 

 

 
𝑔𝑎𝑏 = {

𝑥2

𝑥2

𝑥2
} 

 

We need 
 𝑓(𝑥) = 𝑥−2  
 𝜕𝑓(𝑥)

𝜕𝑥
 = −2𝑥−3  

 𝜕2𝑓(𝑥)

𝜕2𝑥
 = 6𝑥−4  

6.11.1 The Christoffel Symbols, Riemann tensor, Ricci tensor and Ricci scalar 
The non-zero Christoffel symbols 

 
Γ𝑎𝑏𝑐 =

1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) 

 
Γ   𝑏𝑐
𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 
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Γ𝑥𝑥𝑥 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
= −𝑥−3 ⇒ Γ   𝑥𝑥

𝑥  =
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
= 𝑥2(−𝑥−3) = −

1

𝑥
 

 
Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
= −𝑥−3 ⇒ Γ   𝑥𝑦

𝑦
 = Γ   𝑦𝑥

𝑦
=
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
= −

1

𝑥
 

 
Γ𝑥𝑧𝑧 = Γ𝑧𝑥𝑧 =

1

2

𝜕𝑓(𝑥)

𝜕𝑥
= −𝑥−3 ⇒ Γ   𝑥𝑧

𝑧  = Γ   𝑧𝑥
𝑧 =

1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
= −

1

𝑥
 

 
Γ𝑦𝑦𝑥  = −

1

2

𝜕𝑓(𝑥)

𝜕𝑥
= 𝑥−3 ⇒ Γ   𝑦𝑦

𝑥  = −
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
=
1

𝑥
 

 
Γ𝑧𝑧𝑥  = −

1

2

𝜕𝑓(𝑥)

𝜕𝑥
= −𝑥−3 ⇒ Γ   𝑧𝑧

𝑥  = −
1

2

1

𝑓(𝑥)

𝜕𝑓(𝑥)

𝜕𝑥
=
1

𝑥
 

The Riemann tensor 
In 3 dimensions the Riemann tensor has six independent elements: 
𝑅𝑥𝑦𝑥𝑦; 𝑅𝑥𝑦𝑥𝑧; 𝑅𝑥𝑦𝑦𝑧; 𝑅𝑥𝑧𝑥𝑧; 𝑅𝑥𝑧𝑦𝑧; 𝑅𝑦𝑧𝑦𝑧 

 
𝑅𝑥𝑦𝑥𝑦 = −

1

2

𝜕2𝑓(𝑥)

𝜕2𝑥
+
1

2

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

= −
1

2
6𝑥−4 +

1

2
𝑥2(−2𝑥−3)2 = −𝑥−4 

 

 
𝑅𝑥𝑧𝑥𝑧 = −

1

2

𝜕2𝑓(𝑥)

𝜕2𝑥
+
1

2

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

= 𝑅𝑥𝑦𝑥𝑦 = −𝑥
−4 

 

 
𝑅𝑦𝑧𝑦𝑧 = −

1

4

1

𝑓(𝑥)
(
𝜕𝑓(𝑥)

𝜕𝑥
)

2

= −
1

4
𝑥2(−2𝑥−3)2 = −𝑥−4 

 

 𝑅𝑥𝑦𝑥𝑧 = 𝑅𝑥𝑦𝑦𝑧 = 𝑅𝑥𝑧𝑦𝑧 = 0  

The Ricci tensor 
 

𝑅𝑎𝑏 =

{
  
 

  
 

2

𝑓(𝑥)
𝑅𝑥𝑦𝑥𝑦 0 0

𝑆
1

𝑓(𝑥)
(𝑅𝑥𝑦𝑥𝑦 + 𝑅𝑦𝑧𝑦𝑧) 0

𝑆 𝑆
1

𝑓(𝑥)
(𝑅𝑥𝑧𝑥𝑧 + 𝑅𝑦𝑧𝑦𝑧)}

  
 

  
 

 

 

 
 = {

−2𝑥−2 0 0
𝑆 −2𝑥−2 0
𝑆 𝑆 −2𝑥−2

} 
 

The Ricci scalar 
 
𝑅 = 2𝑔𝑥𝑥𝑔𝑦𝑦𝑔𝑧𝑧(𝑔𝑧𝑧𝑅𝑥𝑦𝑥𝑦 + 𝑔𝑦𝑦𝑅𝑥𝑧𝑥𝑧 + 𝑔𝑥𝑥𝑅𝑦𝑧𝑦𝑧) =

6

𝑓2(𝑥)
𝑅𝑥𝑦𝑥𝑦 = 6𝑥

4(−𝑥−4) = −6 
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h (McMahon, 2006, s. 324) 
i Kindly provided by Mr. John Fredsted: http://johnfredsted.dk/science/publications.php 
j (Kay, 1988, s. 111) 
k (Kay, 1988, s. 113) 
l (Kay, 1988, s. 113) 
m (Kay, 1988, s. 110, 113) 
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