Chapter 7: Cartan’s structure equations - a Shortcut to the Einstein Tensor

Susan Larsen Tuesday, March 21, 2023
Content
7  Cartan’s Structure Equations — a Shortcut to the Einstein TENSOr .......cceieveciiieiecciiee e e 2
7.1 (0] =R o T4 4o S PSP U PRSP PROPRRTSRPPON 2
7.1.1 The exterior derivative 0f @ 0Ne-fOrM. .....cc..ooiiiiii e 3
7.1.2 T L0 Y 1 [PPSR 3
7.2 Cartan’s first STrUCtUIrE @QUATION ...uiii i rree e s s sabee e e e nanes 3
7.3 The curvature two forms and the RIEMann tENSOT .........cceciiiiiierinieie ettt 3
7.4 Bl TS L A A o] o 1= YU 3
7.4.1 The Riemann tensor for the unit 2-SPhere ... 3
7.4.2 THE RICCH SCAIAT..ce ittt ettt st e st e st e e bt e e sabe e e sabeesabeesneeesabeesanes 4
7.4.3 Find the Ricci scalar using Cartan’s structure equations of the 2-sphere......ccccoccvevevcieeeennnnen. 4
7.5 The three dimensional flat space in spherical polar coordinates.........cccccoveeeeiiieeeeccieee e, 5
7.5.1 The Christoffel SYMDBOIS ........eviiee e e e e e e bee e e e 5
7.5.2 The Riemann tensor of the three dimensional flat space in spherical polar coordinates ........ 5
7.5.3 The RicCi rotation COBFFICIENTS .....eieiuiiiiee e e 6

7.5.4 Transformation of the Ricci rotation coefficients I' bca into the Christoffel symbols

I' bca of the three dimensional flat space in spherical polar coordinates ..........ccccccveeeeicieeeecciiee e, 7
7.6 The RINAIET MELIIC .coiitieteitieiee ettt ettt b st e st s bt et s b e esee bt sbe et e sbesasenbesbeentens 7
7.6.1 Use the geodesic equations to find the Christoffel symbols for the Rindler metric. ................ 7
7.6.2 Ricci rotation coefficients of the Rindler Metric........cooceiieiiiiiieiiie e 8
7.7 The Lorentz hyPerbBoloid ........ouuiie it et e et e e et e e e eaba e e e e araee e e naaeeasennaeeens 8
7.7.1 The Christoffel SYMDBOIS. ........eiiee e e e e e abee e e e 8
7.7.2 The Ricci rotation COEffICIENTS ......ccviiiiiiiiieeee s 9

7.8 Ricci rotation coefficients, Ricci scalar and Einstein equations for a general 4-dimensional metric:

ds2 = —dt2 + L2t,rdr2 + B2t, 7d2 + M2E,7dAZ2 ..........ccoooieiiiiieieeeeeeeee e 10
7.8.1 The Basis ONE fOIMIS.. ..ottt ettt sttt b e s bt e s bt e saeeebeeteens 10
7.8.2 Cartan’s First Structure equation and the calculation of the Ricci rotation coefficientsI' bca

10
7.8.3 The CUrVatUure TWO fOIMS ..ottt s st 11
7.8.4 THE RICCH TENSON ittt sttt e b e e s e e be e e s nneesneeesareeeneeas 13
7.85 THE RICCH SCAIAM ...ttt st sttt smeesaeesreeteens 14
7.8.6 The EINSTEIN TENSON ...utiiiieiieeteet ettt ettt et r e s e e saeeenneeteens 14

7.9  The Curvature of the Poincaré Half-Plane and the Poincaré Metric. ......cccccovveerieriiinienieeieeneenen, 15
7.9.1 The PoiNCaré Half-Plane ........c.coiiioiiiieeee ettt sttt 15
7.9.2 The POINCArE METIIC.....iiiieiieieecieee ettt st st sbe e st eeeens 16

http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 7: Cartan’s structure equations - a Shortcut to the Einstein Tensor

sSusan Larsen

Tuesdm@, Mareh 21, 2023

7.10 The Tolman-Bondi- de Sitter metric (Spherical dust with a cosmological constant) ...................... 17
7.10.1  Ricci rotation coefficients in the Tolman-Bondi- de Sitter metric......ccccovcevvvivincieenceeencieennne 17
7.10.2  The CUrvature tWO fOrMIS ... ittt e e s ee e e s sbae e e e sbeeeessstaaeesans 20
2% 5 T I o T 3 ol B =Y Yo | PSPPI 22
% K0 R S I o T {olol Y or- - 1 ST 23
7.10.5  The EINSTEIN TENSON wuiiiiiiiieeeiteeriee sttt ettt et s e s s be e s bae e sateesbeessabeesnbeessteesnseessaseesnses 23
7.10.6  The Einstein tensor in the coordinate basis: ........ccceiivciiiiiiciiii e 24

7.11  The Taub-NUL SPACETIME ..ooeeiie et e et e st e et e et e e sabe e e saeesnteesneeesaseeennns 25
2% St R I o T A4 T=T o o =Y Y TR =T LYo | R RRN 26
7% A N o T (ol T Yo U 29
728 T T I o T (ol ol Y or- - T SR 29

23] o] Lo} {1 PRSP 29
Space-time Line-element ter
Example: Four-dimensional gs? | = —dt? + L?(t,r)dr? + B%(t,r)d¢? .
space-time s + M?(t,r)dz?

Hyperbolsk plane — Poincaré gs? | = l(dxz +dy?) 47
Halfplane y?
Lorentz hyperboloid ds? | = dy? + sinh® ¢ d6? + sinh? ¥ sin? 0 d¢? 7,13
4
. z . 2 — 2 2
Poincaré metric ds® | = m(dx + dy*) 7
Rindler metric ds? | = &2d7? — d&? 2,34,7
— de? 2772 2
Taub-nut space-time ds? |~ UZ2(t) + @DU(t)(dr + cos 0 dg) 7
+ V2(t)(d6? + sin? 8 d¢?)
Three-dimepsional flat space in ds? | = dr? +12d6? + 12 sin? 0 d¢p? 2713
polar coordinates
Tolman-Bondi-de Sitter space- ds? | = dt? — e 2N gyr2 _ R2(t 1)dh? 7
time — R%(t,7) sin®  d¢?
Two-dimensional unit sphere ds? | = d6?% +sin® 9 d¢* 7
7 Cartan’s Structure Equations — a Shortcut to the Einstein Tensor
7.1 20ne-forms.
For general forms, let @ be a p-form and 8 be a g-form, we have
aANB =PI Aa
For one-forms this means
aAf =—fAa
= aha =—aNha=0
This also holds for df = %dx“ because df is a one-form as well.
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of of ., 0*f b 0*f b
dfa Ndfyp =Wazdxa/\mdx =axaaxbdxa/\dx :_axaaxbdx Adx?
o°f
= dfa/\dfa = 92%9xP dx® Adx?
and df,Adf, = o°f dx®* Adx®
ata = =g agey ¢ NAX

Now, because the partial derivatives commutate, this can only be true if:
dx®*Adx* =0

7.1.1 PThe exterior derivative of a one-form.
The exterior derivative of a one-form f,dx“:
d(f,dx*) =df, Ndx®
To use this equation it is important to notice, that the right-hand side includes a summation of the partial
derivatives times the differential in the usual way:

a
df (x;) = a_xif(xi)dxi-
7.1.2 Examples
]
= do =d(efMdt) =d(e/M)ndt = E(ef(r))dr Adt = f'(r)efMdr A dt

p =e9™ cosBsingdr
= dp =d(e9™ cosfsingpdr)=d(ed™ cosOsing)Adr

d d
=155 (e9M cos @ sin¢)do A dr + 3 (e9M cos @ sing)dep A dr
= —e9MsinGsing dO Adr + eI cos 6 cos ¢ dp A dr

7.2 Cartan’s first structure equation
dw? = —Fal; A wP

7.3 ‘The curvature two forms and the Riemann tensor
The Riemann tensor and the curvature two forms.

0% =dr% +T%Arc; =5Ra55aa)c/\wd

7.4 The unit 2-sphere
The line element:
ds? =d6? + sin? 6 d¢?

7.4.1 °The Riemann tensor for the unit 2-sphere
The number of independent elements in the Riemann tensor in a metric of dimension n =2 is N =

2(n2_1
ni1) 1 so we can choose to calculate R® 0
12 olelo)
The Riemann tensor
R%ca = 0cT%q — 0qT % + ThaT% — T8l %q

We choosea=c=6,andb=d = ¢
0 _ 6 0 e 0 e 6 _ 6 e 0 e 0

1= aa_r (eg(r) cos@sing)dr Adr + % (eg(r) cos@sing)do Adr + % (eg(r) cosfsing)dp Adr =
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_ a6 0 o 0 o ¢ o ¢ 6 _ 0 ¢ 6
= 96149 T Tgpl 00 =T g0 09 T Tppl g0 =T g0 0g = 061709 =Ty
= 0g(—sinB cosB) — cotB (—sin B cos O) = — cos? § + sin? § + cos? § = sin? O

7.4.2 The Ricci scalar
The metric tensor and its inverse:

Yab = {1 sin? 9}

1
g = 1
sin2 0

The Ricci scalar:
R =9g"Ra» = 9°"Rop + 9%’ Rgp = 9%°Rog + 9°PRog + 9*°Rgo + g®PRyg
= 9% Rog + g®PRypg = 9%°R%co + 9PPR ey
= g% R%g0 + Q%R%qm + g¢‘7’R9¢9¢ + g¢‘7’R¢¢¢¢ = g69R¢6¢0 + 9¢¢R6¢9¢

sin% 0 = 2

= geeg¢¢R¢9¢6 + g¢¢g66R9¢0¢ = 2g66g¢¢R6¢9¢ = 329¢¢R9¢0¢ = Zsinz )
7.4.3  fFind the Ricci scalar using Cartan’s structure equations of the 2-sphere
The line element:
ds? =d6? + sin? 6 d¢?
The Basis one forms:

w? =do do = o°
_ 1 _
w? =sinfdp dp =——uw?
sin@
i 1
ij =
o=}
The curvature one forms:
d(!)a =—Fa5/\(1)b
dw? =0
dw® =d(sinfd¢p) =cosfdd Adp = cotf w® A w?
= F¢§ =cot9a)‘7’

The curvature two forms:

0% =dr% +T% AT, =5R“Eéawc/\wd

dr‘f’g = d(cotf w®) = d(cos 6 dp) = —sin0d6 Adp = —w® A w?

¢ é _ 19 0 é ¢ _
6 _
= R = i
= 2nPPRY __ —
> R =2PPR%,, =2

2 We found the Christoffel symbols earlier in the chapter regarding: Two-dimensional sphere with radius a - ds? =
a’df? + a? sin? 0 d¢?

3 Notice: R = 2g¢¢Rg¢9¢ is a general solution for a 2-dimensional diagonal metric if we write: R = 2g??R?

212
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7.5 The three dimensional flat space in spherical polar coordinates

7.5.1 8The Christoffel symbols
The line element:

ds? =dr?+r?d6? +r?sin?0d¢?

The metric tensor and its inverse:

1
Gabp = r?
r?sin? @

1
gab — T'_Z

l )
r2sin2 @

The non-zero Christoffel symbols

1 1.
Toor = _Eargee = —Elar(r )=-r

_ _ 2cin20) — 2
Tppr __Eargd,d,_—zar(r sin® @) = —rsin“ 6
I = 16 =4—7r? fsin6
oo = 5 9g¢¢ = r=Ccosu sin

1 1 2
Lgg = Tore = Eargee = Ear(r ) =r
1

Fr¢¢ = F¢T¢ = Eargd)(p = 6r sin2 0
1

Topp =Tpeg = Eaggw, =8r2cos@sinf

=

=

PP
Mo
Mg
%,
r,

¢
l"9¢

= 9" Togr = —7
= g Tppr = —Tsin?
= g% Type =5— cosOsinf
1 1
0
=T%, = 9%Trgp = ar=7

1
_1r® _ _
_F¢r_g¢’¢rr¢¢_7;

7.5.2  "The Riemann tensor of the three dimensional flat space in spherical polar coordinates
The number of independent elements in the Riemann tensor in a metric of dimension n =3 is N =

n%(n?-1)
12
The Riemann tensor

ea = 0cT%q — 0qT % + ThaT% — T %

Rorg = 0,T" gg — 0T g + [T er — [0, T = 0, gg — [%,I"gg = —1 — (‘) (=7

=0

= 6 and we have to calculate: Rrgre,' RT¢T¢, R9¢9¢, RT9T¢; R9T9¢, R¢T¢)9

1
T

Rigrg = 0nT" gy — 0T gy + T4 TTer = T4 Ty = 0,17 5 =T, T

1
= —sin?0 — (;) (-rsin?0) =0

0 _ [ 6 0 6 _ 0 0 ¢
Ropop =00 g9 = 09T 00 + T 9o e = 9T e = 06" 55 + T T = Tpp g9

1
T

6

= —co0s? 0 + sin? 6 + (—rsin? @) ( ) — (cotB)(—sinBcosh) =0

4= —iag(rz sin? ) =

5= riz(—rz cosf@sinf) =

1
6 — 2 cin2 —
—Ear(r sin“ 9) =
7=—
r2sinZ @
1
8 _ 2ein2 Q) —
—569(7” sin“ 0) =
9=
r2sinZ 6

rsin? 0 =

r?2cos@sinf =

http://physicssusan.mono.net
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Rr@rqb = arrrecp - aqbrrer + Feeqbrrer - Feerrredb =0
R6r9¢ = aﬂrgrcp - aquerG + Ferqbreee - FerGFGedb =0

® 1 1
R 4o =0sT% g —0oT%  + o0 — T % = (;) cot — (;) cotd = 0

T

Not surprisingly all the elements of the Riemann tensor in flat three-dimensional space are zero.

The line element:
ds? =dr?+r?df? +r?sin? 0 d¢?
The Basis one forms and the transformation matrices

w’ =dr dr ="
_ 1 -
w? =1rdb dg ==-u°
r
_ 1 _
w?® =rsinfd¢p dp =—— ¢
rsinf
1
nij = 1
A 10 0
AY =40 r 0
0 0 rsin@
(1 0 0
0 ! 0
2 =10 7 ¥
0 0 =)
rsinf .
The Ricci rotation coefficients ',
dw? = —Fag A wP
Fal} = Faﬁéwc
do™ =0
5 S S
dw? =d(rd0)=dr/\d9=;a)r/\a) =--w A" =-T". A

- ) ) 1 3 , cotd 5 ~
dw? =d(rsm9d¢)=sm9dr/\d¢+rcos€d6/\d¢=;wT/\w¢+Tw Aw®

1 4 . cotfd - 5 3 R 3 5
=—;a)¢/\a)r— w¢Aw9=—F¢war—F¢§/\w9
Summarizing the curvature one forms in a matrix (where @ refers to column and bto row):
1 5 1 4
( 0 —w? -w? )
[ r T
4 1 5 cotfd -
r“;, ={--wf 0 w?
r T
1 4 cotfd -
r r
Now we can read off the Ricci rotation coefficients
R 1 5 1 P> 1
T _ 2] _ 10}
Mae =-- Ty =2 M =7
; 1 3 cotf _3 cotd
r__ _ 1 o6 _ ¢AA _
Ues =—7 Tas =—— Tgp =—
http://physicssusan.mono.net logik.susan@gmail.com
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7.5.4 ITransformation of the Ricci rotation coefficients l"age into the Christoffel symbols I'*}. of the three
dimensional flat space in spherical polar coordinates
The transformation

Fabc — AaAF&A AAébAf
1
= 1%, =a%T% 080, =T N, r=—r1=
p i
o9 = A ;19 fAegAf = NaT"os (A
¢ _abrd e nf _ b _
%y =A% N =17 A7, =
Il _Ar.pd pé Af v T $\ _ N a2p 2
pp =N GI A A —AfFaa(Ad) =1 —)7"sin 0 = —rsin“ 0

é _ d o _ _
M =00T% 020N —F¢6¢A g=———"7=coth
PR 5 3 \2 1/ coté

0 _ A8 d f _ A0 8 ¢ _ 2cin2p — ;

Mep =A4T éfAed,A o =073 @@(A ¢) —;<— " )r sin“@ = —sinf cos O
Collecting the results
[Mgg =-1 Ty =-rsin?0 F6¢¢ = —sin6 cos 6

1 1

reé =— re =— ré = cotd

ro r ro r 6o
Which is consistent with the ordinary method used above.

7.6 The Rindler metric
°The Rindler coordinate system or frame describes a uniformly accelerating frame of reference in Min-

kowski space.

7.6.1 *Use the geodesic equations to find the Christoffel symbols for the Rindler metric.
The line element:
ds? =¢&2%dr? —dé?
The metric tensor:

2
Gab ={€ —1}
The geodesic equation
oK d (61()
axe clls daxe
K =7gap* *xP s’z(f)2 ——EZ
JdK d JdK
xt=& @ — =—|—=
a& ds\ 0¢
d . .
= 2 = —(— = —
6t =5 =-¢
= 0 =¢&+ &2
a 0K d (61()
X~ =T -— =— =
ot ds \0t
=L (g0 = 256t + 28
ds
0 =%+ 15" + lr'é
= =T+=¢éT+ =
§ §

0 We have looked at this space-time earlier: ds? = —X2dT? + dX?

http://physicssusan.mono.net logik.susan@gmail.com
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Collecting the results

0 =&+ ¢&i?

0 =28t +&%
= Fg’[’[ = f
1
FT§T :E
1

T

F TE :E

7.6.2  'Ricci rotation coefficients of the Rindler metric
The line element:

ds? = u?dv? — du?
The Basis one forms
w?® =du du =t
. 1 .
w’ =udv dv =—w?
u

" ={ )

Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients F‘iBé:

do? = —FaB A wP
Faé = FaBé(A)C
= do* =0
- 1 R
dw’ =d(udv)=dundv =Za)“/\w”
1
= rv a = Zwv
5 1
s = "
M55 =" Tapp = —N""Tpgp = —n " nppl'” g5 = —

7.7 ™The Lorentz hyperboloid

7.7.1  "The Christoffel symbols.
The line element:
ds? = dy? +sinh?y d6? + sinh? Y sin? 0 d¢p?
To find the Christoffel symbols we calculate the geodesic from the Euler-Lagrange equation

d (0F JoF
B d_;s(axa) ~oxe '
= F =12 + sinh? 1y 6% + sinh? y sin? 9 ¢?
x% =: Z—Z = 2 cosh ) sinh 62 + 2 cosh sinh  sin? O 2
dF .
ap Y

d (OF\ .
(o) -

= 0 =21 — 2coshysinhip 2 — 2 coship sinh 1 sin? 6 ¢
= 0 =1 — coshysinh 8% — cosh sinh 1) sin? O ¢
oF .
x% = 0: 36 = 2 cos 6 sin @ sinh? i ¢?
http://physicssusan.mono.net logik.susan@gmail.com
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or 2sinh?y @
— = 4S8In
00
d (0F

—(%) = 4 cosh sinhy 1)@ + 2 sinh? 1 6

= 0 = 2sinh?y 6 + 4 coshi sinhy1ph — 2 cos @ sin § sinh? P >
= 0 =6+ 2cothyyd — cosBsinb ¢?
oF
a _ 4. il
x% = ¢ P 0
or 2 sinh? ) sin? @ ¢
9 sinh“ 1 sin“ 0 ¢
d (0F .. .. ..
\29 = 4 coshisinhy Y + 4 cos O sinH B¢ + 2 sinh? 1y sin 6 ¢
= 0 = 4coshysinhy g + 4 cosfsinb H¢ + 2sinh? Y sin® O ¢
0 .._I_Zcothll).._l_2 cotd Gd
= =
¢ sinzewd) sinh2 ¢

Collecting the results
0 =1 — coshysinh 82 — cosh sinh ) sin? O ¢
0 =6+ 2coshisinhypf — cos O sin O >

. cothy . . cotf ..
0 =o+2amg¥otigmy??
We can now find the non-zero Christoffel symbols:
nge = —coshy sinh ¢
F¢¢¢ = — cosh sinh 1 sin? @
Felpg = Feglp = cosh i sinh
F9¢¢ = —cosfsinf
r® _ b _ cothy
ve ¢ sinzg
cot
F¢9¢ - F¢¢9 ~ sinh? Y

The line element:
ds? = dy? + sinh®vy dO? + sinh?1 sin? 8 d¢?
The Basis one forms

w¥ =dy dp =¥
~ 1 5
9 = 1 = 6
W sinhy d6 do Sinh W
1 _

w? =sinhysinfdp dop = ¢

1
1

Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients F&E::
d(l)d = —FdB A a)b

sinhy sin 6 @

FaE = Fagé(l)c

dw? =d(sinhydf) = coshydip Adb = coshp w¥ A wb = cothy w¥ A w?

sinhy

http://physicssusan.mono.net logik.susan@gmail.com
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dw® =d(sinhysin@ dep) = coshy dip Adgp + cos6dO A dg

N - 1 = 1 =
= coshy w¥ A ¢+cos€s_ wf A

inhy

¢

sinhy sin 6 @ sinhy sin 6 @

_ cothy -

sin @

a)ﬁ’/\w‘i’+

cotd
sinh?

w? A w®

Summarizing the curvature one forms in a matrix:

oY

[ 0

={ —cothy w?

cothy -

\ sinf @

¢ _

cothy wb

0

cotd
sinh? ¢

Where @ refers to column and b to row.
Now we can find the non-zero Ricci rotation coefficients:

w®

cothy

sin @
cotd

sinh? ¢ @

0

2)
w®

¢

"

Flp% = —cothy
F@ o cothy
a4 sin@
re 0 = cothy
F@ _ cotf
6 sinh?y
Fg, o cothy
Yo sin @
Fa’ _ cotd
8%  sinhZy

7.8 PRicci rotation coefficients, Ricci scalar and Einstein equations for a general 4-dimensional

metric: ds? = —dt? + L*(t,r)dr? + B*(t,r)d¢?* + M?(t,r)dz>
The line element:

ds? = —dt? + L%(t,r)dr? + B2(t,r)d¢? + M?(t,r)dz>
7.8.1 The Basis one forms
wt =dt
w' =L(tr)dr dr = ! w'
’ L(t, 1)
¢ =B(tr)d dp = —1 o
b = BN ? “Ben®
s 1 R
w? =M(tr)dz dz = M) w?
-1
ii 1
j =
1 1
1
7.8.2  Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients FaBé
do? = —Fdﬁ A wP
M =T%°
dowt =0

http://physicssusan.mono.net
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Fo= .y _Log
do”  =d(L(t,r)dr) = Ldt Adr = 7o' Ao

2 . B . . B .,
dw® =d(B(t,r)dp) = Bdt Adp + B'dr Adp = E(utAaﬁb +Ewr A w®
2 , , M, , M .
dw =d(M(t,r)dz)=Mdt/\dz+Mdr/\dz=Mw /\wz+mwr/\wz
Summarizing the curvature one forms in a matrix:
o L, B oM,
t“  BY wmM?
L . 0 B’ (7) M’ 2
R D B ImM® |
b B s B 3
E(A) —E(A) 0 0
M M’ 2
LM(,() —mw 0 0 )

Where @ refers to column and b to row
Now we can read off the Ricci rotation coefficients

. i . i (75 B , M
o B N BI — B/ . M’
rte .. 2 rf__ _—_~ p®_ - ¢z, -
¢ B oo LB &) LB Tz LM
p M 5 M’
Tt ;s = " 52 =~
Q% = drt 4 T8, ATE, = 2Rl A ol
5 =alp e N =5 R g0 Aw

2

f' _ E 7/\‘ _ . _-- -, _£ f ,’")
ar; =d La) —d(L(t,r)dr)—Ldt/\dr+Ldr/\dr—La) Aw
MeAT =TT AT 4+ T AT+ T AT? + 17, AT = 0

. i
= Q2 =—Zw Aot

3 B 3 . . .
ar; =d(zw = d(B(t,r)d¢p) = Bdt Ad$ + B'dr Ad¢

B . ~ N ~
=—w'Aw?+—0 Aw?

B BL )
5 . - . 2 . 2 P P R s R B - L
r®, are, =7 AT 4 T AT+ TP AT? 4 17 AT = T AT = 0 Ao
s B . . B . - B - L,
= 07 =§(ft/\a)¢+ﬁwr'/\a)¢.+ﬁw¢/\zwr
B’'L B’ Pe
=——w?Awt __ N
w w +<BL2 BL)w w
dré, = M =d(M(t,r)dz) = Mdt Adz + M'dr A d
t - 1‘40J - ( T Z)_ Z r Z
=ﬂa)f/\a)2+;aﬁ/\w2
M ML
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M, N
=—w/ A=

PEAT =T AT 4 T2 AT 4 T2 AT T2, A% = T2 AT = T 0? AT
= 0% =M—a)wa2+;er/\w2+£w2A£er
‘ M MLS 7T T ML L
— M Z t ML M’ Z 7
——M(U Nw" + W—m W N\Nw
ar® d(B ¢) d(B,dd)) BL=BL nap+ B 2B o nag
= — W = e = —_ar
4 BL L 12 12
BL-BL . ., BL-B"'L , .,
== winet g et A -
S \pe. b api P At L rd P L pd Az _pd i _BL g
I, AT, _rrAArrrA+rEArtf+r$Arf+r2Arzf_rf/\rff_ﬁw%\wr
Iy >14 It " S T
3 _BL-BL ; BL-B"L o . BL 5
= Qv _Tw‘p/\w +Ta)¢/§fur+ﬁw¢/\wr
_BL-B'L B nof 4 B'L' —B"L BL B Aot
-z MY BL? BL)“ "¢
art M, M’ M'L—ML M’L—-ML
; —d(M—Laf)—d(sz)= o dt Adz+ ———dr Adz
ML-ML , . ML-ML , .
= iE w*N\Nw" + YiE w A\Nw
r%, AT, :Fff/\rff+rz“f/\rff+rz“$/\r¢f+r22/\r2f=r2f/\rff=mw2/\aﬁ
R 02 ML-ML , , ML-M'L , . ML ,
7 =Tw Nw +T0) /\.0..) +m(u N
ML-ML , . (ML-M'L ML\ , .
=—ML2 w w" + —ML3 +m w N\Nw
2 _
ar’y =0 )
2 _ 2 ¢ i APt T2 AT 4 TE2 ATP T2 ATZ.
= Q%5 =T7 AT rt/\r¢+r.r/\r¢+r¢/\r¢+r2/\r¢
A , . M , B ., M .
— Tz, tA z T2 ¢ 2 _ = ¢
[“; AT ¢+F # AT 3=y /\Ba) +LMw /\( B® )
_(BM  B'M’ 25
~\BM 12BM )Y "¢
Summarized in a matrix:
( B R M . .
[ ——w? Aot ] |r ——w? Aot ]|
0 ——w Awt B M
L |+ BL B &, |+ ML M 2ot
|"\Bz " BL)Y "?| |"\mz " mz ) "¢ |
[ B'L B’ R 1 ML MY\ ,
q — - A -— A
afy =1 . I Bz BL)? "¢ I Mz~ ML) "¢
[+ B’L’—B”L+BL 3 TAJ [+ M’L’—M”L_I_ML 2 ) fJ
BI3 BL)“ "¢ ML3 mL) ¢ N
S AS 0 BM._B'M 2w
BM  12BM )¢ "¢
S AS AS 0 J
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Where @ refers to column and b to row.

Now we can find the independent elements of the Riemann tensor in the non-coordinate basis:

Tuesd&%, Mareh 21, 2023

- L B ; M
R ;3 (A) =-2 t(pt(B) = —— R%::(CO) = -3
3 _BL B 2 ML M
Far®) =555 R =3z
B'l -B"L BL _, M'L'—M”L ML
’“¢’T(F) =3z ‘tm P =—pE
2 BM B'M’
R -(H) 2"~ _Z 7"
$24 BM L*BM
Where A,B,C,D,E,F,G,H will be used later, to make the calculations easier
Ras = R azp ~ ~
_ pt ¢ 7 é 2 _ pf ¢ 2
Rig =R =R + R gp + Ry + RO = RU g + RV 5, + Ry
__ LB M—A+B+C
L B M ~ ~
_pé _ pt ¢ _pd
Riz =R R pee + R ppe + RT 55 + R0 = R + R%pp
B'L B M'L M D+
~BIZ BL MIZ ML R
. —p¢t_ _ pt_ 7 () z _
_pé _ pt é z2
Rz —RCW—R sz"‘er"‘R spe TR 252 =0
Rip =R = R o + R g + R¢f-($‘f- +R% s = =R g + Rd)—f{ﬁf- + R%57
_L+BL’—B”L+BL ML —M"L ML_ At PG
L BL3 BL MIZ TML- R R
o —p¢_ __pt_ 7 é z_ _ ¢ ¢ z_
k59 Mgeo =R R 5rg * Rigag * K gop = ~Rige + Rvgr + Rgsg
_B+BL B’L+BL+BM B'M' B4 FaH
B BL3 BL" BM I?BM
Rz =R = R yps + R 5ps + R? 242 +R% ;55 = —R%p + R ppr + R*3:3
_M+M’L—M L+ML+BM B'M’ Cican
M MI3 ML BM I2BM

Summarized in a matrix:
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(L B M OBL B ML W
"I7B M BIZ BL MIZ ML 0
I B'L'-B'L ML
S [ZJF.. B ML 0
BL ML -M'L
LY et~ )
R, =1 [ B BL-B"L |
0 0 | B B |
BL BM B'M
"L BM T 7BM
0 0 0

Where a refers to column and b to row

abp

[+ 31

)

Tuesomg, Mareh 21, 2023

\

M+MI—M1
M- ML
ML BM B'M’

ML BM ~ 12BM)

R =n¢
R nffR + 07 Rye + PR + 0" Ry; = —Rgz + Ry + Ry + Ry
=—(A+B+C)—A+F+G—-B+F+H-C+G+H
= —2A—2B —2C+2F +2G + 2H
? ; ? A ﬂ
= —2R"g; = 2R® 5, — 2R + 2R s+ 2R% 50 + 21.22.(7,2(7,. |
L B M B'L —B"L BL ML -M’L ML BM B'M
=2 ettt —F —— ————
1Bt m BL3 BL ML3 ML ' BM I?BM
1
Gap = Rap —5NasR
1 1 1
Git =Rgt—-MetR = Reg +5R = A+ B+ C + (=24 - 2B = 2C + 2F + 26 + 2H)
_ _pd
_F+G+H—R 7 +RZTZT+RZ¢Z¢
B'l -B"L BL ML -M’L ML BM B'M
=t —————— t— t— ————
BL3 BL MI® _ ' ML ' BM L2BM
o 1 BL B ML M
S K A A T
Gge = Rge —5mgiR =0
1
Gzt =Rzt —5MzR =0
1 1
Grr = Rpp —51¢R = Rpp — o R
1
=—A+F+G——(-2A-2B-2C+2F+2G+2H)=B+C+H
I N S B M BM B'M
=gt e Y806 = T Ty T BM T 1ZBM
1
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G =Rz — 53R =0
Cor 1 B 1
¢ =Rgg —5mggR =Rgg — R
1
=—B+F+H—E(—2A—ZB—ZC+2F+ZG+2H)
; 5 5 L M ML-M’'L ML
=A+C+G=Rfff+Rfzf+Rf2f=_z_M T+m
.- 1
1 =Ryg —omgR =
1 1 1
Gss =R22—En22R=R22—§R=—C+G+H—E(—2A—ZB—ZC+2F+ZG+2H)
B R 3 3 L B BL-B"L BL
_A+B+F_Rfff+Rf$f+Rf$f__z_§ T+ﬁ
Summarized in a matrix:
B’L’—B”L+BL+M’L’—M”L [B'L B’ )
BI3 BL MIL3 BL? BL 0 0
ML BM B'M’ |+M'L M|
| ML '~ BM I2BM | MIL? MLJ
[ B M ]
S | B M | 0 0
|+BM B'M |
Gor = BM L2BM [
ab . .. ..
[ I M+ML]
0 0 L M ML 0
l+ ML — M"LJ
ML3 .. . .
[ I B+BL]
L B BL
0 0 0
| B'L'—B"L|
\ [+ BI3 JJ

Where a refers to column and b to row

7.9 The Curvature of the Poincaré Half-Plane and the Poincaré Metric.

These examples emerged from mathematicians work in the 17" century and the discovery of the hyper-

bolic geometry and space with negative curvature.

7.9.1 9The Poincaré Half-Plane
The line element

1 1
ds? = ?dxz +de2

The Basis One-forms

w¥ =—dx dx =vyw*
y y
R 1 R
w’ = ;dy dy =yw”
5] =
n { 1}
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The Ricci rotation Coefficients

dw® = —Fdl; A wP

1 1 - - N -
dw*® :d<;dx):—de/\dxz—wy/\wxzwx/\wy
do? =0

The Curvature Two-forms and The Riemann Tensor

0% =dr% +T9% AT ==R% .0 Aw?

2
dl"xf, = d(—w’?) = —w*Aw?
> Q’?y = —w* A w?
The Ricci Tensor
Rap = RiaaB
_py _
Ree = Rg?fw? =-1
Rgy =R%ep=—1
The Ricci scalar
R =R%=R%+R’=-2

The line element

ds? 4 4

=1-x-,2 dx* + T=x2—y2 dy? (7.1)

The Basis One-forms

. 2 1
w* =ﬁdx dx =sV1-x*—y%w
2

wy =

1 -
o) @ =2 V1-x2 =207

y
ij =
=" )
The Ricci rotation Coefficients
do? = —Fag A w?
2 2y
dot =d —ﬁdx =————=dyAdx
12_x _yl (1—x2—y2)71
= —y<5 [1 = x2 _yzwf/> A (E 1= x2 —yzw’?)

3
(1-22 - y?)z
Y

=—w9Aw’?=—+w’?/\w5’
21 —x2%2—y2 21 —x2%2—y2
’ d<\/ 2 d) = dxnd L S -
y = Y= X y = w w
daw 1—x%2—y? (1_xz_yz)% 21 —x?%—y?

o y

ri, =—F/———
> y 21 —x2—y?

w* + 1Antisymmetric

1 The curvature one-forms are antisymmetric: 55 = —T5
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-~ x { . .
9. =————=w” + 2Antisymmetric
x 2.1 —x2 — yz
R y . X 5
> I, = w* — w”
Y 21 —x2—y? 2\1—x%2—y?
. x . y .
_ ¥y z

FJ’A = w’ — w
* 21 —x2—y? 21 —x%2—y?

The Curvature Two-forms and The Riemann Tensor

~ ~ ~ N ~ 1 . . ~
.QaB = dFaB + Faé A FCB = 13dFa5 = ERaB(fawC /\(Ud

R R R R R x N
Y 2.1 —x2%2—y2 21 —x2%2—y2

= y
2\/1—x2 —y2 \/1—x2—y J1—x2—y2. /1 —x2 —y2

_ Y _
_d<1—x2—y2dx) d( —xz—y )

1—x%2+y? 1+ x2 —y?

2
=————dyANdx—d——+——=dx ANdy = ———+———
(1—x2 — y2)2 y Aax (1—x%— y2)2 xAay (1—x%— y2)2
2

1 . 1 .
S ——— gy TPV y>/\(_ 1 — x2 — 2 x)
(1—x2—y2)2(2 x?2 —y?w 2’/ x? —y?w
1

dy A dx

ECEE DN

= _Qx,\ R T S ——— x N y
Y 2(1—x2—-y?) oA
= R* = !
yxy = 2(1—x2 —y?)
The Ricci Tensor
Rap = R4z
oy 1
Rer =R = 00297
. 1
Ryy =R%ey =

7.10 The Tolman-Bondi- de Sitter metric (Spherical dust with a cosmological constant)

7.10.1 ‘®Ricci rotation coefficients in the Tolman-Bondi- de Sitter metric
The line element:
ds? =dt? — e 2¥WNqr2 — R2(t,1)dO2 — R%(t,1) sin% 0 d¢?
The Basis one forms

ot =dt
' =e¥ENdr dr =e¥tny’
9 =R(t1)do do LI
= , T = w

@ R2t,7)
2 The curvature one-forms are antisymmetric: 55 = —T35
BT, AT =0
http://physicssusan.mono.net logik.susan@gmail.com

17


http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 7: Cartan’s structure equations - a Shortcut to the Einstein Tensor

Susan Larsen Tuesd&%, Mareh 21, 2023
¢ =R(t infd dp = ! ¢
w? =R@Er)sinfde ¢ _R(t,r)sinew
1
i -1
7] =<
n -1
\ -1
1
~ e_w(t-r)
Ay =4
R(t, 1)
R(t,r)sind
1
e¥(tr)
b 1
Na =19 R@T)
1
\ R(t,7)sin@
Cartan’s First Structure equation and the calculation of the Ricci rotation coefficients Fagsz
da)‘i = —FdB N wb
Fafz = Faf)éa)c
= dot =0
do™ =d(e™¥Edr) = —pe¥ENdt Adr = -’ A w”

!

) : R . . R o
dw® =d(R(t,r)d0) = Rdt AdO + R'dr AdO = ﬁwt Aw? + Eew(mwr A w?

dw® = d(R(t,r)sinb dg)
= Rsin@dt Ad¢p + R'sinfdr Ad¢p + R(t,r)cos0dO Ad¢p

R . - R " - cotd =
=—a)t/\w¢+Ee1/’(”)wr/\w¢+Tw9Aw¢

R
Summarizing the curvature one forms in a matrix:
( 0 - R ;5 R s )
Yw Rw Rw
! !
-’ 0 R_ew(mw@ R_ew(t,r)(ﬁ
re, =- R R S
b R ; ! 3 cotfd
Ea)e —Eed’(”)a)e 0 B w?
R - ! - cotd -
—w® —_—_pvn 9 _— ¢
ka Re W R W 0 )

Where @ refers to column and b to row.
Now we can read off the Ricci rotation coefficients

M =—9 [y ==
r‘s, = g o = _%,ew(t.r)
Mo = ;f 5 = —%’ew(m
r? 6 = g Faf@ - ;i
o . %,el,b(t,r) l@f@ _ %,ew(t,r)
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9 _ cotd F(ﬁ _ cotd
¢ T TR 66 ~ R
Transformation of the Ricci rotation coefficients Fagé into the Christoffel symbols I'?;,.
We have the transformation
Fabc — AaardéfAébAfc
> Ty = NN, =TT A =~ 1=

[t = AT 08N, = AT (1) = 1(=) (e ¥ED)” = —pe=2¥En)

r

5, 7 5 oz R R
0 _ A0 d f _ 6 — —
N AN R
t _ At pd I _ At pt 0 — 2 — pp
Moo = Ag% 0% ) = 255 (4%) = 12 R? = RR
R’ R’

0 A0 rd a6 Af _ 1O AP _ tr) ,—(tr) —
Mg = AT 05N g = TN, _Few( Me ¥ ==

, S \2 R’
Mg = AT 5 (Aee) = e¥(t7) <—Ee1/’(”)> R2 = —RR'e2¥(t1)
S, 7 = . R R
_ AP rd f _p¢ At _ _

. . e R ]
Mgp = ar9 020N, = A5t o5 (n%,) =1-—R?sin?6 = RRsin’ 6

¢
I !
¢ _abd ae f _1d ar _R Y(tr) —w(t,r)_R_
e —AaFéfArA(p—Ffa)Ar—Re e =2
~ 2 !
[T =N T, (A¢ ) = e¥(tr) —R—ew(t'r) R?sin? 9 = —RR'e?¥(t) gin2 g
T 9 ¢ R
5 s 7 3 3 cotd
s = A%r% 080, = 1% A% = ——R = cotd
3 3\2 1/ cotf
6 _ A0 O (A9 . 25in20 = — ;
| g —A9F¢¢(A¢) R( R )R sin® 6 cos @ sin 6 A
However by this method we do not obtain I'",., = —’, because the Ricci rotaion coefficient I'"s; does not

exist. The conclusion must be, that this is not a reliable method to calculate Christoffel symbols.
To check we calculate the Christoffel symbols directly from the metric
The line element:
ds? =dt? —e 2¥tNqr2 — R2(t,1)dO? — R%(t, 1) sin 0 d¢?
The metric tensor and its inverse

1 0 0 0
0 —e 2D 0 0
9ab =4 0 —R2(t,7) 0
\0 0 0 —R?(t,r)sin? 6
1 0 0 0
0 —eZ¥®n 0 0
1
ab —]0 0 _— 0
g \ RZ(t,1)
0 0 0 !
R2(t,r)sin% 0

1
1—‘abc = E (acgab + abgac - aagbc)
e = gadrdbc
Frrr = grrrrrr = gTT%ar(_e_zlp(t,r)) = grrlpre—zw(fﬂ = _ezw(t,r)lpre—zw(t,r) = —l/)’
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Ftrr = gttrtrr
1 . . .
=gttt -29,.(- =2y (t,r) — tt(_ =2Y(tr)) — 1(— =2yP(tr)) — _ =2y(t,r)
gt (=30 (-e2HE) ) = g (e He) = 1(—e-wen) = i
1 . .
Frtr — Frrt — .grrrrtr — grrzat(_e—zw(t,r)) — grrlpe—zw(t,r) — _ezw(t,r)l/)e—zd)(t,r)
=
1 . . .
Moy = 9"Tipp = g (—Eat(—Rz(t, r))> = g"RR =1-RR = RR

1 . R
6
It =T% = g%Tye = geezat(—Rz(t.T)) = g% (-RR) = ——( RR) =
1
Mg =9 Trge =9g"" <_§ar(—R2(t,T))> = g""R'R = —e?V(!"IR'R
1 R'
My =T% =g%Tge = g% <§5r(—R2(t, T))) = g% (-R'R) = ——( R'R) = —

1 . .
T'hp =9 Tipp =g (—Eat(—Rz(t, ) sin? 6 )> = g"*RRsin?0 = 1- RRsin?46
= RRsin% 6
¢ 1 . .
M = F¢¢t = 9%%Tpp = g‘M’Eat(—Rz(t, r)sin? 6 ) = g®?(—RRsin? 0)

1 . R
—(_ _ in2 ——
- ( RZ sin? 9)( RRsin®0) =
1
Meg =9 Trpp =9 (—Ear(—Rz(t, r)sin? )) = g""R'Rsin? 0 = —e?¥EMR'Rsin? @
¢ 1 : o
e = F¢¢r = g%Tyrp = g‘M’Ear(—Rz(t,r) sin?0 ) = g?®?(—R'R sin? 0)
RI
_ C20Y —
B (_ R? sin? 9) (=R'Rsin”0) = &

F9¢¢ = g% Tp4p = g% <__a (—R%(t,7) sin 9)) gP%°R?sin 6 cos @
1
= —ERZ sinf cosd = —sinf cos

1
0p = F¢¢9 = g%%Tyep = g‘M’EOG(—RZ(t,r) sin?0) = g??(—R?sin 6 cos H)
1

= —_-_ _R2 i —
stinz9( sin@ cos ) = cot

" . I |
-QaB =dFa5+Fa5AF65 =§R bcdw /\(U
dl—'ff = d(—]l}wf) = d(_lj)e_lp(t:‘r)dr) = [_lpe_ll)(trr) + (lj))ze_w(t’r)]dt Adr
= [~ + () o’ A o
~ N ~ 2 ~ ~ N ’9‘ N oy
P AT =TT AT + TP AT + T AT 4175 AT, =0
= Oy = [+ () ol rw’
5 R , : ) .
dré; =d <—w9> = d(R(t,7)d0) = Rdt AdO + (R)'dr A dO

()

w Aw? + L ¥ E) ,yF A P

R
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P, ar¢ =T AT + T AT + 19 AT + 19, AT?, =10, AT,
R’
=—e W(er) )P A (=Y’
= QéA - gwf Awd + (R) ;‘R ‘l’ew(t,r)wr* Aw?

ar?, =d(tw?) = d(R(t,r)sin6 dp)
—R'siant/\de+(R)'sinedr/\d¢+Rc059d9/\d¢

R
=—w /\a)¢+( ) ¥ o7 /\w¢+R cot 6 w® A w®

'JJ

rfaré; =F¢AAth+F¢fAFrf+F¢A/\FQE+F¢$/\F¢f=F¢1¢/\Fff+r¢§/\rgf
R’ cotd - R

=Ee¢(”)w¢/\( Yo' )+ a)¢/\ﬁa)9

= R’ =
dré, =d <Ee¢(t'”w9> = d(R'e¥t"dp)

= [(R) e¥®) + R'pe¥ED| dt A d6 + [R"e¥ED + Ry'e¥ED]dr A dB
W(ET) A p2bEr)

= () +r 1,[)] ot Aw? + [R" + R'Y'] o’ A w?
ré.are, _r" ATE. +T?, /\rr +1% AT?, + 10 AT?, =10, AT,
=—w o AN’
(T eV Ryl
> [(R) +Rl/)] wtAw +[(R”+Rl/)) +7 " A w?
~ R’ _ _
ar®, =d Eelp(”)w"b = d(R'e¥®" sin6 do)
w(t T) R . eZIll(t,r) R . RI R _
=1|(R) +R lp] Wi Aw® +[R" +R'Y] 0" A? + 5 eVt ot wP A w?
r® are, =r° /\rf + 1% AT +T% AT?, +r"t/\r¢ =% Art, +1% AT?,
R cotd - R’
—Ea)d’/\( Yo’ )+ ¢/\Ee¢(”)w9
ven 5 e Rl ;
— T
- = [(R) + R ot (R K)o o
@ cotf - ] 1 5 =
ar’y =d( R a)¢>=d(cos€d¢)=—sm9d9Ad¢=—ﬁw Aw?
rPoarey =1% ATt + 1% AT 412 AT + 1% AT? = 1P AT + 1% AT,
R , R 5 R _ R 5
= ﬁa)d’ A Ea)g + Eew(”)wd’ A (—Ee’l’(”)wg)
3 1 (R)? _ (R _
¢ _ |- 2%t | @ 0
= Qg = R2+ RZ Rz w? Aw

U= [(R)’ew(t”) sin @ + R'ype¥ ") sin Q]dt Adp + [R"e¥® sin@ + R'yY'e¥ ) sin 0]dr A dep +
R'e¥®M cos 0 do Adep =
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Summarized in a matrix:

, [ Bwf/\wﬁ —I Ir ot Aw® -I
0 [-¥+ @) ]wtrw R R
N . e’*” : PN N . e‘l’ R ~
ot - [ [(R) +R'¢]—waw9 ] [ [(R) + ] ot A w? l
b TS 0 ZIP
l+ [(R”+R’1p’)% = w’ Aw [(R”+R1/J)—+—]w /\w"’J
(R) (R )2 e2W(tr) ) 0
S AS 0 RZ IR TR A
S AS AS 0

Where d refers to column and b to row.

Now we can find the independent elements of the Riemann tensor in the non-coordinate basis:

RTepe(A) = [ — ()]
R%ge(B) = %
5 V(1)
R%:(C) =—[(R) +R ll)]
. VD oy
R®5,(D) = [(R" Ry
t¢)t(B) == E
P W(E)
R"’f;ﬁr(C) =—|(R) +r ¢]
~ 21[)(t r)
R (D) = [(R” + RS w]
R’ (R )2 .
§$§(E) - RZ (Rz R2 e2¥(En)

Where A,B,C,D,E will be used later, to make the calculations easier.

Rap =Rca65 ..
o pe 9 s _ G b N2l B
= Ri Rctct—Rftf+er+Rf§f+Rfaf—errf+Rfaf+Rfaf—[‘/’—(¢) 25
=A+2B
_pé  _ pt ] & _ pb é
Rpg =R = Rippp + R ppe + RV + RV = RV + RV 55
, wer) QW (tr) - w(tr)
S 1 7 L P B
_ _pé_ _ pt # 6 ¢ _
Rt =Rges =R gy + R gpe ¥ R7gpp + R4, =0
. _pé  _ pt 7 o ¢ _
Rt =R Gs =R gy + R gy + Rgg T RV 55, =0
R 2 N ? S 5 ] &
Ry _Rcfc”sztfff—i_Rrﬁf-l_Rf§f+R¢r‘$f= errf+Rf'§f+R¢f$f
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2Vt B
=—[v- (11))]—2[(R”+R1/)) +?¢=—A+2D
o _ pt (] ) _ 9 9 )
Rap Rcece R 3¢9 +Rrer9 t R + R 960 — —R7g¢ ¥ R TR 990
3 e Ryl [1 (R)® (R"? '
— 2Y(t —
—E— (R”+RI/)) +7+ﬁ+ RZ_ R2 ew(r) =—B+D+E
. _ pc_ ¢ 7 9 b _ _pd é )
3 2V ) Rl/) (1 (R) (R)?
— l 29 (t —
—E— (R”+R’I/)) R +7+ﬁ+ R2 — R2 ew(r) =—B+D+E
= Rpp
Summarized in a matrix:
1/)—(1/))2 N7 . e""
) R’ -2|(R) +R'1p]7 0 0
-6 - @)’
2 0 0
—2[(R”+R1/))e R};p]
zw
0 0 | ( ) , | 0
R)” (R) J
[ + 2 RZ le
ié n 2 R‘(’[)
E—[(R +R1/))—+7
0 0 0
(R)° ®R)? w
R2T Rz T gz ©

Where @ refers to column and b to row.

R =1%Rg
R =1Ret + 1" Ry +1°°Rgg + n??Ryg = Rer — Rep — Rgg — Ry
=A+2B—(=A+2D)—2(-B+D+E)=2A+4B — 4D — 2E
— opf 0 @ @
e2¥(tr) Rl/)]

(R) (R )2 zw(tr)l
R2 R? "Rz

=2[p - ()] -4 +4[(R”+R1/J)

1
Gap = Rap —5MasR
i 1 1
Gee = Riz—51MiR=Riz—5R=A+2B—>(2A+4B 4D —2E) = 2D +E
_ lel(tr) lll] (R) (R )2 le(tr)‘

—_ @ ¢ —_ n
= 2R:q; + R%55 = —2|(R +RY)—— TR TR

1 e
" RZ [1-2RRY + (R)" = (2RR" + 2RR"Y’ + (R)?)e?V (1))
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1 ) @ e¥(r)
Grt = Ryt —5nsR = Ryp = R + R, 5 = —2|(R) +R ¢]
1
Go: = Rgz —3MgeR = 0
1 1
Grp = Rpp —5mppR = Rrr+2R——A+2D+ L2a+4B—4p—28)=28—F
A A - .
oY) R R2 R2 Rz
1
= 3 [(R)2e?ED —2RR —1— (R)']
1 1
Goo = Rgp —57gaR = Rgg +5R=—B+D+E+3 L 2A+4B—4p—26)=4+B-D
7 9 p2%(tr) "
=Rtri'+RE§E_ [11’ (IP) ——+[(R”+Rll)) 7]
= [1/3 - @)+ [(R" +RYEVED + j— ]
Gop = Gop = [tl) (w) ]+ [(R" + R'Yp")e?¥ ) 4 Ry — R]

Summarized in a matrix:
1 1-2RRY + (R)”
—(2RR" + 2RR'Y’ + (R")})e

N

, e¥
| ety +ritsy

1
R?

i

(Rr)zezw
2RR—1-—

0

@

0

0

- )’

0

+% [R" + Rpe + Ry — K|
=)
+% [(R" + RpNe™ + Ry — K]

0 0

Where @ refers to column and b to row.

7.10.6 The Einstein tensor in the coordinate basis:
Gap = AéaAdb Gea

A . 1 .. .
G = AL Gug = (AE,) Gz = =5 [1—2RRY + (R)” = (2RR" + 2RR'Y' + (R)D)e? |
. L R
Gre =AM A% Gog = AT AEGpp = —2 ’% +—
o A 1 ) .
Grr = AN Gog = () Gpp = = [(R? = (2RR + 1+ (R)") e2¥]
. N2 a1 o
Goo = N9A%9Geq = (1%) Ggp = R? ([l/) - (W@)’]+ SR+ Ry + Ry~ R])
. 5 \2 S 1 o
Gpp =04 A4Geq = (A%,) G5 = R?sin 0 ([z/) - (1/))2] + o [(R” + RN + R - R])

Summarized in a matrix:
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1 1-2RRy + (R)® ] 5 @Jrﬂ/z . .
R2 —(2RR" + 2RR"Y' + (R")?)e?¥ R R
1 (R")?
§ R?|- (2RE+ 1+ (R)") e 0 0
G = ¥ - ()
ab 0 0 R2| 1 ) o 0
+E[(R”+R'1,b')ez‘1’+R1/:—R]
P
-
0 0 0 R?sin?0 @)

+%[(R” +R'Pe¥ + Ry — K]
Where a refers to column and b to row
7.11 “The Taub-Nut Spacetime

15The Taub-Nut space-time is an exact solution to the Einstein equation.
The line element

2

ds? =-— TH0 + (2D2U%(t)(dr + cos 8 dgp)? + V2(t)(d6? + sin? 6 d¢p?)
If U%(t) > 0 tis atime variable. If U?(t) < 0 tis a space variable.
Defining
3 2(mt +1?)  2mt—t*+1>  P?(t)
Ve =- 24102 2412 V2(p)
V2(t) =t?+1?
P%(t) =2mt—t?+1?
. 1 d t
= V(t) = —Zv(t)a(vz(t)) = m
. _d g _dty VEO-tV@E 1 ot t
e = %(V(t)) 2_ E(V(t)) TV V(@) V(D) (V(t))
1 t
IZGIREIO .
) B d 1 d[P(®)
U® =5z V' ®) = zu(t)E<V2(t)>
1 (POEPO-POZVO\ 1 (- ovie - A0
S 2U(b) V4(t) U@ V4(t)
1 (m—t tU()
G) <V2(t) B Vz(t)>
d ) _d(m—t tU*@®)\ _ dm-—t\ d[(tU*Q)
Zvoum) = %(VZ(t) ZI0) > = %(v%w) - %(VZ(t) )

2@ - 2m - vV g (OO - 200 OVOV©

V()

V()

1 2tm—1  (U®+2e0O0(©) V2(©) - 2620%(0)
T VI vED VE(E)
3 1 2tm —t) U?%(t) 2tV?(t) fm—t tU?(t)\ 2t2U%(t)
V() VA VR VA(D) <V2(t) B Vz(t)> V4(t)
1 4t(m—t) U?(t) 4t2U%(b)

TV VAR VR T VA

15 https://en.wikipedia.org/wiki/Taub%E2%80%93NUT space
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7.11.1 The Riemann tensor
16The TAUB-Nut space-time is a solution of the vacuum Einstein equation if the Ricci scalar R = 0.
We choose to work in the non-coordinate basis.
The basis one forms

. 1 .
t - = t
W o dt dt U(tw
P = 2U(t)(dr + cos8dg) d LI
= r + cos r = " — W
@ ¢ 21U (t) V(t)
w? =V()do 40 =—of
V(t)
_ 1 3
) sin@ V(t)d¢ do Sno V(D W
-1
; 1
ij =
1 1
1
7.11.1.1 Cartan’s First Structure equation
do? = —FdB A wP
. 1
t = —_— =
dw d (U(t) dt) 0
. R W@ ) - W@ 4 5
do” = —U(t)wr/\a)t—vz(t)w Aw? Vz(t)w¢Aw

=dQLlU(t)dr) + d(2LU(t) cos 8 d¢)
= 17181920—Ffwaf—Ff$Aa)$ —Ffa/\(l)a

dw? =dV(t)do) = V(t)dt Ado = —%wé Aot = _Faf At
do® =d(sin@V(t)dep) =sin@V(t)dt Adp + cosOV(t)dO A dg
_ U(;A)(Tt/)(f) Wt A w® ;O(tt‘)g Wl Aw® = _%wa Awt — ?/o(tg w® A w?

Summarizing the curvature one forms in a matrix:

1 AT 1 Ag 1
" Gap = Rap — ;MapR = 0=>1"Rap = n*nzsR=R—-4R=0=>R=0
V= 210(t)dt Adr + 2LU(t) cos O dt Adp — 21U(t) sin @ dO Ad¢p =
18 — 7] £ 1 _cotd 3 : ¢
= 20 (OUO) A (G 0" = T @) + 200 cos 8 (U(EO)) A (
L ~
¢) =
(sinGV(t)w )

1= (0Ot Ao’ = 20U ) ASEw®) + 210 () cos 0 (U ) A (5575 9?) -

2lU(t) sin @ (%w‘@) A ( L w?b) =

1
w
sin OV (t)

‘73) —2lU(t) sin@ (%wg) A

sin OV (t)
v(t) v(t) V2(t)
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(. 2 UOVE) 5 URVE) 4
0 U@’ =5 8 o $
. W) - i)
l—waE =/ S Vz(t) (1)¢ —Vz—(t)(u9
S AS 0 €O o
V(t)
\s A4S _AS 0
Where @ refers to column and b to row.
Q% =dr + 14 Ar¢,
dr'; =d(Ut)e") = d(0(©2W(E)(dr + cos o dp))
=2223(OUE) + U)ol Ao’ - z%aﬁ Aw®
I AT¢ =TT AT TP AT + T ATY, +rh/\r¢
NERUGEF U(t)V(t) w) , Uuv)
- (‘ VZ(t>“’¢) (T “’6> * <v2<t> ) “( o ")
202V () - 4
—V3—(t)(1)¢ Aw?
: b
= o, = (U'(t)U(t) + Uz(t)) wt Ao’ =2 —IUIE?(Z)@ w? A w? — —Zwvgt()t[)/(t) w® A w?
= (I@U@® +0%®) o Ao - V”j((f)) (U@VE - U@V ©®)w® ro?
aré, =d (U (;)(‘t’)(f) e) d(U@V©d9) = (UOV©®) +UOV () de A do
vgti (U@VE® +U®T(©) 0’ Aw®
Pt =T ATt + T AT + 10 AT, 419 AT?,
w) - . . to - Uuv)
= <V2(t) w¢> A (U(t)wr) + (—;O(—t)wd’) A ( 70 w¢>
B GG R
IRAG) ,
5 weoe 5 .
= a?; VE 3 (D@VE +U®V©®)ot Ao % A
d[‘a’f =d (% ) d(U@®)V(t)sin6 dg)

= (U@V () + UV (®))sin6 dt A dg + U(EV(£) cos 6 d6 A dep

2= 21 (DU + U2(t)) dt Adr + 20 (T(OU(E) + U?(2)) dt A cos 6 dp — U(E)2LU(t) sin 6 d6 A dp =
2 =20 (IOUE® +U2®) (UO0) A (G 0" - T 0?) + 20 (TOUE +02®)) (VO ) A

cos @ (sm v © ) ()21 (t) sin 6 (—w ) A (sinBV(t) w&b) -

5= 21(I@UE® +U2(®) U ) A (5 (t) ') =21 (0OUE) + U2 ®)) (U(©w) A ((tj 0?) +

2 (TOUE +02®) ) (VO ) Acos b (5375 0%) — V@AW O sin 6 (;50°) A (57 ©%) =

sin OV (t)
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U(t) 3 UV (t)cotd 4 3
A ok (U@VE® + U@V ©®) ot A o? + o Aw

r®, ar¢; _r"’t/\rt'f +1% AT?, +r¢’§'/\r"E +1%5 AT,

_ wuE) 5~ U@V(E)cotd 3 5

TTTvin N TR he

3 U(t) a_lU(t)U(t) 5. 4
N 0% =75 (U(t)V(t) + U(t)V(t)) Wt Aw 0

L wi) - ()
dré, =d <V2(t) w¢> =d ( %O sin@ dqb)

_(b@ve - UV W(t)

- < V2(t) V()

U UOVO-UuOVeY\ ;5 WO

_lV(t)< 7700 >thw¢+V3(t2

P, are, =T AT  + T8 AT + 1% AT?, +17; AT,
_Uwuwve) 5 . W

= —V(Q wf Aw +_V3(t) . ‘

5 U(t) <U(t)V(t) - U(t)V(t)> Wi A Wb+ Uuu)v(t) Wf Ao’

)sin@dt/\d¢+ cos6dl Ado

cot@ a)a A a)a’

cotf a)a’ A wa

= Qef - V(t) V2(t) 70
5 _ [ W® 5\ __ (U®OVE-UOVE)
i, () (LSO U,
_ U(t) <U(t)V(t) — U(t)V(t)) i nud

V(t) V2(t)

uumve) 5z .
Vo PAw
- U (UOVE) -URVER . - UDUBVE) - .

. =_lV(t)< 20 >thw9+T(u¢/\w

dF¢§ = d(cosOd¢p) = —sinfdo Adgp = —

¢ e 1P ATt ® 7 ¢ A1 ® b _
I".AT; _FE/\l“f+l"f/\l"rf+1“§/\l“f+l“$/\l“f—

0P A w®

Vz(t)
r.ary =1 art 4P ar 1% AT 410 AT?,

B YOV S\ IOV W we
_< %0 ‘”¢> ( 70 “’9>+( 0 9>A<_V2(t)w¢>
vev®\:  (wm\]
= < 7o) ) <V2(t)>] w® A w?
UEOV©\ (W)
- < V() ) <V2(t)> Vz(t)

w? A w?

9

P o 3 _(UOVED) (WO) 1
R'e =—-U®U® - U2 R _< o > _<v2 m) 70
20

Rigs =g (VOVO -UOV©)
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PONEIO) (V@ +u@i©) = g - U0 e UGUGERUGILO)
0] O

R0 _WOUW® R® _ Wi

tpr T T2 ) ' ' tor - V2(0) .
go  _U® (U(t)V(t) - U(t)V(t)) P _ o Uyve) —u@vie

o V(t) V2(t) 0 Y (D) V2(t)

) V(t) _pd V(t)
R%.5; = =U)U() ——= 70 =R ror = =U)U(t) —= 0

The diagonal elements of the Ricci tensor:

ach
£ (G ¢ _ [
Rit =Ry + Ry + R +R =R + 2R ;;
& G} ¢ _ F [
Rer = R'ge+ R g + RO, + RO, = —R7pe + 2R,
__ _ pt 7 G} ) _ 9 G} ® — D
Rgg =R gsp * R grg T R0 + R'g55 = ~R7sp: T Rppr T R55 = R

&56 = _Rtt + RT'T' + Rgg + R¢¢

U
7 b ] ¢ ¢ ¢ ®
()~ R it + 2R, = ROy + R 5. + RO —R® o+ RY .+ RY,

)

¢

2]
— 24 25 26 27 Uz(t) Uz(t)
=2425 2<V2—(t) IZ0) (t? +lz)>

=0
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