
Chapter 7: Cartan’s structure equations - a Shortcut to the Einstein Tensor 
 
Susan Larsen                                    Tuesday, March 21, 2023 

 

http://physicssusan.mono.net  logik.susan@gmail.com 
1 

 

Content 
7 Cartan’s Structure Equations – a Shortcut to the Einstein Tensor ............................................................ 2 

7.1 One-forms. ......................................................................................................................................... 2 

7.1.1 The exterior derivative of a one-form. ...................................................................................... 3 

7.1.2 Examples .................................................................................................................................... 3 

7.2 Cartan’s first structure equation ....................................................................................................... 3 

7.3 The curvature two forms and the Riemann tensor ........................................................................... 3 

7.4 The unit 2-sphere .............................................................................................................................. 3 

7.4.1 The Riemann tensor for the unit 2-sphere ................................................................................ 3 

7.4.2 The Ricci scalar........................................................................................................................... 4 

7.4.3 Find the Ricci scalar using Cartan’s structure equations of the 2-sphere ................................. 4 

7.5 The three dimensional flat space in spherical polar coordinates...................................................... 5 

7.5.1 The Christoffel symbols ............................................................................................................. 5 

7.5.2 The Riemann tensor of the three dimensional flat space in spherical polar coordinates ........ 5 

7.5.3 The Ricci rotation coefficients ................................................................................................... 6 

7.5.4 Transformation of the Ricci rotation coefficients 𝚪   𝒃𝒄𝒂 into the Christoffel symbols 

𝚪    𝐛𝐜𝒂 of the three dimensional flat space in spherical polar coordinates ............................................ 7 

7.6 The Rindler metric ............................................................................................................................. 7 

7.6.1 Use the geodesic equations to find the Christoffel symbols for the Rindler metric. ................ 7 

7.6.2 Ricci rotation coefficients of the Rindler metric ........................................................................ 8 

7.7 The Lorentz hyperboloid ................................................................................................................... 8 

7.7.1 The Christoffel symbols. ............................................................................................................ 8 

7.7.2 The Ricci rotation coefficients ................................................................................................... 9 

7.8 Ricci rotation coefficients, Ricci scalar and Einstein equations for a general 4-dimensional metric: 

𝒅𝒔𝟐 = −𝒅𝒕𝟐 + 𝑳𝟐𝒕, 𝒓𝒅𝒓𝟐 + 𝑩𝟐𝒕, 𝒓𝒅𝝓𝟐 +𝑴𝟐𝒕, 𝒓𝒅𝒛𝟐 ........................................................................... 10 

7.8.1 The Basis one forms ................................................................................................................. 10 

7.8.2 Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients 𝚪   𝒃𝒄𝒂

 10 

7.8.3 The curvature two forms ......................................................................................................... 11 

7.8.4 The Ricci tensor ....................................................................................................................... 13 

7.8.5 The Ricci scalar......................................................................................................................... 14 

7.8.6 The Einstein tensor .................................................................................................................. 14 

7.9 The Curvature of the Poincaré Half-Plane and the Poincaré Metric. .............................................. 15 

7.9.1 The Poincaré Half-Plane .......................................................................................................... 15 

7.9.2 The Poincaré metric ................................................................................................................. 16 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified


Chapter 7: Cartan’s structure equations - a Shortcut to the Einstein Tensor 
 
Susan Larsen                                    Tuesday, March 21, 2023 

 

http://physicssusan.mono.net  logik.susan@gmail.com 
2 

 

7.10 The Tolman-Bondi- de Sitter metric (Spherical dust with a cosmological constant) ...................... 17 

7.10.1 Ricci rotation coefficients in the Tolman-Bondi- de Sitter metric ........................................... 17 

7.10.2 The curvature two forms ......................................................................................................... 20 

7.10.3 The Ricci Tensor ....................................................................................................................... 22 

7.10.4 The Ricci Scalar ........................................................................................................................ 23 

7.10.5 The Einstein Tensor ................................................................................................................. 23 

7.10.6 The Einstein tensor in the coordinate basis: ........................................................................... 24 

7.11 The Taub-Nut Spacetime ................................................................................................................. 25 

7.11.1 The Riemann tensor ................................................................................................................ 26 

7.11.2 The Ricci tensor ....................................................................................................................... 29 

7.11.3 The Ricci Scalar ........................................................................................................................ 29 

Bibliografi ......................................................................................................................................................... 29 

 

Space-time  Line-element 
Chap-

ter 

Example: Four-dimensional 
space-time 

𝑑𝑠2 
= −𝑑𝑡2 + 𝐿2(𝑡, 𝑟)𝑑𝑟2 + 𝐵2(𝑡, 𝑟)𝑑𝜙2

+𝑀2(𝑡, 𝑟)𝑑𝑧2 
7 

Hyperbolsk plane – Poincaré 
Halfplane 

𝑑𝑠2 =
1

𝑦2
(𝑑𝑥2 + 𝑑𝑦2) 4,7 

Lorentz hyperboloid 𝑑𝑠2 = 𝑑𝜓2 + sinh2𝜓  𝑑𝜃2 + sinh2𝜓 sin2 𝜃 𝑑𝜙2 7, 13 

Poincaré metric 𝑑𝑠2 =
4

1 − 𝑥2 − 𝑦2
(𝑑𝑥2 + 𝑑𝑦2) 7 

Rindler metric 𝑑𝑠2 = 𝜉2𝑑𝜏2 − 𝑑𝜉2 2,3,4,7 

Taub-nut space-time 𝑑𝑠2 
= −

𝑑𝑡2

𝑈2(𝑡)
+ (2𝑙)2𝑈2(𝑡)(𝑑𝑟 + cos 𝜃 𝑑𝜙)2

+ 𝑉2(𝑡)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2) 

7 

Three-dimensional flat space in 
polar coordinates 

𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2 2,7, 13 

Tolman-Bondi-de Sitter space-
time 

𝑑𝑠2 
= 𝑑𝑡2 − 𝑒−2𝜓(𝑡,𝑟)𝑑𝑟2 − 𝑅2(𝑡, 𝑟)𝑑𝜃2

− 𝑅2(𝑡, 𝑟) sin2 𝜃 𝑑𝜙2 
7 

Two-dimensional unit sphere 𝑑𝑠2 = 𝑑𝜃2 + sin2 𝜃 𝑑𝜙2 7 

7 Cartan’s Structure Equations – a Shortcut to the Einstein Tensor 

7.1 aOne-forms. 
For general forms, let 𝛼  be a 𝑝-form and 𝛽 be a 𝑞-form, we have 
 𝛼 ∧ 𝛽 = (−1)𝑝𝑞𝛽 ∧ 𝛼  
For one-forms this means 

 𝛼 ∧ 𝛽 = −𝛽 ∧ 𝛼  
⇒ 𝛼 ∧ 𝛼 = −𝛼 ∧ 𝛼 = 0  

This also holds for 𝑑𝑓 =
𝜕𝑓

𝜕𝑥𝑎
𝑑𝑥𝑎 because 𝑑𝑓 is a one-form as well. 
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𝑑𝑓𝑎 ∧ 𝑑𝑓𝑏 =

𝜕𝑓

𝜕𝑥𝑎
𝑑𝑥𝑎 ∧

𝜕𝑓

𝜕𝑥𝑏
𝑑𝑥𝑏 =

𝜕2𝑓

𝜕𝑥𝑎𝜕𝑥𝑏
𝑑𝑥𝑎 ∧ 𝑑𝑥𝑏 = −

𝜕2𝑓

𝜕𝑥𝑎𝜕𝑥𝑏
𝑑𝑥𝑏 ∧ 𝑑𝑥𝑎 

 

⇒ 𝑑𝑓𝑎 ∧ 𝑑𝑓𝑎 =
𝜕2𝑓

𝜕𝑥𝑎𝜕𝑥𝑏
𝑑𝑥𝑎 ∧ 𝑑𝑥𝑎  

and 𝑑𝑓𝑎 ∧ 𝑑𝑓𝑎 = −
𝜕2𝑓

𝜕𝑥𝑎𝜕𝑥𝑏
𝑑𝑥𝑎 ∧ 𝑑𝑥𝑎  

Now, because the partial derivatives commutate, this can only be true if: 
 𝑑𝑥𝑎 ∧ 𝑑𝑥𝑎 = 0  

7.1.1 bThe exterior derivative of a one-form. 
The exterior derivative of a one-form 𝑓𝑎𝑑𝑥

𝑎: 
 𝑑(𝑓𝑎𝑑𝑥

𝑎) = 𝑑𝑓𝑎 ∧ 𝑑𝑥
𝑎  

To use this equation it is important to notice, that the right-hand side includes a summation of the partial 
derivatives times the differential in the usual way: 
 𝑑𝑓(𝑥𝑖) =

𝜕

𝜕𝑥𝑖
𝑓(𝑥𝑖)𝑑𝑥𝑖. 

 

7.1.2 Examples 
 𝜎 = 𝑒𝑓(𝑟)𝑑𝑡  

⇒ 𝑑𝜎 = 𝑑(𝑒𝑓(𝑟)𝑑𝑡) = 𝑑(𝑒𝑓(𝑟)) ∧ 𝑑𝑡 =
𝜕

𝜕𝑟
(𝑒𝑓(𝑟))𝑑𝑟 ∧ 𝑑𝑡 = 𝑓′(𝑟)𝑒𝑓(𝑟)𝑑𝑟 ∧ 𝑑𝑡 

 

 𝜌 = 𝑒𝑔(𝑟) cos 𝜃 sin𝜙 𝑑𝑟  

⇒ 𝑑𝜌 = 𝑑(𝑒𝑔(𝑟) cos 𝜃 sin𝜙 𝑑𝑟) = 𝑑(𝑒𝑔(𝑟) cos 𝜃 sin𝜙) ∧ 𝑑𝑟  

  
= 1

𝜕

𝜕𝜃
(𝑒𝑔(𝑟) cos 𝜃 sin𝜙)𝑑𝜃 ∧ 𝑑𝑟 +

𝜕

𝜕𝜙
(𝑒𝑔(𝑟) cos 𝜃 sin𝜙)𝑑𝜙 ∧ 𝑑𝑟 

 

  = −𝑒𝑔(𝑟) sin 𝜃 sin𝜙 𝑑𝜃 ∧ 𝑑𝑟 + 𝑒𝑔(𝑟) cos𝜃 cos𝜙 𝑑𝜙 ∧ 𝑑𝑟  

7.2 Cartan’s first structure equation 
 𝑑𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂�  

7.3 cThe curvature two forms and the Riemann tensor 
The Riemann tensor and the curvature two forms. 
 
Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ =
1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

7.4 The unit 2-sphere 
The line element: 
 𝑑𝑠2 = 𝑑𝜃2 + sin2 𝜃 𝑑𝜙2  

7.4.1 dThe Riemann tensor for the unit 2-sphere 
The number of independent elements in the Riemann tensor in a metric of dimension 𝑛 = 2 is 𝑁 =
𝑛2(𝑛2−1)

12
= 1 so we can choose to calculate  𝑅  𝜙𝜃𝜙

𝜃  

The Riemann tensor 
 𝑅   𝑏𝑐𝑑

𝑎  = 𝜕𝑐Γ   𝑏𝑑
𝑎 − 𝜕𝑑Γ   𝑏𝑐

𝑎 + Γ   𝑏𝑑
𝑒 Γ   𝑒𝑐

𝑎 − Γ   𝑏𝑐
𝑒 Γ   𝑒𝑑

𝑎   
We choose 𝑎 = 𝑐 = 𝜃, and 𝑏 = 𝑑 = 𝜙 
 𝑅   𝜙𝜃𝜙

𝜃  = 𝜕𝜃Γ   𝜙𝜙
𝜃 − 𝜕𝜙Γ   𝜙𝜃

𝜃 + Γ   𝜙𝜙
𝑒 Γ   𝑒𝜃

𝜃 − Γ   𝜙𝜃
𝑒 Γ   𝑒𝜙

𝜃 = 𝜕𝜃Γ   𝜙𝜙
𝜃 + Γ   𝜙𝜙

𝑒 Γ   𝑒𝜃
𝜃 − Γ   𝜙𝜃

𝑒 Γ   𝑒𝜙
𝜃   

                                                           
1 =

𝜕

𝜕𝑟
(𝑒𝑔(𝑟) cos 𝜃 sin𝜙)𝑑𝑟 ∧ 𝑑𝑟 +

𝜕

𝜕𝜃
(𝑒𝑔(𝑟) cos 𝜃 sin𝜙)𝑑𝜃 ∧ 𝑑𝑟 +

𝜕

𝜕𝜙
(𝑒𝑔(𝑟) cos𝜃 sin𝜙)𝑑𝜙 ∧ 𝑑𝑟 = 
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  = 𝜕𝜃Γ   𝜙𝜙
𝜃 + Γ   𝜙𝜙

𝜃 Γ   𝜃𝜃
𝜃 − Γ   𝜙𝜃

𝜃 Γ   𝜃𝜙
𝜃 + Γ   𝜙𝜙

𝜙
Γ   𝜙𝜃
𝜃 − Γ   𝜙𝜃

𝜙
Γ   𝜙𝜙
𝜃 = 2𝜕𝜃Γ   𝜙𝜙

𝜃 − Γ   𝜙𝜃
𝜙

Γ   𝜙𝜙
𝜃   

  = 𝜕𝜃(− sin 𝜃 cos 𝜃) − cot 𝜃 (− sin 𝜃 cos 𝜃) = −cos
2 𝜃 + sin2 𝜃 + cos2 𝜃 = sin2 𝜃  

7.4.2 eThe Ricci scalar 
The metric tensor and its inverse: 
 𝑔𝑎𝑏 = {

1
sin2 𝜃

}  

 
𝑔𝑎𝑏 = {

1
1

sin2 𝜃

} 
 

The Ricci scalar: 
 𝑅 = 𝑔𝑎𝑏𝑅𝑎𝑏 = 𝑔

𝜃𝑏𝑅𝜃𝑏 + 𝑔
𝜙𝑏𝑅𝜙𝑏 = 𝑔

𝜃𝜃𝑅𝜃𝜃 + 𝑔
𝜃𝜙𝑅𝜃𝜙 + 𝑔

𝜙𝜃𝑅𝜙𝜃 + 𝑔
𝜙𝜙𝑅𝜙𝜙  

  = 𝑔𝜃𝜃𝑅𝜃𝜃 + 𝑔
𝜙𝜙𝑅𝜙𝜙 = 𝑔

𝜃𝜃𝑅  𝜃𝑐𝜃
𝑐 + 𝑔𝜙𝜙𝑅  𝜙𝑐𝜙

𝑐   

  = 𝑔𝜃𝜃𝑅  𝜃𝜃𝜃
𝜃 + 𝑔𝜃𝜃𝑅  𝜃𝜙𝜃

𝜙
+ 𝑔𝜙𝜙𝑅  𝜙𝜃𝜙

𝜃 + 𝑔𝜙𝜙𝑅  𝜙𝜙𝜙
𝜙

= 𝑔𝜃𝜃𝑅  𝜃𝜙𝜃
𝜙

+ 𝑔𝜙𝜙𝑅  𝜙𝜃𝜙
𝜃   

  
= 𝑔𝜃𝜃𝑔𝜙𝜙𝑅𝜙𝜃𝜙𝜃 + 𝑔

𝜙𝜙𝑔𝜃𝜃𝑅𝜃𝜙𝜃𝜙 = 2𝑔
𝜃𝜃𝑔𝜙𝜙𝑅𝜃𝜙𝜃𝜙 = 32𝑔𝜙𝜙𝑅  𝜙𝜃𝜙

𝜃 = 2
1

sin2 𝜃
sin2 𝜃 = 2 

 

7.4.3 fFind the Ricci scalar using Cartan’s structure equations of the 2-sphere 
The line element: 
 𝑑𝑠2 = 𝑑𝜃2 + sin2 𝜃 𝑑𝜙2  
The Basis one forms: 

𝜔�̂� = 𝑑𝜃 𝑑𝜃 = 𝜔�̂� 

𝜔�̂� = sin𝜃 𝑑𝜙 𝑑𝜙 =
1

sin𝜃
𝜔�̂� 

𝜂𝑖𝑗 = { 1
1
}   

 

The curvature one forms: 
 𝑑𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂�  

 𝑑𝜔�̂� = 0  

 𝑑𝜔�̂� = 𝑑(sin𝜃 𝑑𝜙) = cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = cot 𝜃 𝜔�̂� ∧ 𝜔�̂�  

⇒ Γ
     �̂�

�̂�
 = cot 𝜃 𝜔�̂�  

The curvature two forms: 
 

Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ =
1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

 𝑑Γ
     �̂�

�̂�
 = 𝑑(cot 𝜃 𝜔�̂�) = 𝑑(cos 𝜃 𝑑𝜙) = −sin 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = −𝜔�̂� ∧ 𝜔�̂�  

 Γ    𝑐̂
�̂�
∧ Γ    �̂� 

𝑐̂  = Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂� 

�̂�
= 0  

⇒ Ω
   �̂�

�̂�
 = −𝜔�̂� ∧ 𝜔�̂�  

⇒ 𝑅   �̂��̂��̂�
�̂�  = 1  

⇒ 𝑅 = 2𝜂�̂��̂�𝑅  �̂��̂��̂�
�̂� = 2  

                                                           
2 We found the Christoffel symbols earlier in the chapter regarding: Two-dimensional sphere with radius 𝑎 - 𝑑𝑠2 =
𝑎2𝑑𝜃2 + 𝑎2 sin2 𝜃 𝑑𝜙2 
3 Notice: 𝑅 = 2𝑔𝜙𝜙𝑅  𝜙𝜃𝜙

𝜃  is a general solution for a 2-dimensional diagonal metric if we write: 𝑅 = 2𝑔22𝑅  212
1  
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7.5 The three dimensional flat space in spherical polar coordinates  

7.5.1 gThe Christoffel symbols 
The line element: 
 𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2  
The metric tensor and its inverse: 
 

𝑔𝑎𝑏 = {
1

𝑟2

𝑟2 sin2 𝜃

} 
 

 

𝑔𝑎𝑏 =

{
 
 

 
 
1

1

𝑟2

1

𝑟2 sin2 𝜃}
 
 

 
 

 

 

The non-zero Christoffel symbols 

Γ𝜃𝜃𝑟  = −
1

2
𝜕𝑟𝑔𝜃𝜃 = −

1

2
𝜕𝑟(𝑟

2) = −𝑟 ⇒ Γ   𝜃𝜃
𝑟  = 𝑔𝑟𝑟Γ𝜃𝜃𝑟 = −𝑟 

Γ𝜙𝜙𝑟 = −
1

2
𝜕𝑟𝑔𝜙𝜙 = −

1

2
𝜕𝑟(𝑟

2 sin2 𝜃) = −𝑟 sin2 𝜃 ⇒ Γ   𝜙𝜙
𝑟  = 𝑔𝑟𝑟Γ𝜙𝜙𝑟 = −𝑟 sin

2 𝜃 

Γ𝜙𝜙𝜃 = −
1

2
𝜕𝜃𝑔𝜙𝜙 = 4 − 𝑟2 cos 𝜃 sin 𝜃 ⇒ Γ   𝜙𝜙

𝜃  = 𝑔𝜃𝜃Γ𝜙𝜙𝜃 = 5 − cos𝜃 sin𝜃 

Γ𝑟𝜃𝜃  = Γ𝜃𝑟𝜃 =
1

2
𝜕𝑟𝑔𝜃𝜃 =

1

2
𝜕𝑟(𝑟

2) = 𝑟 ⇒ Γ   𝑟𝜃
𝜃  = Γ   𝜃𝑟

𝜃 = 𝑔𝜃𝜃Γ𝑟𝜃𝜃 =
1

𝑟2
𝑟 =

1

𝑟
 

Γ𝑟𝜙𝜙 = Γ𝜙𝑟𝜙 =
1

2
𝜕𝑟𝑔𝜙𝜙 = 6𝑟 sin2 𝜃 ⇒ Γ   𝑟𝜙

𝜙
 = Γ   𝜙𝑟

𝜙
= 𝑔𝜙𝜙Γ𝑟𝜙𝜙 = 7

1

𝑟
 

Γ𝜃𝜙𝜙 = Γ𝜙𝜃𝜙 =
1

2
𝜕𝜃𝑔𝜙𝜙 = 8𝑟2 cos 𝜃 sin 𝜃 ⇒ Γ   𝜃𝜙

𝜙
 = Γ    𝜙𝜃

𝜙
= 𝑔𝜙𝜙Γ𝜃𝜙𝜙 = 9 cot 𝜃 

 

7.5.2 hThe Riemann tensor of the three dimensional flat space in spherical polar coordinates 
The number of independent elements in the Riemann tensor in a metric of dimension 𝑛 = 3 is 𝑁 =
𝑛2(𝑛2−1)

12
= 6 and we have to calculate: 𝑅  𝜃𝑟𝜃

𝑟 ; 𝑅  𝜙𝑟𝜙
𝑟 ; 𝑅  𝜙𝜃𝜙

𝜃 ; 𝑅  𝜃𝑟𝜙
𝑟 ; 𝑅  𝑟𝜃𝜙

𝜃 ; 𝑅   𝑟𝜙𝜃
𝜙

 

The Riemann tensor 
 𝑅  𝑏𝑐𝑑

𝑎  = 𝜕𝑐Γ   𝑏𝑑
𝑎 − 𝜕𝑑Γ   𝑏𝑐

𝑎 + Γ   𝑏𝑑
𝑒 Γ   𝑒𝑐

𝑎 − Γ   𝑏𝑐
𝑒 Γ   𝑒𝑑

𝑎   
 

𝑅  𝜃𝑟𝜃
𝑟  = 𝜕𝑟Γ    𝜃𝜃

𝑟 − 𝜕𝜃Γ   𝜃𝑟
𝑟 + Γ   𝜃𝜃

𝑒 Γ   𝑒𝑟
𝑟 − Γ   𝜃𝑟

𝑒 Γ   𝑒𝜃
𝑟 = 𝜕𝑟Γ    𝜃𝜃

𝑟 − Γ   𝜃𝑟
𝜃 Γ   𝜃𝜃

𝑟 = −1 − (
1

𝑟
) (−𝑟) 

 

  = 0  
 𝑅  𝜙𝑟𝜙

𝑟  = 𝜕𝑟Γ    𝜙𝜙
𝑟 − 𝜕𝜙Γ   𝜙𝑟

𝑟 + Γ   𝜙𝜙
𝑒 Γ   𝑒𝑟

𝑟 − Γ   𝜙𝑟
𝑒 Γ   𝑒𝜙

𝑟 = 𝜕𝑟Γ    𝜙𝜙
𝑟 − Γ   𝜙𝑟

𝜙
Γ   𝜙𝜙
𝑟   

 
 = −sin2 𝜃 − (

1

𝑟
) (−𝑟 sin2 𝜃) = 0 

 

 𝑅  𝜙𝜃𝜙
𝜃  = 𝜕𝜃Γ    𝜙𝜙

𝜃 − 𝜕𝜙Γ   𝜙𝜃
𝜃 + Γ   𝜙𝜙

𝑒 Γ   𝑒𝜃
𝜃 − Γ   𝜙𝜃

𝑒 Γ   𝑒𝜙
𝜃 = 𝜕𝜃Γ    𝜙𝜙

𝜃 + Γ   𝜙𝜙
𝑟 Γ   𝑟𝜃

𝜃 − Γ   𝜙𝜃
𝜙

Γ   𝜙𝜙
𝜃   

 
 = −cos2 𝜃 + sin2 𝜃 + (−𝑟 sin2 𝜃) (

1

𝑟
) − (cot 𝜃)(− sin𝜃 cos 𝜃) = 0 

 

                                                           
4 = −

1

2
𝜕𝜃(𝑟

2 sin2 𝜃) = 

5 =
1

𝑟2
(−𝑟2 cos 𝜃 sin 𝜃) = 

6 =
1

2
𝜕𝑟(𝑟

2 sin2 𝜃) = 

7 =
1

𝑟2 sin2 𝜃
𝑟 sin2 𝜃 = 

8 =
1

2
𝜕𝜃(𝑟

2 sin2 𝜃) = 

9 =
1

𝑟2 sin2 𝜃
𝑟2 cos 𝜃 sin 𝜃 = 
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 𝑅  𝜃𝑟𝜙
𝑟  = 𝜕𝑟Γ   𝜃𝜙

𝑟 − 𝜕𝜙Γ   𝜃𝑟
𝑟 + Γ   𝜃𝜙

𝑒 Γ   𝑒𝑟
𝑟 − Γ   𝜃𝑟

𝑒 Γ   𝑒𝜙
𝑟 = 0  

 𝑅  𝑟𝜃𝜙
𝜃  = 𝜕𝜃Γ   𝑟𝜙

𝜃 − 𝜕𝜙Γ   𝑟𝜃
𝜃 + Γ   𝑟𝜙

𝑒 Γ   𝑒𝜃
𝜃 − Γ   𝑟𝜃

𝑒 Γ   𝑒𝜙
𝜃 = 0  

 
𝑅   𝑟𝜙𝜃
𝜙

 = 𝜕𝜙Γ   𝑟𝜃
𝜙

− 𝜕𝜃Γ   𝑟𝜙
𝜙

+ Γ   𝑟𝜃
𝑒 Γ   𝑒𝜙

𝜙
− Γ   𝑟𝜙

𝑒 Γ   𝑒𝜃
𝜙

= (
1

𝑟
) cot 𝜃 − (

1

𝑟
) cot 𝜃 = 0 

 

Not surprisingly all the elements of the Riemann tensor in flat three-dimensional space are zero.  

7.5.3 iThe Ricci rotation coefficients 
The line element: 
 𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2  
The Basis one forms and the transformation matrices 

𝜔�̂� = 𝑑𝑟 𝑑𝑟 = 𝜔�̂� 

𝜔�̂� = 𝑟𝑑𝜃 𝑑𝜃 =
1

𝑟
𝜔�̂� 

𝜔�̂� = 𝑟 sin𝜃 𝑑𝜙 𝑑𝜙 =
1

𝑟 sin𝜃
𝜔�̂� 

𝜂𝑖𝑗 = {
1

1
1

} 
  

Λ  𝑏
�̂�  = {

1 0 0
0 𝑟 0
0 0 𝑟 sin𝜃

} 
  

Λ  �̂�
𝑎  =

{
 
 

 
 
1 0 0

0
1

𝑟
0

0 0
1

𝑟 sin 𝜃}
 
 

 
 

 

  

 

The Ricci rotation coefficients Γ   �̂�𝑐̂
�̂�  

 𝑑𝜔�̂� = −Γ    �̂�
�̂� ∧ 𝜔�̂�  

 Γ    �̂�
�̂�  = Γ   �̂�𝑐̂

�̂� 𝜔𝑐̂  

 𝑑𝜔�̂� = 0  

 
𝑑𝜔�̂� = 𝑑(𝑟𝑑𝜃) = 𝑑𝑟 ∧ 𝑑𝜃 =

1

𝑟
𝜔�̂� ∧ 𝜔�̂� = −

1

𝑟
𝜔�̂� ∧ 𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂� 
 

 
𝑑𝜔�̂� = 𝑑(𝑟 sin𝜃 𝑑𝜙) = sin𝜃 𝑑𝑟 ∧ 𝑑𝜙 + 𝑟 cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙 =

1

𝑟
𝜔�̂� ∧ 𝜔�̂� +

cot 𝜃

𝑟
𝜔�̂� ∧ 𝜔�̂� 

 

 
 = −

1

𝑟
𝜔�̂� ∧ 𝜔�̂� −

cot 𝜃

𝑟
𝜔�̂� ∧ 𝜔�̂� = −Γ    �̂�

�̂�
∧ 𝜔�̂� − Γ

    �̂�

�̂�
∧ 𝜔�̂� 

 

Summarizing the curvature one forms in a matrix (where �̂� refers to column and �̂� to row): 
 

Γ    �̂�
�̂�  =

{
 
 

 
 0

1

𝑟
𝜔�̂�

1

𝑟
𝜔�̂�

−
1

𝑟
𝜔�̂� 0

cot 𝜃

𝑟
𝜔�̂�

−
1

𝑟
𝜔�̂� −

cot 𝜃

𝑟
𝜔�̂� 0 }

 
 

 
 

 

 

Now we can read off the Ricci rotation coefficients 

Γ    �̂��̂�
�̂�  = −

1

𝑟
 Γ    �̂��̂�

�̂�  =
1

𝑟
 Γ

     �̂��̂�

�̂�
 =

1

𝑟
 

Γ     �̂��̂�
�̂�  = −

1

𝑟
 Γ     �̂��̂�

�̂�  = −
cot 𝜃

𝑟
 Γ

     �̂��̂�

�̂�
 =

cot 𝜃

𝑟
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7.5.4 jTransformation of the Ricci rotation coefficients 𝚪   �̂��̂�
�̂�  into the Christoffel symbols 𝚪    𝐛𝐜

𝒂  of the three 

dimensional flat space in spherical polar coordinates 
The transformation 
 Γ    𝑏𝑐

𝑎  = Λ  �̂�
𝑎 Γ   �̂��̂�

�̂� Λ  𝑏
�̂� Λ  𝑐

�̂�
  

⇒ Γ    𝑟𝜃
𝜃  = Λ  �̂�

𝜃 Γ   �̂��̂�
�̂� Λ  𝑟

�̂� Λ  𝜃
�̂�
= Γ   �̂��̂�

�̂� Λ  𝑟
�̂� =

1

𝑟
⋅ 1 =

1

𝑟
 

 

 
Γ    𝜃𝜃
𝑟  = Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� Λ  𝜃

�̂� Λ  𝜃
�̂�
= Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� (Λ  𝜃

�̂� )
2
= 1(−

1

𝑟
) 𝑟2 = −𝑟 

 

 
Γ    𝑟𝜙
𝜙

 = Λ
  �̂�

𝜙
Γ   �̂��̂�
�̂� Λ  𝑟

�̂� Λ   𝜙
�̂�

= Γ
   �̂��̂�

�̂�
Λ  𝑟
�̂� =

1

𝑟
⋅ 1 =

1

𝑟
 

 

 Γ    𝜙𝜙
𝑟  = Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� Λ   𝜙

�̂� Λ   𝜙
�̂�

= Λ  �̂�
𝑟 Γ   �̂��̂�

�̂� (Λ   𝜙
�̂�
)
2

= 1(−
1

𝑟
) 𝑟2 sin2 𝜃 = −𝑟 sin2 𝜃 

 

 
Γ    𝜃𝜙
𝜙

 = Λ
  �̂�

𝜙
Γ   �̂��̂�
�̂� Λ   𝜃

�̂� Λ   𝜙
�̂�

= Γ
   �̂��̂�

�̂�
Λ   𝜃
�̂� =

cot 𝜃

𝑟
⋅ 𝑟 = cot 𝜃 

 

 
Γ    𝜙𝜙
𝜃  = Λ  �̂�

𝜃 Γ   �̂��̂�
�̂� Λ   𝜙

�̂� Λ   𝜙
�̂�

= Λ  �̂�
𝜃 Γ   �̂��̂�

�̂� (Λ   𝜙
�̂�
)
2

=
1

𝑟
(−

cot 𝜃

𝑟
) 𝑟2 sin2 𝜃 = −sin𝜃 cos𝜃 

Collecting the results 

Γ   𝜃𝜃
𝑟  = −𝑟 Γ   𝜙𝜙

𝑟  = −𝑟 sin2 𝜃 Γ   𝜙𝜙
𝜃  = −sin𝜃 cos𝜃 

Γ   𝑟𝜃
𝜃  =

1

𝑟
 Γ   𝑟𝜙

𝜙
 =

1

𝑟
 Γ   𝜃𝜙

𝜙
 = cot 𝜃 

 

Which is consistent with the ordinary method used above. 

7.6 The Rindler metric 
10The Rindler coordinate system or frame describes a uniformly accelerating frame of reference in Min-
kowski space. 

7.6.1 kUse the geodesic equations to find the Christoffel symbols for the Rindler metric. 
The line element: 
 𝑑𝑠2 = 𝜉2𝑑𝜏2 − 𝑑𝜉2  
The metric tensor: 
 

𝑔𝑎𝑏 = {
𝜉2

−1
} 

 

The geodesic equation 
 𝜕𝐾

𝜕𝑥𝑎
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕�̇�𝑎
) 

 

 
𝐾 =

1

2
𝑔𝑎𝑏�̇�

𝑎�̇�𝑏 =
1

2
𝜉2(�̇�)2 −

1

2
�̇�2 

 

𝑥𝑎 = 𝜉: 
𝜕𝐾

𝜕𝜉
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕�̇�
) 

 

⇒ 𝜉�̇�2 =
𝑑

𝑑𝑠
(−�̇�) = −�̈� 

 

⇒ 0 = �̈� + 𝜉�̇�2  

𝑥𝑎 = 𝜏: 
𝜕𝐾

𝜕𝜏
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕�̇�
) 

 

 0 =
𝑑

𝑑𝑠
(𝜉2�̇�) = 2𝜉�̇��̇� + 𝜉2�̈� 

 

⇒ 0 = �̈� +
1

𝜉
�̇��̇� +

1

𝜉
�̇��̇� 

 

                                                           
10 We have looked at this space-time earlier: 𝑑𝑠2 = −𝑋2𝑑𝑇2 + 𝑑𝑋2 
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Collecting the results 
 0 = �̈� + 𝜉�̇�2  

 0 = 2𝜉�̇��̇� + 𝜉2�̈�  

⇒ Γ    𝜏𝜏
𝜉

 = 𝜉  

 Γ   𝜉𝜏
𝜏  =

1

𝜉
 

 

 Γ   𝜏𝜉
𝜏  =

1

𝜉
 

 

7.6.2 lRicci rotation coefficients of the Rindler metric 
The line element: 
 𝑑𝑠2 = 𝑢2𝑑𝑣2 − 𝑑𝑢2  
The Basis one forms 

𝜔�̂� = 𝑑𝑢 𝑑𝑢 = 𝜔�̂� 

𝜔�̂� = 𝑢𝑑𝑣 𝑑𝑣 =
1

𝑢
𝜔�̂� 

𝜂𝑖𝑗 = { 1
−1
}   

 

Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients Γ   �̂�𝑐̂
�̂� : 

 𝑑𝜔�̂� = −Γ    �̂�
�̂� ∧ 𝜔�̂�  

 Γ    �̂�
�̂�  = Γ   �̂�𝑐̂

�̂� 𝜔𝑐̂  

⇒ 𝑑𝜔�̂� = 0  

 
𝑑𝜔�̂� = 𝑑(𝑢𝑑𝑣) = 𝑑𝑢 ∧ 𝑑𝑣 =

1

𝑢
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Γ     �̂�
�̂�  =

1

𝑢
𝜔�̂� 

 

 
Γ     �̂��̂�
�̂�  =

1

𝑢
 

 

 
Γ     �̂��̂�
�̂�  = 𝜂�̂��̂�Γ�̂��̂��̂� = −𝜂

�̂��̂�Γ�̂��̂��̂� = −𝜂
�̂��̂�𝜂�̂��̂�Γ     �̂��̂�

�̂� =
1

𝑢
 

 

7.7 mThe Lorentz hyperboloid 

7.7.1 nThe Christoffel symbols. 
The line element: 
 𝑑𝑠2 = 𝑑𝜓2 + sinh2𝜓  𝑑𝜃2 + sinh2𝜓 sin2 𝜃 𝑑𝜙2  
To find the Christoffel symbols we calculate the geodesic from the Euler-Lagrange equation 
 

0 =
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕�̇�𝑎
) −

𝜕𝐹

𝜕𝑥𝑎
 

 

⇒ 𝐹 = 𝜓2̇ + sinh2𝜓 �̇�2 + sinh2𝜓 sin2 𝜃 �̇�2  

𝑥𝑎 = 𝜓: 
𝜕𝐹

𝜕𝜓
 = 2cosh𝜓 sinh𝜓 �̇�2 + 2cosh𝜓 sinh𝜓 sin2 𝜃 �̇�2 

 

 𝜕𝐹

𝜕�̇�
 = 2�̇� 

 

 𝑑

𝑑𝑠
(
𝜕𝐹

𝜕�̇�
) = 2�̈� 

 

⇒ 0 = 2�̈� − 2 cosh𝜓 sinh𝜓 �̇�2 − 2cosh𝜓 sinh𝜓 sin2 𝜃 �̇�2  

⇒ 0 = �̈� − cosh𝜓 sinh𝜓 �̇�2 − cosh𝜓 sinh𝜓 sin2 𝜃 �̇�2  

𝑥𝑎 = 𝜃: 
𝜕𝐹

𝜕𝜃
 = 2cos 𝜃 sin 𝜃 sinh2𝜓 �̇�2 
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 𝜕𝐹

𝜕�̇�
 = 2 sinh2𝜓 �̇� 

 

 𝑑

𝑑𝑠
(
𝜕𝐹

𝜕�̇�
) = 4cosh𝜓 sinh𝜓 �̇��̇� + 2 sinh2𝜓 �̈� 

 

⇒ 0 = 2 sinh2𝜓 �̈� + 4 cosh𝜓 sinh𝜓 �̇��̇� − 2 cos𝜃 sin𝜃 sinh2𝜓 �̇�2  

⇒ 0 = �̈� + 2 coth𝜓 �̇��̇� − cos 𝜃 sin𝜃 �̇�2  

𝑥𝑎 = 𝜙: 
𝜕𝐹

𝜕𝜙
 = 0 

 

 𝜕𝐹

𝜕�̇�
 = 2 sinh2𝜓 sin2 𝜃 �̇� 

 

 𝑑

𝑑𝑠
(
𝜕𝐹

𝜕�̇�
) = 4cosh𝜓 sinh𝜓 �̇��̇� + 4 cos 𝜃 sin 𝜃 �̇��̇� + 2 sinh2𝜓 sin2 𝜃 �̈� 

 

⇒ 0 = 4cosh𝜓 sinh𝜓 �̇��̇� + 4 cos 𝜃 sin 𝜃 �̇��̇� + 2 sinh2𝜓 sin2 𝜃 �̈�  

⇒ 0 = �̈� + 2
coth𝜓

sin2 𝜃
�̇��̇� + 2

cot 𝜃

sinh2𝜓
�̇��̇� 

 

Collecting the results 
 0 = �̈� − cosh𝜓 sinh𝜓 �̇�2 − cosh𝜓 sinh𝜓 sin2 𝜃 �̇�2  
 0 = �̈� + 2 cosh𝜓 sinh𝜓 �̇��̇� − cos 𝜃 sin 𝜃 �̇�2  

 
0 = �̈� + 2

coth𝜓

sin2 𝜃
�̇��̇� + 2

cot 𝜃

sinh2𝜓
�̇��̇� 

 

We can now find the non-zero Christoffel symbols: 

Γ   𝜃𝜃
𝜓
  = −cosh𝜓 sinh𝜓   

Γ   𝜙𝜙
𝜓

  = −cosh𝜓 sinh𝜓 sin2 𝜃   

Γ   𝜓𝜃
𝜃   = Γ   𝜃𝜓

𝜃 = cosh𝜓 sinh𝜓   

Γ   𝜙𝜙
𝜃   = −cos𝜃 sin𝜃   

Γ   𝜓𝜙
𝜙

 = Γ   𝜙𝜓
𝜙

=
coth𝜓

sin2 𝜃
 

  

 Γ   𝜃𝜙
𝜙

 = Γ   𝜙𝜃
𝜙

=
cot 𝜃

sinh2𝜓
 

  

 

7.7.2 oThe Ricci rotation coefficients 
The line element: 
 𝑑𝑠2 = 𝑑𝜓2 + sinh2𝜓  𝑑𝜃2 + sinh2𝜓 sin2 𝜃 𝑑𝜙2  
The Basis one forms 

𝜔�̂� = 𝑑𝜓 𝑑𝜓 = 𝜔�̂� 

𝜔�̂� = sinh𝜓𝑑𝜃 𝑑𝜃 =
1

sinh𝜓
𝜔�̂� 

𝜔�̂� = sinh𝜓 sin𝜃 𝑑𝜙 𝑑𝜙 =
1

sinh𝜓 sin𝜃
𝜔�̂� 

𝜂𝑖𝑗 = {
1

1
1

} 
  

 

Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients Γ   �̂�𝑐̂
�̂� : 

 𝑑𝜔�̂� = −Γ    �̂�
�̂� ∧ 𝜔�̂�  

 Γ    �̂�
�̂�  = Γ   �̂�𝑐̂

�̂� 𝜔𝑐̂  

⇒ 𝑑𝜔�̂� = 0  

 
𝑑𝜔�̂� = 𝑑(sinh𝜓𝑑𝜃) = cosh𝜓𝑑𝜓 ∧ 𝑑𝜃 = cosh𝜓𝜔�̂� ∧

1

sinh𝜓
𝜔�̂� = coth𝜓𝜔�̂� ∧ 𝜔�̂� 
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 𝑑𝜔�̂� = 𝑑(sinh𝜓 sin𝜃 𝑑𝜙) = cosh𝜓𝑑𝜓 ∧ 𝑑𝜙 + cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙  

 
 = cosh𝜓𝜔�̂� ∧

1

sinh𝜓 sin𝜃
𝜔�̂� + cos𝜃

1

sinh𝜓
𝜔�̂� ∧

1

sinh𝜓 sin𝜃
𝜔�̂� 

 

 
 =

coth𝜓

sin𝜃
𝜔�̂� ∧ 𝜔�̂� +

cot 𝜃

sinh2𝜓
𝜔�̂� ∧ 𝜔�̂� 

 

Summarizing the curvature one forms in a matrix: 
 

Γ    �̂�
�̂�  =

{
  
 

  
 0 coth𝜓𝜔�̂�

coth𝜓

sin 𝜃
𝜔�̂�

−coth𝜓𝜔�̂� 0
cot 𝜃

sinh2𝜓
𝜔�̂�

−
coth𝜓

sin 𝜃
𝜔�̂� −

cot 𝜃

sinh2𝜓
𝜔�̂� 0

}
  
 

  
 

 

 

Where �̂� refers to column and �̂� to row. 
Now we can find the non-zero Ricci rotation coefficients: 
 Γ

    �̂��̂�

�̂�
 = −coth𝜓  

 
Γ
     �̂��̂�

�̂�
 = −

coth𝜓

sin𝜃
 

 

 Γ    �̂��̂�
�̂�  = coth𝜓  

 
Γ     �̂��̂�
�̂�  = −

cot 𝜃

sinh2𝜓
 

 

 
Γ
     �̂��̂�

�̂�
 =

coth𝜓

sin𝜃
 

 

 
Γ
     �̂��̂�

�̂�
 =

cot 𝜃

sinh2𝜓
 

 

7.8 pRicci rotation coefficients, Ricci scalar and Einstein equations for a general 4-dimensional 

metric: 𝒅𝒔𝟐 = −𝒅𝒕𝟐 + 𝑳𝟐(𝒕, 𝒓)𝒅𝒓𝟐 + 𝑩𝟐(𝒕, 𝒓)𝒅𝝓𝟐 +𝑴𝟐(𝒕, 𝒓)𝒅𝒛𝟐 
The line element: 
 𝑑𝑠2 = −𝑑𝑡2 + 𝐿2(𝑡, 𝑟)𝑑𝑟2 + 𝐵2(𝑡, 𝑟)𝑑𝜙2 +𝑀2(𝑡, 𝑟)𝑑𝑧2  

7.8.1 The Basis one forms 

𝜔�̂� = 𝑑𝑡   

𝜔�̂� = 𝐿(𝑡, 𝑟)𝑑𝑟 𝑑𝑟 =
1

𝐿(𝑡, 𝑟)
𝜔�̂� 

𝜔�̂� = 𝐵(𝑡, 𝑟)𝑑𝜙 𝑑𝜙 =
1

𝐵(𝑡, 𝑟)
𝜔�̂� 

𝜔 �̂� = 𝑀(𝑡, 𝑟)𝑑𝑧 𝑑𝑧 =
1

𝑀(𝑡, 𝑟)
𝜔�̂� 

𝜂𝑖𝑗 = {

−1
1

1
1

}   

7.8.2 Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients 𝚪   �̂��̂�
�̂�  

 𝑑𝜔�̂� = −Γ    �̂�
�̂� ∧ 𝜔�̂�  

 Γ    �̂�
�̂�  = Γ   �̂�𝑐̂

�̂� 𝜔𝑐̂  

 𝑑𝜔�̂� = 0  
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𝑑𝜔�̂� = 𝑑(𝐿(𝑡, 𝑟)𝑑𝑟) = �̇�𝑑𝑡 ∧ 𝑑𝑟 =

�̇�

𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

 
𝑑𝜔�̂� = 𝑑(𝐵(𝑡, 𝑟)𝑑𝜙) = �̇�𝑑𝑡 ∧ 𝑑𝜙 + 𝐵′𝑑𝑟 ∧ 𝑑𝜙 =

�̇�

𝐵
𝜔�̂� ∧ 𝜔�̂� +

𝐵′

𝐿𝐵
𝜔�̂� ∧ 𝜔�̂� 

 

 
𝑑𝜔�̂� = 𝑑(𝑀(𝑡, 𝑟)𝑑𝑧) = �̇�𝑑𝑡 ∧ 𝑑𝑧 +𝑀′𝑑𝑟 ∧ 𝑑𝑧 =

�̇�

𝑀
𝜔�̂� ∧ 𝜔�̂� +

𝑀′

𝐿𝑀
𝜔�̂� ∧ 𝜔�̂� 

 

Summarizing the curvature one forms in a matrix: 
 

Γ    �̂�
�̂�  =

{
 
 
 
 

 
 
 
 0

�̇�

𝐿
𝜔�̂�

�̇�

𝐵
𝜔�̂�

�̇�

𝑀
𝜔�̂�

�̇�

𝐿
𝜔�̂� 0

𝐵′

𝐿𝐵
𝜔�̂�

𝑀′

𝐿𝑀
𝜔�̂�

�̇�

𝐵
𝜔�̂� −

𝐵′

𝐿𝐵
𝜔�̂� 0 0

�̇�

𝑀
𝜔�̂� −

𝑀′

𝐿𝑀
𝜔 �̂� 0 0 }

 
 
 
 

 
 
 
 

 

 

Where �̂� refers to column and �̂� to row 
Now we can read off the Ricci rotation coefficients 

Γ    �̂��̂�
�̂�  =

�̇�

𝐿
 Γ    �̂��̂�

�̂�  =
�̇�

𝐿
 Γ

     �̂��̂�

�̂�
 =

�̇�

𝐵
 Γ     �̂��̂�

�̂�  =
�̇�

𝑀
 

Γ     �̂��̂�
�̂�  =

�̇�

𝐵
 Γ     �̂��̂�

�̂�  = −
𝐵′

𝐿𝐵
 Γ

     �̂��̂�

�̂�
 =

𝐵′

𝐿𝐵
 Γ     �̂��̂�

�̂�  =
𝑀′

𝐿𝑀
 

Γ     �̂��̂�
�̂�  =

�̇�

𝑀
 Γ     �̂��̂�

�̂�  = −
𝑀′

𝐿𝑀
     

 

7.8.3 The curvature two forms 
 

Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ =
1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

 𝑑Γ    �̂�
�̂�  = 𝑑 (

�̇�

𝐿
𝜔�̂�) = 𝑑(�̇�(𝑡, 𝑟)𝑑𝑟) = �̈�𝑑𝑡 ∧ 𝑑𝑟 + 𝐿′̇𝑑𝑟 ∧ 𝑑𝑟 =

�̈�

𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂�
�̂�
+ Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� = 0  

⇒ Ω   �̂�
�̂�  = −

�̈�

𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ
     �̂�
�̂�

 = 𝑑 (
�̇�

𝐵
𝜔�̂�) = 𝑑(�̇�(𝑡, 𝑟)𝑑𝜙) = �̈�𝑑𝑡 ∧ 𝑑𝜙 + 𝐵′̇ 𝑑𝑟 ∧ 𝑑𝜙 

 

  =
�̈�

𝐵
𝜔�̂� ∧ 𝜔�̂� +

𝐵′̇

𝐵𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂�
∧ Γ    �̂�

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂�
�̂�
+ Γ    �̂�

�̂�
∧ Γ    �̂�

�̂� = Γ    �̂�
�̂�
∧ Γ    �̂�

�̂� =
𝐵´

𝐵𝐿
𝜔�̂� ∧

�̇�

𝐿
𝜔�̂� 

 

⇒ Ω
   �̂�
�̂�

 =
�̈�

𝐵
𝜔�̂� ∧ 𝜔�̂� +

𝐵′̇

𝐵𝐿
𝜔�̂� ∧ 𝜔�̂� +

𝐵´

𝐵𝐿
𝜔�̂� ∧

�̇�

𝐿
𝜔�̂� 

 

  = −
�̈�

𝐵
𝜔�̂� ∧ 𝜔�̂� + (

𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�  = 𝑑 (

�̇�

𝑀
𝜔�̂�) = 𝑑(�̇�(𝑡, 𝑟)𝑑𝑧) = �̈�𝑑𝑡 ∧ 𝑑𝑧 + �̇�′𝑑𝑟 ∧ 𝑑𝑧 

 

  =
�̈�

𝑀
𝜔�̂� ∧ 𝜔 �̂� +

�̇�′

𝑀𝐿
𝜔�̂� ∧ 𝜔�̂� 
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 Γ    𝑐̂
�̂� ∧ Γ    �̂�

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂�
�̂�
+ Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� = Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� =

𝑀´

𝑀𝐿
𝜔�̂� ∧

�̇�

𝐿
𝜔�̂� 

 

⇒ Ω   �̂�
�̂�  =

�̈�

𝑀
𝜔�̂� ∧ 𝜔 �̂� +

�̇�′

𝑀𝐿
𝜔�̂� ∧ 𝜔�̂� +

𝑀´

𝑀𝐿
𝜔�̂� ∧

�̇�

𝐿
𝜔�̂� 

 

  = −
�̈�

𝑀
𝜔�̂� ∧ 𝜔�̂� + (

𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�

 = 𝑑 (
𝐵´

𝐵𝐿
𝜔�̂�) = 𝑑 (

𝐵´

𝐿
𝑑𝜙) =

�̇�′𝐿 − 𝐵′�̇�

𝐿2
𝑑𝑡 ∧ 𝑑𝜙 +

𝐵′′𝐿 − 𝐵′𝐿′

𝐿2
𝑑𝑟 ∧ 𝑑𝜙 

 

  
=
𝐵′�̇� − �̇�′𝐿

𝐵𝐿2
𝜔�̂� ∧ 𝜔�̂� +

𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
𝜔�̂� ∧ 𝜔�̂� 

 

 
Γ    𝑐̂
�̂�
∧ Γ    �̂�

𝑐̂  = Γ    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ
    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂�

�̂�
+ Γ    �̂�

�̂�
∧ Γ    �̂�

�̂� = Γ
    �̂�
�̂�
∧ Γ    �̂�

�̂� =
�̇��̇�

𝐵𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�

 =
𝐵′�̇� − �̇�′𝐿

𝐵𝐿2
𝜔�̂� ∧ 𝜔�̂� +

𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
𝜔�̂� ∧ 𝜔�̂� +

�̇��̇�

𝐵𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

  
=
𝐵′�̇� − �̇�′𝐿

𝐵𝐿2
𝜔�̂� ∧ 𝜔�̂� + (

𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�  = 𝑑 (

𝑀´

𝑀𝐿
𝜔�̂�) = 𝑑 (

𝑀´

𝐿
𝑑𝑧) =

�̇�´𝐿 − 𝑀´�̇�

𝐿2
𝑑𝑡 ∧ 𝑑𝑧 +

𝑀´´𝐿 −𝑀´𝐿´

𝐿2
𝑑𝑟 ∧ 𝑑𝑧 

 

  
=
𝑀´�̇� − �̇�´𝐿

𝑀𝐿2
𝜔�̂� ∧ 𝜔�̂� +

𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
𝜔�̂� ∧ 𝜔�̂� 

 

 
Γ    𝑐̂
�̂� ∧ Γ    �̂�

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂�
+ Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� = Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� =

�̇��̇�

𝑀𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�  =

𝑀´�̇� − �̇�´𝐿

𝑀𝐿2
𝜔�̂� ∧ 𝜔�̂� +

𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
𝜔�̂� ∧ 𝜔�̂� +

�̇��̇�

𝑀𝐿
𝜔�̂� ∧ 𝜔�̂� 

 

  
=
𝑀´�̇� − �̇�´𝐿

𝑀𝐿2
𝜔�̂� ∧ 𝜔�̂� + (

𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�  = 0  

⇒ Ω   �̂�
�̂�  = Γ    𝑐̂

�̂� ∧ Γ    �̂�
𝑐̂ = Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� + Γ    �̂�

�̂� ∧ Γ    �̂�
�̂� + Γ    �̂�

�̂� ∧ Γ
    �̂�

�̂�
+ Γ    �̂�

�̂� ∧ Γ    �̂�
�̂�   

  = Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� =
�̇�

𝑀
𝜔�̂� ∧

�̇�

𝐵
𝜔�̂� +

𝑀′

𝐿𝑀
𝜔�̂� ∧ (−

𝐵′

𝐿𝐵
𝜔�̂�) 

 

  = (
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
)𝜔�̂� ∧ 𝜔�̂� 

 

 

Summarized in a matrix: 
 

Ω   �̂�
�̂�  =

{
 
 
 
 
 
 

 
 
 
 
 
 

0 −
�̈�

𝐿
𝜔�̂� ∧ 𝜔�̂�

[
 
 
 
 −

�̈�

𝐵
𝜔�̂� ∧ 𝜔�̂�

+(
𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
)𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

[
 
 
 
 −

�̈�

𝑀
𝜔�̂� ∧ 𝜔�̂�

+(
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
)𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

𝑆 0

[
 
 
 
 (

𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
)𝜔�̂� ∧ 𝜔�̂�

+(
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
)𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

[
 
 
 
 (

𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
)𝜔�̂� ∧ 𝜔�̂�

+(
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
)𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

𝑆 𝐴𝑆 0 (
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
)𝜔�̂� ∧ 𝜔�̂�

𝑆 𝐴𝑆 𝐴𝑆 0 }
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Where �̂� refers to column and �̂� to row. 
Now we can find the independent elements of the Riemann tensor in the non-coordinate basis: 

𝑅   �̂��̂��̂�
�̂� (𝐴) = −

�̈�

𝐿
 𝑅

   �̂��̂��̂�

�̂�
(𝐵) = −

�̈�

𝐵
 𝑅   �̂�𝑧�̂�

�̂� (𝐶) = −
�̈�

𝑀
 

  𝑅
   �̂��̂��̂�

�̂� (𝐷) =
𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
 𝑅   �̂��̂��̂�

�̂� (𝐸) =
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
 

  𝑅
   �̂��̂��̂�

�̂�
(𝐹) =

𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
 𝑅   �̂��̂��̂�

�̂� (𝐺) =
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
 

    𝑅   �̂��̂��̂�
�̂� (𝐻) =

�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
 

 

Where A,B,C,D,E,F,G,H will be used later, to make the calculations easier 

7.8.4 The Ricci tensor 
 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�

𝑐̂   

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂�   

 
 = −

�̈�

𝐿
−
�̈�

𝐵
−
�̈�

𝑀
= 𝐴 + 𝐵 + 𝐶 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = 𝑅
   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂�   

 
 =

𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
+
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
= 𝐷 + 𝐸 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = 0  

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = 0  

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = −𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂�   

 
 =

�̈�

𝐿
+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
= −𝐴 + 𝐹 + 𝐺 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = −𝑅
   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂�   

 
 =

�̈�

𝐵
+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
= −𝐵 + 𝐹 + 𝐻 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� = −𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂�   

 
 =

�̈�

𝑀
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
= −𝐶 + 𝐺 + 𝐻 

 

 

Summarized in a matrix: 
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𝑅�̂��̂� =

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 −

�̈�

𝐿
−
�̈�

𝐵
−
�̈�

𝑀

𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
+
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
0 0

𝑆

[
 
 
 
�̈�

𝐿
+
𝐵′𝐿′ −𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝑀𝐿

+
�̇��̇�

𝐵𝐿
+
𝑀´𝐿´ −𝑀´´𝐿

𝑀𝐿3 ]
 
 
 

0 0

0 0

[
 
 
 
�̈�

𝐵
+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3

+
�̇��̇�

𝐵𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀]
 
 
 

0

0 0 0

[
 
 
 
�̈�

𝑀
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3

+
�̇��̇�

𝑀𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀]
 
 
 

}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

Where �̂� refers to column and �̂� to row 

7.8.5 The Ricci scalar 
 𝑅 = 𝜂�̂��̂�𝑅�̂��̂�  

 𝑅 = 𝜂�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� + 𝜂

�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� = −𝑅�̂��̂� + 𝑅�̂��̂� + 𝑅�̂��̂� + 𝑅�̂��̂�  

  = −(𝐴 + 𝐵 + 𝐶) − 𝐴 + 𝐹 + 𝐺 − 𝐵 + 𝐹 + 𝐻 − 𝐶 + 𝐺 + 𝐻  
  = −2𝐴 − 2𝐵 − 2𝐶 + 2𝐹 + 2𝐺 + 2𝐻  
  = −2𝑅   �̂��̂��̂�

�̂� − 2𝑅
   �̂��̂��̂�

�̂�
− 2𝑅   �̂�𝑧�̂�

�̂� + 2𝑅
   �̂��̂��̂�

�̂�
+ 2𝑅   �̂��̂��̂�

�̂� + 2𝑅   �̂��̂��̂�
�̂�   

  
= 2(

�̈�

𝐿
+
�̈�

𝐵
+
�̈�

𝑀
+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
)  

7.8.6 The Einstein tensor 
 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� +

1

2
𝑅 = 𝐴 + 𝐵 + 𝐶 +

1

2
(−2𝐴 − 2𝐵 − 2𝐶 + 2𝐹 + 2𝐺 + 2𝐻) 

 

  = 𝐹 + 𝐺 + 𝐻 = 𝑅
   �̂��̂��̂�

�̂�
+ 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂�   

 
 =

𝐵′𝐿′ −𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� =

𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿
+
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿
 

 

 𝐺�̂��̂� = 𝑅�̂��̂� −
1

2
𝜂�̂��̂�𝑅 = 0 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 0 

 

 
𝐺�̂��̂�  = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� −

1

2
𝑅 

 

 
 = −𝐴 + 𝐹 + 𝐺 −

1

2
(−2𝐴 − 2𝐵 − 2𝐶 + 2𝐹 + 2𝐺 + 2𝐻) = 𝐵 + 𝐶 + 𝐻 

 

 
 = 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅   �̂�𝑧�̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� = −

�̈�

𝐵
−
�̈�

𝑀
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀
 

 

 𝐺�̂��̂� = 𝑅�̂��̂� −
1

2
𝜂�̂��̂�𝑅 = 0 
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𝐺�̂��̂�  = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 0 

 

 𝐺�̂��̂� = 𝑅�̂��̂� −
1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� −

1

2
𝑅 

 

 
 = −𝐵 + 𝐹 + 𝐻 −

1

2
(−2𝐴 − 2𝐵 − 2𝐶 + 2𝐹 + 2𝐺 + 2𝐻) 

 

 
 = 𝐴 + 𝐶 + 𝐺 = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂�𝑧�̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� = −
�̈�

𝐿
−
�̈�

𝑀
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3
+
�̇��̇�

𝑀𝐿
 

 

 𝐺�̂��̂� = 𝑅�̂��̂� −
1

2
𝜂�̂��̂�𝑅 = 0 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� −

1

2
𝑅 = −𝐶 + 𝐺 + 𝐻 −

1

2
(−2𝐴 − 2𝐵 − 2𝐶 + 2𝐹 + 2𝐺 + 2𝐻) 

 

 
 = 𝐴 + 𝐵 + 𝐹 = 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
= −

�̈�

𝐿
−
�̈�

𝐵
+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
 

 

 

Summarized in a matrix: 
 

𝐺�̂��̂� =

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

[
 
 
 
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3
+
�̇��̇�

𝐵𝐿
+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3

+
�̇��̇�

𝑀𝐿
+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀 ]
 
 
 

[
 
 
 
𝐵´�̇�

𝐵𝐿2
−
𝐵′̇

𝐵𝐿

+
𝑀´�̇�

𝑀𝐿2
−
�̇�′

𝑀𝐿]
 
 
 

0 0

𝑆

[
 
 
 −

�̈�

𝐵
−
�̈�

𝑀

+
�̇��̇�

𝐵𝑀
−
𝐵′𝑀′

𝐿2𝐵𝑀]
 
 
 

0 0

0 0

[
 
 
 −
�̈�

𝐿
−
�̈�

𝑀
+
�̇��̇�

𝑀𝐿

+
𝑀´𝐿´ − 𝑀´´𝐿

𝑀𝐿3 ]
 
 
 

0

0 0 0

[
 
 
 −
�̈�

𝐿
−
�̈�

𝐵
+
�̇��̇�

𝐵𝐿

+
𝐵′𝐿′ − 𝐵′′𝐿

𝐵𝐿3 ]
 
 
 

}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

Where �̂� refers to column and �̂� to row 

7.9 The Curvature of the Poincaré Half-Plane and the Poincaré Metric. 
These examples emerged from mathematicians work in the 17th century and the discovery of the hyper-
bolic geometry and space with negative curvature. 

7.9.1 qThe Poincaré Half-Plane 
The line element 
 

𝑑𝑠2 =
1

𝑦2
𝑑𝑥2 +

1

𝑦2
𝑑𝑦2 

 

The Basis One-forms 

𝜔𝑥 =
1

𝑦
𝑑𝑥 𝑑𝑥 = 𝑦𝜔𝑥 

𝜔�̂� =
1

𝑦
𝑑𝑦 𝑑𝑦 = 𝑦𝜔�̂� 

𝜂𝑖𝑗 = { 1
1
}   
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The Ricci rotation Coefficients 
 𝑑𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂�  

 
𝑑𝜔𝑥 = 𝑑 (

1

𝑦
𝑑𝑥) = −

1

𝑦2
𝑑𝑦 ∧ 𝑑𝑥 = −𝜔�̂� ∧ 𝜔�̂� = 𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑𝜔�̂� = 0  

⇒ Γ    �̂�
𝑥  = −𝜔�̂�  

The Curvature Two-forms and The Riemann Tensor 

 Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ =
1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

 𝑑Γ    �̂�
𝑥  = 𝑑(−𝜔�̂�) = −𝜔�̂� ∧ 𝜔�̂�  

⇒ Ω   �̂�
𝑥  = −𝜔�̂� ∧ 𝜔�̂�  

⇒ 𝑅   �̂��̂��̂�
�̂�  = −1  

The Ricci Tensor 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂   

 𝑅𝑥�̂� = 𝑅   �̂��̂��̂�
�̂�

= −1  

 𝑅�̂��̂� = 𝑅   �̂��̂��̂�
�̂� = −1  

The Ricci scalar 

 𝑅 = 𝑅   �̂�
�̂� = 𝑅   �̂�

𝑥 + 𝑅   �̂�
�̂�
= −2  

7.9.2 rThe Poincaré metric 
The line element 
 

𝑑𝑠2 =
4

1 − 𝑥2 − 𝑦2
𝑑𝑥2 +

4

1 − 𝑥2 − 𝑦2
𝑑𝑦2 (7.1.) 

The Basis One-forms 

𝜔𝑥 =
2

√1 − 𝑥2 − 𝑦2
𝑑𝑥 𝑑𝑥 =

1

2
√1 − 𝑥2 − 𝑦2𝜔�̂� 

𝜔�̂� =
2

√1 − 𝑥2 − 𝑦2
𝑑𝑦 𝑑𝑦 =

1

2
√1 − 𝑥2 − 𝑦2𝜔�̂� 

𝜂𝑖𝑗 = { 1
1
}   

 

The Ricci rotation Coefficients 
 𝑑𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂�  

 
𝑑𝜔𝑥 = 𝑑 (

2

√1 − 𝑥2 − 𝑦2
𝑑𝑥) =

2𝑦

(1 − 𝑥2 − 𝑦2)
3
2

𝑑𝑦 ∧ 𝑑𝑥 
 

 
 =

2𝑦

(1 − 𝑥2 − 𝑦2)
3
2

(
1

2
√1 − 𝑥2 − 𝑦2𝜔�̂�) ∧ (

1

2
√1 − 𝑥2 − 𝑦2𝜔�̂�) 

 

 
 =

𝑦

2√1 − 𝑥2 − 𝑦2
𝜔�̂� ∧ 𝜔𝑥 = −

𝑦

2√1 − 𝑥2 − 𝑦2
𝜔𝑥 ∧ 𝜔�̂�  

 
𝑑𝜔�̂� = 𝑑 (

2

√1 − 𝑥2 − 𝑦2
𝑑𝑦) =

2𝑥

(1 − 𝑥2 − 𝑦2)
3
2

𝑑𝑥 ∧ 𝑑𝑦 = −
𝑥

2√1 − 𝑥2 − 𝑦2
𝜔 �̂� ∧ 𝜔𝑥 

 

⇒ Γ    �̂�
𝑥  =

𝑦

2√1 − 𝑥2 − 𝑦2
𝜔�̂� + 11𝐴𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

                                                           
11 The curvature one-forms are antisymmetric: Γ�̂��̂� = −Γ�̂��̂� 
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 Γ    �̂�
�̂�

 =
𝑥

2√1 − 𝑥2 − 𝑦2
𝜔�̂� + 12𝐴𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐  

⇒ Γ    �̂�
𝑥  =

𝑦

2√1 − 𝑥2 − 𝑦2
𝜔�̂� −

𝑥

2√1 − 𝑥2 − 𝑦2
𝜔�̂�  

 Γ    �̂�
�̂�

 =
𝑥

2√1 − 𝑥2 − 𝑦2
𝜔�̂� −

𝑦

2√1 − 𝑥2 − 𝑦2
𝜔�̂�  

The Curvature Two-forms and The Riemann Tensor 

 Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ = 13𝑑Γ    �̂�
�̂� =

1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

 Ω   �̂�
𝑥  = 𝑑Γ    �̂�

𝑥 + Γ    𝑐̂
𝑥 ∧ Γ    �̂� 

𝑐̂ = 𝑑 (
𝑦

2√1 − 𝑥2 − 𝑦2
𝜔𝑥) − 𝑑 (

𝑥

2√1 − 𝑥2 − 𝑦2
𝜔�̂�) 

 

  = 𝑑 (
𝑦

2√1 − 𝑥2 − 𝑦2

2

√1 − 𝑥2 − 𝑦2
𝑑𝑥) − 𝑑 (

𝑥

2√1 − 𝑥2 − 𝑦2

2

√1 − 𝑥2 − 𝑦2
𝑑𝑦) 

 

  = 𝑑 (
𝑦

1 − 𝑥2 − 𝑦2
𝑑𝑥) − 𝑑 (

𝑥

1 − 𝑥2 − 𝑦2
𝑑𝑦)  

  =
1 − 𝑥2 + 𝑦2

(1 − 𝑥2 − 𝑦2)2
𝑑𝑦 ∧ 𝑑𝑥 − 𝑑

1 + 𝑥2 − 𝑦2

(1 − 𝑥2 − 𝑦2)2
𝑑𝑥 ∧ 𝑑𝑦 =

2

(1 − 𝑥2 − 𝑦2)2
𝑑𝑦 ∧ 𝑑𝑥 

 

  =
2

(1 − 𝑥2 − 𝑦2)2
(
1

2
√1 − 𝑥2 − 𝑦2𝜔�̂�) ∧ (

1

2
√1 − 𝑥2 − 𝑦2𝜔�̂�) 

 

  =
1

2(1 − 𝑥2 − 𝑦2)
𝜔�̂� ∧ 𝜔𝑥 

 

⇒ Ω   �̂�
𝑥  = −

1

2(1 − 𝑥2 − 𝑦2)
𝜔𝑥 ∧ 𝜔�̂� 

 

⇒ 𝑅   �̂��̂��̂�
�̂�  = −

1

2(1 − 𝑥2 − 𝑦2)
 

 

The Ricci Tensor 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂   

 𝑅𝑥�̂� = 𝑅   �̂��̂��̂�
�̂�

= −
1

2(1 − 𝑥2 − 𝑦2)
  

 𝑅�̂��̂� = 𝑅   �̂��̂��̂�
�̂� = −

1

2(1 − 𝑥2 − 𝑦2)
  

The Ricci scalar 

 𝑅 = 𝑅   �̂�
�̂� = 𝑅   �̂�

𝑥 + 𝑅   �̂�
�̂�
= −

1

(1 − 𝑥2 − 𝑦2)
  

7.10 The Tolman-Bondi- de Sitter metric (Spherical dust with a cosmological constant) 

7.10.1 sRicci rotation coefficients in the Tolman-Bondi- de Sitter metric 
The line element: 
 𝑑𝑠2 = 𝑑𝑡2 − 𝑒−2𝜓(𝑡,𝑟)𝑑𝑟2 − 𝑅2(𝑡, 𝑟)𝑑𝜃2 − 𝑅2(𝑡, 𝑟) sin2 𝜃 𝑑𝜙2  

The Basis one forms 

𝜔�̂� = 𝑑𝑡   

𝜔�̂� = 𝑒−𝜓(𝑡,𝑟)𝑑𝑟 𝑑𝑟 = 𝑒𝜓(𝑡,𝑟)𝜔�̂� 

𝜔�̂� = 𝑅(𝑡, 𝑟)𝑑𝜃 𝑑𝜃 =
1

𝑅(2𝑡, 𝑟)
𝜔�̂� 

                                                           
12 The curvature one-forms are antisymmetric: Γ�̂��̂� = −Γ�̂��̂� 
13 Γ    𝑐̂

�̂� ∧ Γ    �̂� 
𝑐̂ = 0 
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𝜔�̂� = 𝑅(𝑡, 𝑟) sin 𝜃 𝑑𝜙    𝑑𝜙 =
1

𝑅(𝑡, 𝑟) sin 𝜃
𝜔�̂� 

𝜂𝑖𝑗 = {

1
−1

−1
−1

}   

Λ  𝑏
�̂�  = {

1
𝑒−𝜓(𝑡,𝑟)

𝑅(𝑡, 𝑟)

𝑅(𝑡, 𝑟) sin 𝜃

}   

Λ  �̂�
𝑏  =

{
 
 

 
 
1

𝑒𝜓(𝑡,𝑟)

1

𝑅(𝑡, 𝑟)
1

𝑅(𝑡, 𝑟) sin 𝜃}
 
 

 
 

   

 

Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients Γ   �̂�𝑐̂
�̂� : 

 𝑑𝜔�̂� = −Γ    �̂�
�̂� ∧ 𝜔�̂�  

 Γ    �̂�
�̂�  = Γ   �̂�𝑐̂

�̂� 𝜔𝑐̂  

⇒ 𝑑𝜔�̂� = 0  

 𝑑𝜔�̂� = 𝑑(𝑒−𝜓(𝑡,𝑟)𝑑𝑟) = −�̇�𝑒−𝜓(𝑡,𝑟)𝑑𝑡 ∧ 𝑑𝑟 = −�̇�𝜔�̂� ∧ 𝜔�̂�  

 
𝑑𝜔�̂� = 𝑑(𝑅(𝑡, 𝑟)𝑑𝜃) = �̇�𝑑𝑡 ∧ 𝑑𝜃 + 𝑅′𝑑𝑟 ∧ 𝑑𝜃 =

�̇�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑𝜔�̂� = 𝑑(𝑅(𝑡, 𝑟) sin 𝜃 𝑑𝜙)  

  = �̇� sin 𝜃 𝑑𝑡 ∧ 𝑑𝜙 + 𝑅′ sin 𝜃 𝑑𝑟 ∧ 𝑑𝜙 + 𝑅(𝑡, 𝑟) cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙  
 

 =
�̇�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� +

cot 𝜃

𝑅
𝜔�̂� ∧ 𝜔�̂� 

 

Summarizing the curvature one forms in a matrix: 
 

Γ    �̂�
�̂�  =

{
 
 
 
 

 
 
 
 0 −�̇�𝜔�̂�

�̇�

𝑅
𝜔�̂�

�̇�

𝑅
𝜔�̂�

−�̇�𝜔�̂� 0
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂�

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂�

�̇�

𝑅
𝜔�̂� −

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� 0

cot 𝜃

𝑅
𝜔�̂�

�̇�

𝑅
𝜔�̂� −

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� −

cot 𝜃

𝑅
𝜔�̂� 0 }

 
 
 
 

 
 
 
 

 

 

Where �̂� refers to column and �̂� to row. 
Now we can read off the Ricci rotation coefficients 

Γ    �̂��̂�
�̂�  = −�̇� Γ    �̂��̂�

�̂�  = −�̇� 

Γ     �̂��̂�
�̂�  =

�̇�

𝑅
 Γ     �̂��̂�

�̂�  = −
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟) 

Γ     �̂��̂�
�̂�  =

�̇�

𝑅
 Γ     �̂��̂�

�̂�  = −
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟) 

Γ     �̂��̂�
�̂�  =

�̇�

𝑅
 Γ

     �̂��̂�

�̂�
 =

�̇�

𝑅
 

Γ     �̂��̂�
�̂�  =

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟) Γ

     �̂��̂�

�̂�
 =

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟) 
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Γ     �̂��̂�
�̂�  = −

cot 𝜃

𝑅
 Γ

     �̂��̂�

�̂�
 =

cot 𝜃

𝑅
 

 

Transformation of the Ricci rotation coefficients Γ   �̂�𝑐̂
�̂�  into the Christoffel symbols Γ    𝑏𝑐

𝑎  

We have the transformation 
 Γ    𝑏𝑐

𝑎  = Λ  �̂�
𝑎 Γ   �̂��̂�

�̂� Λ  𝑏
�̂� Λ  𝑐

�̂�
  

⇒ Γ    𝑡𝑟
𝑟  = Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� Λ  𝑡

�̂� Λ  𝑟
�̂�
= Γ   �̂��̂�

�̂� Λ  𝑡
�̂� = −�̇� ⋅ 1 = −�̇�  

 Γ    𝑟𝑟
𝑡  = Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� Λ  𝑟

�̂� Λ  𝑟
�̂�
= Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� (Λ  𝑟

�̂� )
2
= 1(−�̇�)(𝑒−𝜓(𝑡,𝑟))

2
= −�̇�𝑒−2𝜓(𝑡,𝑟)  

 
Γ    𝑡𝜃
𝜃  = Λ  �̂�

𝜃 Γ   �̂��̂�
�̂� Λ  𝑡

�̂� Λ  𝜃
�̂�
= Γ   �̂��̂�

�̂� Λ  𝑡
�̂� =

�̇�

𝑅
⋅ 1 =

�̇�

𝑅
 

 

 
Γ    𝜃𝜃
𝑡  = Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� Λ  𝜃

�̂� Λ  𝜃
�̂�
= Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� (Λ  𝜃

�̂� )
2
= 1 ⋅

�̇�

𝑅
𝑅2 = 𝑅�̇� 

 

 
Γ    𝑟𝜃
𝜃  = Λ  �̂�

𝜃 Γ   �̂��̂�
�̂� Λ  𝑟

�̂� Λ  𝜃
�̂�
= Γ   �̂��̂�

�̂� Λ  𝑟
�̂� =

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝑒−𝜓(𝑡,𝑟) =

𝑅′

𝑅
 

 

 
Γ    𝜃𝜃
𝑟  = Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� (Λ  𝜃

�̂� )
2
= 𝑒𝜓(𝑡,𝑟) (−

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟))𝑅2 = −𝑅𝑅′𝑒2𝜓(𝑡,𝑟) 

 
Γ    𝑡𝜙
𝜙

 = Λ
  �̂�

𝜙
Γ   �̂��̂�
�̂� Λ  𝑡

�̂� Λ  𝜙
�̂�
= Γ

   �̂��̂�

�̂�
Λ  𝑡
�̂� =

�̇�

𝑅
⋅ 1 =

�̇�

𝑅
 

 

 
Γ    𝜙𝜙
𝑡  = Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� Λ  𝜙

�̂� Λ  𝜙
�̂�
= Λ  �̂�

𝑡 Γ   �̂��̂�
�̂� (Λ  𝜙

�̂�
)
2

= 1 ⋅
�̇�

𝑅
𝑅2 sin2 𝜃 = 𝑅�̇� sin2 𝜃 

 

 
Γ    𝑟𝜙
𝜙

 = Λ
  �̂�

𝜙
Γ   �̂��̂�
�̂� Λ  𝑟

�̂� Λ  𝜙
�̂�
= Γ

   �̂��̂�

�̂�
Λ  𝑟
�̂� =

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝑒−𝜓(𝑡,𝑟) =

𝑅′

𝑅
 

 

 
Γ    𝜙𝜙
𝑟  = Λ  �̂�

𝑟 Γ   �̂��̂�
�̂� (Λ  𝜙

�̂�
)
2

= 𝑒𝜓(𝑡,𝑟) (−
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟))𝑅2 sin2 𝜃 = −𝑅𝑅′𝑒2𝜓(𝑡,𝑟) sin2 𝜃 

 
Γ    𝜃𝜙
𝜙

 = Λ
  �̂�

𝜙
Γ   �̂��̂�
�̂� Λ  𝜃

�̂� Λ  𝜙
�̂�
= Γ

   �̂��̂�

�̂�
Λ  𝜃
�̂� =

cot 𝜃

𝑅
𝑅 = cot 𝜃 

 

 
Γ    𝜙𝜙
𝜃  = Λ  �̂�

𝜃 Γ   �̂��̂�
�̂� (Λ  𝜙

�̂�
)
2

=
1

𝑅
(−

cot 𝜃

𝑅
)𝑅2 sin2 𝜃 = −cos 𝜃 sin 𝜃 

 

However by this method we do not obtain Γ   𝑟𝑟
𝑟 = −𝜓′, because the Ricci rotaion coefficient Γ   �̂��̂�

�̂�  does not 
exist. The conclusion must be, that this is not a reliable method to calculate Christoffel symbols. 
To check we calculate the Christoffel symbols directly from the metric 
The line element: 
 𝑑𝑠2 = 𝑑𝑡2 − 𝑒−2𝜓(𝑡,𝑟)𝑑𝑟2 − 𝑅2(𝑡, 𝑟)𝑑𝜃2 − 𝑅2(𝑡, 𝑟) sin2 𝜃 𝑑𝜙2  

The metric tensor and its inverse 
 

𝑔𝑎𝑏 = {

1 0 0 0
0 −𝑒−2𝜓(𝑡,𝑟) 0 0
0 0 −𝑅2(𝑡, 𝑟) 0

0 0 0 −𝑅2(𝑡, 𝑟) sin2 𝜃

} 

 

 

𝑔𝑎𝑏 =

{
 
 

 
 
1 0 0 0
0 −𝑒2𝜓(𝑡,𝑟) 0 0

0 0 −
1

𝑅2(𝑡, 𝑟)
0

0 0 0 −
1

𝑅2(𝑡, 𝑟) sin2 𝜃}
 
 

 
 

 

 

 
Γ𝑎𝑏𝑐 =

1

2
(𝜕𝑐𝑔𝑎𝑏 + 𝜕𝑏𝑔𝑎𝑐 − 𝜕𝑎𝑔𝑏𝑐) 

 

 Γ   𝑏𝑐
𝑎  = 𝑔𝑎𝑑Γ𝑑𝑏𝑐  

 
Γ   𝑟𝑟
𝑟  = 𝑔𝑟𝑟Γ𝑟𝑟𝑟 = 𝑔

𝑟𝑟
1

2
𝜕𝑟(−𝑒

−2𝜓(𝑡,𝑟)) = 𝑔𝑟𝑟𝜓′𝑒
−2𝜓(𝑡,𝑟)

= −𝑒2𝜓(𝑡,𝑟)𝜓′𝑒−2𝜓(𝑡,𝑟) = −𝜓′ 
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 Γ   𝑟𝑟
𝑡  = 𝑔𝑡𝑡Γ𝑡𝑟𝑟  

  
= 𝑔𝑡𝑡 (−

1

2
𝜕𝑡(−𝑒

−2𝜓(𝑡,𝑟))) = 𝑔𝑡𝑡(−�̇�𝑒−2𝜓(𝑡,𝑟)) = 1(−�̇�𝑒−2𝜓(𝑡,𝑟)) = −�̇�𝑒−2𝜓(𝑡,𝑟) 
 

 
Γ   𝑡𝑟
𝑟  = Γ   𝑟𝑡

𝑟 = 𝑔𝑟𝑟Γ𝑟𝑡𝑟 = 𝑔
𝑟𝑟
1

2
𝜕𝑡(−𝑒

−2𝜓(𝑡,𝑟)) = 𝑔𝑟𝑟�̇�𝑒−2𝜓(𝑡,𝑟) = −𝑒2𝜓(𝑡,𝑟)�̇�𝑒−2𝜓(𝑡,𝑟) 
 

  = −�̇�  
 

Γ   𝜃𝜃
𝑡  = 𝑔𝑡𝑡Γ𝑡𝜃𝜃 = 𝑔

𝑡𝑡 (−
1

2
𝜕𝑡(−𝑅

2(𝑡, 𝑟))) = 𝑔𝑡𝑡�̇�𝑅 = 1 ⋅ �̇�𝑅 = �̇�𝑅 
 

 
Γ   𝑡𝜃
𝜃  = Γ   𝜃𝑡

𝜃 = 𝑔𝜃𝜃Γ𝜃𝑡𝜃 = 𝑔
𝜃𝜃
1

2
𝜕𝑡(−𝑅

2(𝑡, 𝑟)) = 𝑔𝜃𝜃(−�̇�𝑅) = −
1

𝑅2
(−�̇�𝑅) =

�̇�

𝑅
 

 

 
Γ   𝜃𝜃
𝑟  = 𝑔𝑟𝑟Γ𝑟𝜃𝜃 = 𝑔

𝑟𝑟 (−
1

2
𝜕𝑟(−𝑅

2(𝑡, 𝑟))) = 𝑔𝑟𝑟𝑅′𝑅 = −𝑒2𝜓(𝑡,𝑟)𝑅′𝑅 
 

 
Γ   𝑟𝜃
𝜃  = Γ   𝜃𝑟

𝜃 = 𝑔𝜃𝜃Γ𝜃𝑟𝜃 = 𝑔
𝜃𝜃 (

1

2
𝜕𝑟(−𝑅

2(𝑡, 𝑟))) = 𝑔𝜃𝜃(−𝑅′𝑅) = −
1

𝑅2
(−𝑅′𝑅) =

𝑅′

𝑅
 

 

 
Γ   𝜙𝜙
𝑡  = 𝑔𝑡𝑡Γ𝑡𝜙𝜙 = 𝑔

𝑡𝑡 (−
1

2
𝜕𝑡(−𝑅

2(𝑡, 𝑟) sin2 𝜃 )) = 𝑔𝑡𝑡�̇�𝑅 sin2 𝜃 = 1 ⋅ �̇�𝑅 sin2 𝜃 
 

  = �̇�𝑅 sin2 𝜃  
 

Γ   𝑡𝜙
𝜙

 = Γ   𝜙𝑡
𝜙

= 𝑔𝜙𝜙Γ𝜙𝑡𝜙 = 𝑔
𝜙𝜙
1

2
𝜕𝑡(−𝑅

2(𝑡, 𝑟) sin2 𝜃 ) = 𝑔𝜙𝜙(−�̇�𝑅 sin2 𝜃) 
 

 
 = (−

1

𝑅2 sin2 𝜃
) (−�̇�𝑅 sin2 𝜃) =

�̇�

𝑅
 

 

 
Γ   𝜙𝜙
𝑟  = 𝑔𝑟𝑟Γ𝑟𝜙𝜙 = 𝑔

𝑟𝑟 (−
1

2
𝜕𝑟(−𝑅

2(𝑡, 𝑟) sin2 𝜃 )) = 𝑔𝑟𝑟𝑅′𝑅 sin2 𝜃 = −𝑒2𝜓(𝑡,𝑟)𝑅′𝑅 sin2 𝜃 

 
Γ   𝑟𝜙
𝜙

 = Γ   𝜙𝑟
𝜙

= 𝑔𝜙𝜙Γ𝜙𝑟𝜙 = 𝑔
𝜙𝜙
1

2
𝜕𝑟(−𝑅

2(𝑡, 𝑟) sin2 𝜃 ) = 𝑔𝜙𝜙(−𝑅′𝑅 sin2 𝜃) 
 

 
 = (−

1

𝑅2 sin2 𝜃
) (−𝑅′𝑅 sin2 𝜃) =

𝑅′

𝑅
 

 

 
Γ   𝜙𝜙
𝜃  = 𝑔𝜃𝜃Γ𝜃𝜙𝜙 = 𝑔

𝜃𝜃 (−
1

2
𝜕𝜃(−𝑅

2(𝑡, 𝑟) sin2 𝜃 )) = 𝑔𝜃𝜃𝑅2 sin𝜃 cos 𝜃 
 

 
 = −

1

𝑅2
𝑅2 sin 𝜃 cos 𝜃 = −sin𝜃 cos 𝜃 

 

 
Γ   𝜃𝜙
𝜙

 = Γ   𝜙𝜃
𝜙

= 𝑔𝜙𝜙Γ𝜙𝜃𝜙 = 𝑔
𝜙𝜙
1

2
𝜕𝜃(−𝑅

2(𝑡, 𝑟) sin2 𝜃 ) = 𝑔𝜙𝜙(−𝑅2 sin𝜃 cos 𝜃) 
 

 
 = −

1

𝑅2 sin2 𝜃
(−𝑅2 sin𝜃 cos𝜃) = cot 𝜃 

 

7.10.2 The curvature two forms 
 

Ω   �̂�
�̂�  = 𝑑Γ    �̂�

�̂� + Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂ =
1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂� 

 

 𝑑Γ    �̂�
�̂�  = 𝑑(−�̇�𝜔�̂�) = 𝑑(−�̇�𝑒−𝜓(𝑡,𝑟)𝑑𝑟) = [−�̈�𝑒−𝜓(𝑡,𝑟) + (�̇�)

2
𝑒−𝜓(𝑡,𝑟)]𝑑𝑡 ∧ 𝑑𝑟  

  = [−�̈� + (�̇�)
2
]𝜔�̂� ∧ 𝜔�̂�  

 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂� 
�̂�
= 0  

⇒ Ω   �̂�
�̂�  = [−�̈� + (�̇�)

2
]𝜔�̂� ∧ 𝜔�̂�  

 
𝑑Γ     �̂�

�̂�  = 𝑑 (
�̇�

𝑅
𝜔�̂�) = 𝑑(�̇�(𝑡, 𝑟)𝑑𝜃) = �̈�𝑑𝑡 ∧ 𝑑𝜃 + (�̇�)′𝑑𝑟 ∧ 𝑑𝜃 

 

 
 =

�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

(�̇�)
′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� 
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 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂� 
�̂�
= Γ    �̂�

�̂� ∧ Γ    �̂� 
�̂�   

  =
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ (−�̇�𝜔�̂�)    

⇒ Ω   �̂�
�̂�  =

�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

(�̇�)
′
+ 𝑅′�̇�

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ
     �̂�
�̂�

 = 𝑑(
�̇�

𝑅
𝜔�̂�) = 𝑑(�̇�(𝑡, 𝑟) sin 𝜃 𝑑𝜙)  

  = �̈� sin 𝜃 𝑑𝑡 ∧ 𝑑𝜙 + (�̇�)
′
sin𝜃 𝑑𝑟 ∧ 𝑑𝜙 + �̇� cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙  

 
 =

�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

(�̇�)
′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� +

�̇�

𝑅2
cot 𝜃 𝜔�̂� ∧ 𝜔�̂� 

 

 
Γ    𝑐̂
�̂�
∧ Γ    �̂� 

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂� 
�̂�
= Γ    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂�   

  
=
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ (−�̇�𝜔�̂�) +

cot 𝜃

𝑅
𝜔�̂� ∧

�̇�

𝑅
𝜔�̂� 

 

⇒ Ω
   �̂�
�̂�

 =
�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂� +

(�̇�)
′
+ 𝑅′�̇�

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ 𝜔�̂� 

 

 
𝑑Γ     �̂�

�̂�  = 𝑑 (
𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂�) = 𝑑(𝑅′𝑒𝜓(𝑡,𝑟)𝑑𝜃) 

 

  = [(�̇�)
′
𝑒𝜓(𝑡,𝑟) + 𝑅′�̇�𝑒𝜓(𝑡,𝑟)] 𝑑𝑡 ∧ 𝑑𝜃 + [𝑅′′𝑒𝜓(𝑡,𝑟) + 𝑅′𝜓′𝑒𝜓(𝑡,𝑟)]𝑑𝑟 ∧ 𝑑𝜃  

 
 = [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
 𝜔�̂� ∧ 𝜔�̂� + [𝑅′′ + 𝑅′𝜓′]

𝑒2𝜓(𝑡,𝑟)

𝑅
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂�
= Γ    �̂�

�̂� ∧ Γ    �̂� 
�̂�   

  =
�̇�

𝑅
𝜔�̂� ∧(−�̇�𝜔�̂�)  

⇒ Ω   �̂�
�̂�  = [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
 𝜔�̂� ∧ 𝜔�̂� + [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
]𝜔�̂� ∧ 𝜔�̂� 

 

 
𝑑Γ     �̂�

�̂�
 = 𝑑 (

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂�) = 𝑑(𝑅′𝑒𝜓(𝑡,𝑟) sin 𝜃 𝑑𝜙) 

 

 
= 14 [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
𝜔�̂� ∧ 𝜔�̂� + [𝑅′′ + 𝑅′𝜓′]

𝑒2𝜓(𝑡,𝑟)

𝑅
𝜔�̂� ∧ 𝜔�̂� +

𝑅′

𝑅2
𝑒𝜓(𝑡,𝑟) cot 𝜃 𝜔�̂� ∧ 𝜔�̂� 

 Γ    𝑐̂
�̂�
∧ Γ    �̂� 

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂�
= Γ

    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂�   

  
=
�̇�

𝑅
𝜔�̂� ∧ (−�̇�𝜔�̂�) +

cot 𝜃

𝑅
𝜔�̂� ∧

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� 

 

⇒ Ω   �̂�
�̂�

 = [(�̇�)
′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
𝜔�̂� ∧ 𝜔�̂� + [(𝑅′′ +𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
]𝜔�̂� ∧ 𝜔�̂� 

 

 
𝑑Γ

    �̂�

�̂�
 = 𝑑 (

cot 𝜃

𝑅
𝜔�̂�) = 𝑑(cos𝜃 𝑑𝜙) = −sin𝜃 𝑑𝜃 ∧ 𝑑𝜙 = −

1

𝑅2
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂�
∧ Γ    �̂� 

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂� 

�̂�
= Γ

    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂�   

  
=
�̇�

𝑅
𝜔�̂� ∧

�̇�

𝑅
𝜔�̂� +

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂� ∧ (−

𝑅′

𝑅
𝑒𝜓(𝑡,𝑟)𝜔�̂�) 

 

⇒ Ω
   �̂�

�̂�
 = [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)]𝜔�̂� ∧ 𝜔�̂� 

 

                                                           
14 = [(�̇�)

′
𝑒𝜓(𝑡,𝑟) sin 𝜃 + 𝑅′�̇�𝑒𝜓(𝑡,𝑟) sin 𝜃]𝑑𝑡 ∧ 𝑑𝜙 + [𝑅′′𝑒𝜓(𝑡,𝑟) sin 𝜃 + 𝑅′𝜓′𝑒𝜓(𝑡,𝑟) sin 𝜃]𝑑𝑟 ∧ 𝑑𝜙 +

𝑅′𝑒𝜓(𝑡,𝑟) cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = 
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Summarized in a matrix: 

Ω   �̂�
�̂�  =

{
 
 
 
 
 
 

 
 
 
 
 
 

0 [−�̈� + (�̇�)
2
]𝜔�̂� ∧ 𝜔�̂�

[
 
 
 
 

�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂�

+
(�̇�)

′
+ 𝑅′�̇�

𝑅
𝑒𝜓𝜔�̂� ∧ 𝜔�̂�]

 
 
 
 

[
 
 
 
 

�̈�

𝑅
𝜔�̂� ∧ 𝜔�̂�

+
(�̇�)

′
+ 𝑅′�̇�

𝑅
𝑒𝜓𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

𝑆 0

[
 
 
 
 [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓

𝑅
 𝜔�̂� ∧ 𝜔�̂�

+ [(𝑅′′ + 𝑅′𝜓′)
𝑒2𝜓

𝑅
+
�̇��̇�

𝑅
]𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

[
 
 
 
 [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓

𝑅
𝜔�̂� ∧ 𝜔�̂�

+[(𝑅′′ + 𝑅′𝜓′)
𝑒2𝜓

𝑅
+
�̇��̇�

𝑅
]𝜔�̂� ∧ 𝜔�̂�

]
 
 
 
 

𝑆 𝐴𝑆 0 [
1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] 𝜔�̂� ∧ 𝜔�̂�

𝑆 𝐴𝑆 𝐴𝑆 0 }
 
 
 
 
 
 

 
 
 
 
 
 

 

Where �̂� refers to column and �̂� to row. 
 

Now we can find the independent elements of the Riemann tensor in the non-coordinate basis: 
 𝑅   �̂��̂��̂�

�̂� (𝐴) = [�̈� − (�̇�)
2
]  

 
𝑅   �̂��̂��̂�
�̂� (𝐵) = −

�̈�

𝑅
 

 

 
𝑅   �̂��̂��̂�
�̂� (𝐶) = −[(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
 

 

 
𝑅   �̂��̂��̂�
�̂� (𝐷) = −[(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] 

 

 
𝑅
   �̂��̂��̂�

�̂� (𝐵) = −
�̈�

𝑅
 

 

 
𝑅
   �̂��̂��̂�

�̂� (𝐶) = −[(�̇�)
′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
 

 

 
𝑅
   �̂��̂��̂�

�̂� (𝐷) = −[(𝑅′′ + 𝑅′𝜓′)
𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] 

 

 
𝑅
   �̂��̂��̂�

�̂�
(𝐸) = [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] 

 

Where A,B,C,D,E will be used later, to make the calculations easier. 

7.10.3 The Ricci Tensor 
 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�

𝑐̂   

⇒ 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= [�̈� − (�̇�)

2
] − 2

�̈�

𝑅
 

 

  = 𝐴 + 2𝐵  
 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�

𝑐̂ = 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
  

 
 = −[(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
− [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
= −2 [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
= 2𝐶 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= 0  

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= 0  

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= −𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
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 = −[�̈� − (�̇�)

2
] − 2 [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] = −𝐴 + 2𝐷 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= −𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
  

 
 =

�̈�

𝑅
− [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] + [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] = −𝐵 + 𝐷 + 𝐸 

 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂ = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= −𝑅

   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
  

 
 =

�̈�

𝑅
− [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] + [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] = −𝐵 + 𝐷 + 𝐸 

 

  = 𝑅�̂��̂�  
 

Summarized in a matrix: 

𝑅�̂��̂� =

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
[
�̈� − (�̇�)

2

−2
�̈�

𝑅

] −2 [(�̇�)
′
+ 𝑅′�̇�]

𝑒𝜓

𝑅
0 0

𝑆 [

− [�̈� − (�̇�)
2
]

−2 [(𝑅′′ + 𝑅′𝜓′)
𝑒2𝜓

𝑅
+
�̇��̇�

𝑅
]
] 0 0

0 0

[
 
 
 
 
�̈�

𝑅
− [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓

𝑅
+
�̇��̇�

𝑅
]

+
1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓 ]

 
 
 
 

0

0 0 0

[
 
 
 
 
�̈�

𝑅
− [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓

𝑅
+
�̇��̇�

𝑅
]

+
1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓 ]

 
 
 
 

}
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

 

Where �̂� refers to column and �̂� to row. 

7.10.4 The Ricci Scalar 
 𝑅 = 𝜂�̂��̂�𝑅�̂��̂�  

 𝑅 = 𝜂�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� + 𝜂

�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� = 𝑅�̂��̂� − 𝑅�̂��̂� − 𝑅�̂��̂� − 𝑅�̂��̂�  

  = 𝐴 + 2𝐵 − (−𝐴 + 2𝐷) − 2(−𝐵 + 𝐷 + 𝐸) = 2𝐴 + 4𝐵 − 4𝐷 − 2𝐸  
  = 2𝑅   �̂��̂��̂�

�̂� + 4𝑅   �̂��̂��̂�
�̂� − 4𝑅   �̂��̂��̂�

�̂� − 2𝑅
   �̂��̂��̂�

�̂�
  

  
= 2 [�̈� − (�̇�)

2
] − 4

�̈�

𝑅
+ 4 [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] − 2 [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] 

 

7.10.5 tThe Einstein Tensor  
 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 

 

 𝐺�̂��̂� = 𝑅�̂��̂� −
1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� −

1

2
𝑅 = 𝐴 + 2𝐵 −

1

2
(2𝐴 + 4𝐵 − 4𝐷 − 2𝐸) = 2𝐷 + 𝐸 

 

 
 = 2𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= −2 [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] + [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] 

 

 
 =

1

𝑅2
[1 − 2𝑅�̇��̇� + (�̇�)

2
− (2𝑅𝑅′′ + 2𝑅𝑅′𝜓′ + (𝑅′)2)𝑒2𝜓(𝑡,𝑟)] 
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𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� = 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
= −2 [(�̇�)

′
+ 𝑅′�̇�]

𝑒𝜓(𝑡,𝑟)

𝑅
 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 0 

 

 
𝐺�̂��̂�  = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� +

1

2
𝑅 = −𝐴 + 2𝐷 +

1

2
(2𝐴 + 4𝐵 − 4𝐷 − 2𝐸) = 2𝐵 − 𝐸 

 

 
 = 2𝑅   �̂��̂��̂�

�̂� − 𝑅
   �̂��̂��̂�

�̂�
= −2

�̈�

𝑅
− [

1

𝑅2
+
(�̇�)

2

𝑅2
−
(𝑅′)2

𝑅2
𝑒2𝜓(𝑡,𝑟)] 

 

 
 =

1

𝑅2
[(𝑅′)2𝑒2𝜓(𝑡,𝑟) − 2𝑅�̈� − 1 − (�̇�)

2
] 

 

 
𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 𝑅�̂��̂� +

1

2
𝑅 = −𝐵 + 𝐷 + 𝐸 +

1

2
(2𝐴 + 4𝐵 − 4𝐷 − 2𝐸) = 𝐴 + 𝐵 − 𝐷 

 

 
 = 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� − 𝑅   �̂��̂��̂�

�̂� = [�̈� − (�̇�)
2
] −

�̈�

𝑅
+ [(𝑅′′ + 𝑅′𝜓′)

𝑒2𝜓(𝑡,𝑟)

𝑅
+
�̇��̇�

𝑅
] 

 

 
 = [�̈� − (�̇�)

2
] +

1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓(𝑡,𝑟) + �̇��̇� − �̈�] 

 

 𝐺�̂��̂� = 𝐺�̂��̂� = [�̈� − (�̇�)
2
] +

1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓(𝑡,𝑟) + �̇��̇� − �̈�] 

 

 

Summarized in a matrix: 

𝐺�̂��̂� =

{
 
 
 
 
 
 

 
 
 
 
 
 
1

𝑅2
[

1 − 2𝑅�̇��̇� + (�̇�)
2

−(2𝑅𝑅′′ + 2𝑅𝑅′𝜓′ + (𝑅′)2)𝑒2𝜓
] −2[(�̇�)

′
+𝑅′�̇�]

𝑒𝜓

𝑅
0 0

𝑆
1

𝑅2
[

(𝑅′)2𝑒2𝜓

−2𝑅�̈� − 1 − (�̇�)
2] 0 0

0 0 [
�̈� − (�̇�)

2

+
1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]

] 0

0 0 0 [
�̈� − (�̇�)

2

+
1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]

]

}
 
 
 
 
 
 

 
 
 
 
 
 

 

Where �̂� refers to column and �̂� to row. 

7.10.6 The Einstein tensor in the coordinate basis: 
 𝐺𝑎𝑏 = Λ  𝑎

𝑐̂ Λ  𝑏
�̂� 𝐺𝑐̂�̂�  

 𝐺𝑡𝑡 = Λ  𝑡
𝑐̂ Λ  𝑡

�̂� 𝐺𝑐̂�̂� = (Λ  𝑡
�̂� )

2
𝐺�̂��̂� =

1

𝑅2
[1 − 2𝑅�̇��̇� + (�̇�)

2
− (2𝑅𝑅′′ + 2𝑅𝑅′𝜓′ + (𝑅′)2)𝑒2𝜓] 

 

 
𝐺𝑟𝑡 = Λ  𝑟

𝑐̂ Λ  𝑡
�̂� 𝐺𝑐̂�̂� = Λ  𝑟

�̂� Λ  𝑡
�̂� 𝐺�̂��̂� = −2 [

(�̇�)
′

𝑅
+
𝑅′�̇�

𝑅
] 

 

 
𝐺𝑟𝑟 = Λ  𝑟

𝑐̂ Λ   𝑟
�̂� 𝐺𝑐̂�̂� = (Λ  𝑟

�̂� )
2
𝐺�̂��̂� =

1

𝑅2
[(𝑅′)2 − (2𝑅�̈� + 1 + (�̇�)

2
) 𝑒−2𝜓] 

 

 
𝐺𝜃𝜃 = Λ  𝜃

𝑐̂ Λ   𝜃
�̂� 𝐺𝑐̂�̂� = (Λ  𝜃

�̂� )
2
𝐺�̂��̂� = 𝑅

2 ([�̈� − (�̇�)
2
] +

1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]) 

 

 𝐺𝜙𝜙 = Λ  𝜙 
𝑐̂ Λ   𝜙

�̂� 𝐺𝑐̂�̂� = (Λ  𝜙 
�̂�
)
2

𝐺�̂��̂� = 𝑅
2 sin2 𝜃 ([�̈� − (�̇�)

2
] +

1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]) 

 

Summarized in a matrix: 
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𝐺𝑎𝑏 =

{
 
 
 
 
 
 

 
 
 
 
 
 1

𝑅2
[

1 − 2𝑅�̇��̇� + (�̇�)
2

−(2𝑅𝑅′′ + 2𝑅𝑅′𝜓′ + (𝑅′)2)𝑒2𝜓
] −2 [

(�̇�)
′

𝑅
+
𝑅′�̇�

𝑅
] 0 0

𝑆
1

𝑅2
[

(𝑅′)2

−(2𝑅�̈� + 1 + (�̇�)
2
) 𝑒−2𝜓

] 0 0

0 0 𝑅2 [
�̈� − (�̇�)

2

+
1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]

] 0

0 0 0 𝑅2 sin2 𝜃 [
�̈� − (�̇�)

2

+
1

𝑅
[(𝑅′′ + 𝑅′𝜓′)𝑒2𝜓 + �̇��̇� − �̈�]

]

}
 
 
 
 
 
 

 
 
 
 
 
 

 

Where 𝑎 refers to column and 𝑏 to row 

7.11 uThe Taub-Nut Spacetime 
15The Taub-Nut space-time is an exact solution to the Einstein equation. 
The line element 
 

𝑑𝑠2 = −
𝑑𝑡2

𝑈2(𝑡)
+ (2𝑙)2𝑈2(𝑡)(𝑑𝑟 + cos 𝜃 𝑑𝜙)2 + 𝑉2(𝑡)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)  

If 𝑈2(𝑡) > 0 𝑡 is a time variable. If 𝑈2(𝑡) < 0  𝑡 is a space variable. 
Defining 
 

𝑈2(𝑡) = −1 +
2(𝑚𝑡 + 𝑙2)

𝑡2 + 𝑙2
=
2𝑚𝑡 − 𝑡2 + 𝑙2

𝑡2 + 𝑙2
=
𝑃2(𝑡)

𝑉2(𝑡)
  

 𝑉2(𝑡) = 𝑡2 + 𝑙2  
 𝑃2(𝑡) = 2𝑚𝑡 − 𝑡2 + 𝑙2  

⇒ �̇�(𝑡) =
1

2𝑉(𝑡)

𝑑

𝑑𝑡
(𝑉2(𝑡)) =

𝑡

𝑉(𝑡)
  

 
�̈�(𝑡) =

𝑑

𝑑𝑡
(�̇�(𝑡)) =

𝑑

𝑑𝑡
(
𝑡

𝑉(𝑡)
) =

𝑉(𝑡) −  𝑡�̇�(𝑡)

𝑉2(𝑡)
=

1

𝑉(𝑡)
−

 𝑡

𝑉2(𝑡)
(
𝑡

𝑉(𝑡)
)  

 
 =

1

𝑉(𝑡)
−

 𝑡2

𝑉3(𝑡)
  

 
�̇�(𝑡) =

1

2𝑈(𝑡)

𝑑

𝑑𝑡
(𝑈2(𝑡)) =

1

2𝑈(𝑡)

𝑑

𝑑𝑡
(
𝑃2(𝑡)

𝑉2(𝑡)
)  

 

 =
1

2𝑈(𝑡)
(
𝑉2(𝑡)

𝑑
𝑑𝑡
𝑃2(𝑡) − 𝑃2(𝑡)

𝑑
𝑑𝑡
𝑉2(𝑡)

𝑉4(𝑡)
) =

1

𝑈(𝑡)
(
(𝑚 − 𝑡)𝑉2(𝑡) − 𝑡𝑃2(𝑡)

𝑉4(𝑡)
)  

 
 =

1

𝑈(𝑡)
(
𝑚 − 𝑡

𝑉2(𝑡)
−
𝑡𝑈2(𝑡)

𝑉2(𝑡)
)  

 𝑑

𝑑𝑡
(𝑈(𝑡)�̇�(𝑡)) =

𝑑

𝑑𝑡
(
𝑚 − 𝑡

𝑉2(𝑡)
−
𝑡𝑈2(𝑡)

𝑉2(𝑡)
) =

𝑑

𝑑𝑡
(
𝑚 − 𝑡

𝑉2(𝑡)
) −

𝑑

𝑑𝑡
(
𝑡𝑈2(𝑡)

𝑉2(𝑡)
)  

 
 =

−𝑉2(𝑡) − 2(𝑚 − 𝑡)𝑉(𝑡)�̇�(𝑡)

𝑉4(𝑡)
−

𝑑
𝑑𝑡 (

𝑡𝑈2(𝑡))𝑉2(𝑡) − 2𝑡𝑈2(𝑡)𝑉(𝑡)�̇�(𝑡)

𝑉4(𝑡)
  

 
 = −

1

𝑉2(𝑡)
−
2𝑡(𝑚 − 𝑡)

𝑉4(𝑡)
−
(𝑈2(𝑡) + 2𝑡𝑈(𝑡)�̇�(𝑡)) 𝑉2(𝑡) − 2𝑡2𝑈2(𝑡)

𝑉4(𝑡)
  

 
 = −

1

𝑉2(𝑡)
−
2𝑡(𝑚 − 𝑡)

𝑉4(𝑡)
−
𝑈2(𝑡)

𝑉2(𝑡)
−
2𝑡𝑉2(𝑡)

𝑉4(𝑡)
(
𝑚 − 𝑡

𝑉2(𝑡)
−
𝑡𝑈2(𝑡)

𝑉2(𝑡)
) +

2𝑡2𝑈2(𝑡)

𝑉4(𝑡)
  

 
 = −

1

𝑉2(𝑡)
−
4𝑡(𝑚 − 𝑡)

𝑉4(𝑡)
−
𝑈2(𝑡)

𝑉2(𝑡)
+
4𝑡2𝑈2(𝑡)

𝑉4(𝑡)
  

                                                           
15 https://en.wikipedia.org/wiki/Taub%E2%80%93NUT_space 
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7.11.1 The Riemann tensor 
16The TAUB-Nut space-time is a solution of the vacuum Einstein equation if the Ricci scalar 𝑅 = 0.  
We choose to work in the non-coordinate basis. 
The basis one forms 

𝜔�̂� =
1

𝑈(𝑡)
𝑑𝑡 𝑑𝑡 = 𝑈(𝑡)𝜔�̂� 

𝜔�̂� = 2𝑙𝑈(𝑡)(𝑑𝑟 + cos 𝜃 𝑑𝜙) 𝑑𝑟 =
1

2𝑙𝑈(𝑡)
𝜔�̂� −

cot 𝜃

𝑉(𝑡)
𝜔�̂� 

𝜔�̂� = 𝑉(𝑡)𝑑𝜃 𝑑𝜃 =
1

𝑉(𝑡)
𝜔�̂� 

𝜔�̂� = sin𝜃 𝑉(𝑡)𝑑𝜙 𝑑𝜙 =
1

sin𝜃 𝑉(𝑡)
𝜔�̂� 

𝜂𝑖𝑗 = {

−1
1

1
1

}   

 

7.11.1.1 Cartan’s First Structure equation 
 𝑑𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂�  

 
𝑑𝜔�̂� = 𝑑 (

1

𝑈(𝑡)
𝑑𝑡) = 0 

 

 
𝑑𝜔𝑟 = −�̇�(𝑡)𝜔�̂� ∧ 𝜔�̂� −

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� +

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

   = 𝑑(2𝑙𝑈(𝑡)𝑑𝑟) + 𝑑(2𝑙𝑈(𝑡) cos 𝜃 𝑑𝜙)  
  = 17 18 19 20 − Γ    �̂�

�̂� ∧ 𝜔�̂� − Γ    �̂�
�̂� ∧ 𝜔�̂� − Γ    �̂�

�̂� ∧ 𝜔�̂�  

 
𝑑𝜔�̂� = 𝑑(𝑉(𝑡)𝑑𝜃) = �̇�(𝑡)𝑑𝑡 ∧ 𝑑𝜃 = −

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� = −Γ    �̂�

�̂� ∧ 𝜔�̂� 
 

 𝑑𝜔�̂� = 𝑑(sin𝜃 𝑉(𝑡)𝑑𝜙) = sin𝜃 �̇�(𝑡)𝑑𝑡 ∧ 𝑑𝜙 + cos𝜃 𝑉(𝑡)𝑑𝜃 ∧ 𝑑𝜙  

 
 =

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� +

cot 𝜃

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� = −

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� −

cot 𝜃

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

  = −Γ
    �̂�
�̂�
∧ 𝜔�̂� − Γ

    �̂�

�̂�
∧ 𝜔�̂�  

Summarizing the curvature one forms in a matrix: 

                                                           
16 𝐺�̂��̂� = 𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝑅 = 0 ⇒ 𝜂�̂��̂�𝑅�̂��̂� −

1

2
𝜂�̂��̂�𝜂�̂��̂�𝑅 = 𝑅 −

1

2
4𝑅 = 0 ⇒ 𝑅 = 0  

17= 2𝑙�̇�(𝑡)𝑑𝑡 ∧ 𝑑𝑟 + 2𝑙�̇�(𝑡) cos 𝜃 𝑑𝑡 ∧ 𝑑𝜙 − 2𝑙𝑈(𝑡) sin 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = 
18 = 2𝑙�̇�(𝑡)(𝑈(𝑡)𝜔�̂�) ∧ (

1

2𝑙𝑈(𝑡)
𝜔�̂� −

cot𝜃

𝑉(𝑡)
𝜔�̂�) + 2𝑙�̇�(𝑡) cos 𝜃 (𝑈(𝑡)𝜔�̂�) ∧ (

1

sin𝜃𝑉(𝑡)
𝜔�̂�) − 2𝑙𝑈(𝑡) sin 𝜃 (

1

𝑉(𝑡)
𝜔�̂�) ∧

(
1

sin 𝜃𝑉(𝑡)
𝜔�̂�) = 

19 = (�̇�(𝑡)𝜔�̂� ∧ 𝜔�̂� − 2𝑙�̇�(𝑡)(𝑈(𝑡)𝜔�̂�) ∧
cot𝜃

𝑉(𝑡)
𝜔�̂�) + 2𝑙�̇�(𝑡) cos 𝜃 (𝑈(𝑡)𝜔�̂�) ∧ (

1

sin 𝜃𝑉(𝑡)
𝜔�̂�) −

2𝑙𝑈(𝑡) sin 𝜃 (
1

𝑉(𝑡)
𝜔�̂�) ∧ (

1

sin𝜃𝑉(𝑡)
𝜔�̂�) = 

20 = �̇�(𝑡)𝜔�̂� ∧ 𝜔�̂� −
2𝑙�̇�(𝑡)𝑈(𝑡) cot 𝜃

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� +

2𝑙�̇�(𝑡)𝑈(𝑡) cot𝜃

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� −

2𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� = 
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Γ    �̂�
�̂�  =

{
 
 
 

 
 
 0 �̇�(𝑡)𝜔�̂�

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�

𝑆 0
𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� −

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�

𝑆 𝐴𝑆 0
cot 𝜃

𝑉(𝑡)
𝜔�̂�

𝑆 𝐴𝑆 𝐴𝑆 0 }
 
 
 

 
 
 

 

Where �̂� refers to column and �̂� to row. 

7.11.1.2 The curvature two forms 
 Ω   �̂�

�̂�  = 𝑑Γ    �̂�
�̂� + Γ    𝑐̂

�̂� ∧ Γ    �̂� 
𝑐̂   

 𝑑Γ     �̂�
�̂�  = 𝑑(�̇�(𝑡)𝜔�̂�) = 𝑑 (�̇�(𝑡)2𝑙𝑈(𝑡)(𝑑𝑟 + cos 𝜃 𝑑𝜙))  

  = 21 22 23 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡))𝜔�̂� ∧ 𝜔�̂� − 2
𝑙�̇�(𝑡)𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂� 
�̂�

  

  = (−
𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) ∧ (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) + (

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) ∧ (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) 

 

  
= −

2𝑙𝑈2(𝑡)�̇�(𝑡)

𝑉3(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�  = (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡))𝜔�̂� ∧ 𝜔�̂� − 2

𝑙�̇�(𝑡)𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� −

2𝑙𝑈2(𝑡)�̇�(𝑡)

𝑉3(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

  
= (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡))𝜔�̂� ∧ 𝜔�̂� −

2𝑙𝑈(𝑡)

𝑉3(𝑡)
(�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)�̇�(𝑡))𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�  = 𝑑 (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) = 𝑑(𝑈(𝑡)�̇�(𝑡)𝑑𝜃) = (�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡)) 𝑑𝑡 ∧ 𝑑𝜃 

 

  =
𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡))𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂� ∧ Γ    �̂� 

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ

    �̂� 
�̂�

  

  
= (

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) ∧ (�̇�(𝑡)𝜔�̂�) + (−

cot 𝜃

𝑉(𝑡)
𝜔�̂�) ∧ (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) 

 

  
=
𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�  =

𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡))𝜔�̂� ∧ 𝜔�̂� +

𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ
     �̂�
�̂�

  = 𝑑 (
𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) = 𝑑(𝑈(𝑡)�̇�(𝑡) sin𝜃 𝑑𝜙)  

  = (�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡)) sin𝜃 𝑑𝑡 ∧ 𝑑𝜙 + 𝑈(𝑡)�̇�(𝑡) cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙  

                                                           
21 = 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) 𝑑𝑡 ∧ 𝑑𝑟 + 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) 𝑑𝑡 ∧ cos 𝜃 𝑑𝜙 − �̇�(𝑡)2𝑙𝑈(𝑡) sin 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = 

22 = 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) (𝑈(𝑡)𝜔�̂�) ∧ (
1

2𝑙𝑈(𝑡)
𝜔�̂� −

cot 𝜃

𝑉(𝑡)
𝜔�̂�) + 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) (𝑈(𝑡)𝜔�̂�) ∧

cos 𝜃 (
1

sin 𝜃𝑉(𝑡)
𝜔�̂�) − �̇�(𝑡)2𝑙𝑈(𝑡) sin 𝜃 (

1

𝑉(𝑡)
𝜔�̂�) ∧ (

1

sin𝜃𝑉(𝑡)
𝜔�̂�) = 

23 = 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) (𝑈(𝑡)𝜔�̂�) ∧ (
1

2𝑙𝑈(𝑡)
𝜔�̂�) − 2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) (𝑈(𝑡)𝜔�̂�) ∧ (

cot 𝜃

𝑉(𝑡)
𝜔�̂�) +

2𝑙 (�̈�(𝑡)𝑈(𝑡) + �̇�2(𝑡)) (𝑈(𝑡)𝜔�̂�) ∧ cos 𝜃 (
1

sin 𝜃𝑉(𝑡)
𝜔�̂�) − �̇�(𝑡)2𝑙𝑈(𝑡) sin 𝜃 (

1

𝑉(𝑡)
𝜔�̂�) ∧ (

1

sin 𝜃𝑉(𝑡)
𝜔�̂�) = 
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  =
𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡))𝜔�̂� ∧ 𝜔�̂� +

𝑈(𝑡)�̇�(𝑡) cot 𝜃

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂�
∧ Γ    �̂� 

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂� 
�̂�

  

  = −
𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� +

𝑈(𝑡)�̇�(𝑡) cot 𝜃

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω
   �̂�
�̂�

 =
𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡))𝜔�̂� ∧ 𝜔�̂� −

𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�  = 𝑑 (

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) = 𝑑 (

𝑙𝑈(𝑡)

𝑉(𝑡)
sin 𝜃 𝑑𝜙) 

 

  = 𝑙 (
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
) sin𝜃 𝑑𝑡 ∧ 𝑑𝜙 +

𝑙𝑈(𝑡)

𝑉(𝑡)
cos 𝜃 𝑑𝜃 ∧ 𝑑𝜙 

 

  = 𝑙
𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
)𝜔�̂� ∧ 𝜔�̂� +

𝑙𝑈(𝑡)

𝑉3(𝑡)
cot 𝜃 𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂� ∧ Γ    �̂�

𝑐̂  = Γ    �̂�
�̂� ∧ Γ    �̂�

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂� 

�̂� + Γ    �̂�
�̂� ∧ Γ    �̂�

�̂�
  

  =
𝑈(𝑡)�̇�(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� +

𝑙𝑈(𝑡)

𝑉3(𝑡)
cot 𝜃 𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�  = 𝑙

𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
)𝜔�̂� ∧ 𝜔�̂� +

𝑈(𝑡)�̇�(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ     �̂�
�̂�

 = 𝑑 (−
𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�)  = −𝑙 (

�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
) 𝑑𝑡 ∧ 𝑑𝜃 

 

  = −𝑙
𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
)𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂�
∧ Γ    �̂�

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂�

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂�

�̂�
=
𝑈(𝑡)�̇�(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

⇒ Ω   �̂�
�̂�

 = −𝑙
𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
)𝜔�̂� ∧ 𝜔�̂� +

𝑈(𝑡)�̇�(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 𝑑Γ
     �̂�

�̂�
 = 𝑑(cos 𝜃 𝑑𝜙) = −sin 𝜃 𝑑𝜃 ∧ 𝑑𝜙 = −

1

𝑉2(𝑡)
𝜔�̂� ∧ 𝜔�̂� 

 

 Γ    𝑐̂
�̂�
∧ Γ    �̂�

𝑐̂  = Γ
    �̂�
�̂�
∧ Γ    �̂�

�̂� + Γ    �̂�
�̂�
∧ Γ    �̂� 

�̂� + Γ
    �̂�

�̂�
∧ Γ    �̂�

�̂� + Γ
    �̂�

�̂�
∧ Γ

    �̂�

�̂�
  

  = (
𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) ∧ (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
𝜔�̂�) + (−

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) ∧ (−

𝑙𝑈(𝑡)

𝑉2(𝑡)
𝜔�̂�) 

 

  = [(
𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
)

2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)

2

]𝜔�̂� ∧ 𝜔�̂� 
 

⇒ Ω
   �̂�

�̂�
 = [(

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
)

2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)

2

+
1

𝑉2(𝑡)
]𝜔�̂� ∧ 𝜔�̂� 

 

7.11.1.3 The Riemann tensor: 

 Ω   �̂�
�̂�  =

1

2
𝑅   �̂�𝑐̂�̂�
�̂� 𝜔𝑐̂ ∧ 𝜔�̂�  

𝑅   �̂��̂��̂�
�̂�  = −�̈�(𝑡)𝑈(𝑡) − �̇�2(𝑡) 𝑅

   �̂��̂��̂�

�̂�
 = (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
)

2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)

2

+
1

𝑉2(𝑡)
 

𝑅   �̂��̂��̂�
�̂�  = −

2𝑙𝑈(𝑡)

𝑉3(𝑡)
(�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)�̇�(𝑡))   
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𝑅   �̂��̂��̂�
�̂�  = −

𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡)) = 𝑅

   �̂��̂��̂�

�̂�
 = −

𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡)) 

𝑅   �̂��̂��̂�
�̂�  =

𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
 𝑅

   �̂��̂��̂�

�̂�
 = −

𝑙𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
 

𝑅   �̂��̂��̂�
�̂�  = 𝑙

𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)�̇�(𝑡)

𝑉2(𝑡)
) 𝑅

   �̂��̂��̂�

�̂�
 = −𝑙

𝑈(𝑡)

𝑉(𝑡)
(
�̇�(𝑡)𝑉(𝑡) − 𝑈(𝑡)𝑉(𝑡)̇

𝑉2(𝑡)
) 

𝑅   �̂��̂��̂�
�̂�  = 𝑈(𝑡)�̇�(𝑡)

�̇�(𝑡)

𝑉(𝑡)
 = 𝑅

   �̂��̂��̂�

�̂�
 = 𝑈(𝑡)�̇�(𝑡)

�̇�(𝑡)

𝑉(𝑡)
 

 

7.11.2 The Ricci tensor 
The diagonal elements of the Ricci tensor: 

 𝑅�̂��̂� = 𝑅   �̂�𝑐̂�̂�
𝑐̂   

 𝑅�̂��̂� = 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= 𝑅   �̂��̂��̂�

�̂� + 2𝑅   �̂��̂��̂�
�̂�   

 𝑅�̂��̂� = 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= −𝑅   �̂��̂��̂�

�̂� + 2𝑅   �̂��̂��̂�
�̂�   

 𝑅�̂��̂� = 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= −𝑅   �̂��̂��̂�

�̂� + 𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
= 𝑅�̂��̂�  

7.11.3 The Ricci Scalar 
 𝑅 = 𝜂�̂��̂�𝑅�̂��̂� = 𝜂

�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� + 𝜂

�̂��̂�𝑅�̂��̂� + 𝜂
�̂��̂�𝑅�̂��̂� = −𝑅�̂��̂� + 𝑅�̂��̂� + 𝑅�̂��̂� + 𝑅�̂��̂�  

  = −(𝑅   �̂��̂��̂�
�̂� + 2𝑅   �̂��̂��̂�

�̂� ) − 𝑅   �̂��̂��̂�
�̂� + 2𝑅   �̂��̂��̂�

�̂� − 𝑅   �̂��̂��̂�
�̂� + 𝑅   �̂��̂��̂�

�̂� + 𝑅
   �̂��̂��̂�

�̂�
− 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
+ 𝑅

   �̂��̂��̂�

�̂�
  

  = 2(−𝑅   �̂��̂��̂�
�̂� + 2𝑅   �̂��̂��̂�

�̂� − 2𝑅   �̂��̂��̂�
�̂� + 𝑅

   �̂��̂��̂�

�̂�
)  

 
 = 24 25 26 272(

𝑈2(𝑡)

𝑉2(𝑡)
−
𝑈2(𝑡)

𝑉4(𝑡)
(𝑡2 + 𝑙2)) 

 

  = 0  
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24 = 2(
𝑑

𝑑𝑡
(𝑈(𝑡)�̇�(𝑡)) + 2𝑈(𝑡)�̇�(𝑡)

�̇�(𝑡)

𝑉(𝑡)
+ 2

𝑈(𝑡)

𝑉(𝑡)
(�̇�(𝑡)�̇�(𝑡) + 𝑈(𝑡)�̈�(𝑡)) + (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
)
2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)
2

+
1

𝑉2(𝑡)
) = 

25 = 2(
𝑑

𝑑𝑡
(𝑈(𝑡)�̇�(𝑡)) + 4𝑈(𝑡)�̇�(𝑡)

�̇�(𝑡)

𝑉(𝑡)
+ 2𝑈2(𝑡)

�̈�(𝑡)

𝑉(𝑡)
+ (

𝑈(𝑡)�̇�(𝑡)

𝑉(𝑡)
)
2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)
2

+
1

𝑉2(𝑡)
) = 

26 = 2(−
1

𝑉2(𝑡)
−

4𝑡(𝑚−𝑡)

𝑉4(𝑡)
−

𝑈2(𝑡)

𝑉2(𝑡)
+

4𝑡2𝑈2(𝑡)

𝑉4(𝑡)
+ 4(

𝑚−𝑡

𝑉2(𝑡)
−

𝑡𝑈2(𝑡)

𝑉2(𝑡)
)

𝑡

𝑉2(𝑡)
+ 2𝑈2(𝑡) (

1

𝑉2(𝑡)
−

 𝑡2

𝑉4(𝑡)
) + (𝑡

𝑈(𝑡)

𝑉2(𝑡)
)
2

− (
𝑙𝑈(𝑡)

𝑉2(𝑡)
)
2

+

1

𝑉2(𝑡)
) = 

27 = 2(−
4𝑡(𝑚−𝑡)

𝑉4(𝑡)
−

𝑈2(𝑡)

𝑉2(𝑡)
+

4𝑡2𝑈2(𝑡)

𝑉4(𝑡)
+ 4

𝑡(𝑚−𝑡)

𝑉4(𝑡)
− 4

𝑡2𝑈2(𝑡)

𝑉4(𝑡)
+ 2

𝑈2(𝑡)

𝑉2(𝑡)
− 2

 𝑡2𝑈2(𝑡)

𝑉4(𝑡)
+ 𝑡2

𝑈2(𝑡)

𝑉4(𝑡)
−

𝑙2𝑈2(𝑡)

𝑉4(𝑡)
) = 
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