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5 Covariant Derivative, Lie Derivative and Killings Equation

5.1

aThe covariant derivative of a covariant vector X,
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VpXeg = 0pXq — l-‘Cach
The covariant derivative of a contravariant vector X%
VX% = 0pX*+T%.XC
‘The covariant derivative of a tensor
VT =0,T% +T1%,T? +T°,T%
VcTab = acTab - l—‘dachd - decTad
VeT% =0,T% +T%T% —T%T%
The covariant derivative of a scalar function

of (xq)
\Y =1
of ) =155
9The covariant derivative of the metric tensor
Vegar =0

The Lie derivative of a covariant vector V, with respect to a vector X
LyV, =XP0,V, +V,0,X"
The Lie derivative of a contravariant vector V% with respect to a vector X
LyV® =XP9,V*—-VP9,X°
The Lie derivative of a (0,2) tensor T,;, with respect to a vector X
LXTab = XCaCTab + TbcaaXc + TacabXC
The Lie derivative of a (2,0) tensor T?? with respect to a vector X
LyT® =X3,T% —T*9.X" +Tb°9.x"
The Lie derivative of a scalar function f with respect to a vector X

Lyf =X%qf
The Lie derivative of the metric tensor with respect to a Killing vector X
Lxgapy =0

3It can sometimes be convenient to express the Lie-derivative in terms of the covariant derivative. We
will show why this is valid for a (0,2) tensor.
We need:
VeTap = 0cTap — T%cTpa — decTad
Vo X6 =0,X¢+T,Xx%
VpX¢ = 0,X¢+T, X%
= 0cTap =V Ty + 1—‘dachd + decTad
0, X6 =V X —TC X%
XS =V,X¢—T° X%
The Lie derivative
LyT,py = X€0.Typ + Tpe0,XC€ + Ty 0pX€
= X(VeTap + T% Toa + T%cTag) + Toe(VaX — TG0 X?) + Toe(VpX© — T X9)

1 This equals the partial derivative

2The general formulais: LyT% = X0,T% —T% 0,X* — -+ T% 0,X¢ + -

3 An ordinary derivative can be replaced with a covariant derivative in a Lie derivative.
http://mathworld.wolfram.com/KillingVectors.html
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= 45XV Tap + TpcVo X + Ty Vp X

5.1.4  Killings equation and derivatives of Killing vectors
Killing’s equation
VX +Vy X, =0
hDerivatives of Killing vectors and the Riemann tensor:
VpVeX* =V VpX® = 6Rabchd
VpVeX* =V, VX4 =7R, X%
X%4,R =8LyR

5.2 Proofs

5.2.1 Derivatives of Killing vectors and the metric tensor
The covariant derivative of the metric tensor

Vegar =0
Proof:
We need
VeGap = 0c9ap — gdbrdac - gadrdcb
Tach = Tean

Teab + Tepa = 0cYan
If gap = gpa (the metric tensor is symmetric):
VeGar = 0cYap — gbdrdac - gadrdcb =0c9ap — Tach = Teba = 0cGan — (Fcab - 1-‘cba)
=0c9ap — 9cGap = 0
= VeGar =10

5.2.2 Show that if the Lie derivative of the metric tensor with respect to vector X vanishes (Ly g, = 0), the
vector X satisfies the Killing equation.

We need
VpXg+VX, =0
Vegar =0
LyTyy =V Tup + TepVoVE + T,V VE
= Lygap =XVeGap + 9ebVaX + GacVp X = Va(gepX) + Vp(gacX®) = VaXp + VX

If Lygap = 0 this implies that V X, + V, X, = 0, which is the Killing equation.

5.2.3 IConstructing a Conserved Current with Killings Equation:
We need
J =VaJ® =T (VaXp)
] =V = TPV,
Tab — Tba
(VoXp) + (VpXa) =0

4= XV, Tap + TpeVa X + TpoVyp X + T4 XTyq + T4 X Ty — T, Tpe X — Ty T X% =
5= XV, Tap + TpeVaX € + ToeVpXC + T X %Tpe + T X T — T4 T X4 — T T4 X4 =
6 This is a straightforward (but long) proof: Se e.g. (McMahon, 2006, s. 133)
7 This is found by contracting the former equation with §5: §(V,V X% — V.V, X%) = §5(R%,cqX%) = VpV, X —
VoVpX% = RygX*
8 XMW R = XV,R?, = X*(8,R? , + TpqT%, —T%,T?) = X4(8,R + % TP — T4, T%) = X*0,R = LyR
3
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= = 1 a 1 b _ 1 ab ba
J Vo J*+5Vy/ T (Vo Xp) + T (VpXg)
2 2 2
1 ab
= ET ((VaXp) + (VX)) =0

5.3 KLie derivative of a vector — an example

Let
r
w :( sin 8 )
sin @ cos ¢

r
pd = (rz cos 9)
sin ¢

The Lie derivative
u® = L,w*=v"9,w*—wbo,v®

= uw =vPo,w" —wPo,v" = v oW —wTo,v" + vPa,w —wlipv” + vPa,w” —wPosv”
=v70,(r) —w"o,(r) + vPa,(r) — w9, (r) + v¢6¢(r) — w¢6¢(r) =v" —w"

= u? =vP9,wl —wPe,v? =v oWl —w"9,v% + v99,w® —w99,v° + vPo WP —w?Po,v°
=9 —w"(2r cos ) + v (cos8) — w?(—r?sin )
= —r(2rcos ) + 12 cosO (cos ) —sinf (—r?sinf) = r?(1 — 2 cos 6)

= u® =vPo,w®—who,v?
=v"9,w?® — w9, v? + v99,w? —wla,v?® + v¢6¢,w¢ - w¢6¢,v¢
= 1099 (cos 6 cos ¢) — v®(sin @ sin p) — w?(cos ¢)
=12 cos 0 (cos @ cos ¢) — sin ¢ (sin G sin ) — sin O cos ¢ (cos ¢)
=12 cos? 6 cos¢p —sinf

u” 0
> u =(u9>= r2(1 — 2cos @)

u® r2 cos? 0 cos ¢ — sin 6

5.4 !The 2-sphere with radius a
The line element:
dS? = a%d6? + a?sin? 0 d¢?
The metric tensor and its inverse:

2
ab = {a

5.4.1 'The Christoffel symbols of the 2-sphere with radius a
The Christoffel symbols

a? sin? 9}

1
Fabc - E(aagbc + abgca - acgab) 1—‘abc = gadrbcd

®=v"9,(sin ) —w"9,(r? cos 0) + v?0y(sin @) — w?y (r? cos 0) + v? 94 (sin 6) —wPdyr? cos 6 =
10 =979, (sin 6 cos ¢) — w”d,(sin ¢p) + %9y (sin 6 cos p) — w?dy(sin Pp) + v?d4(sin 6 cos p) — w?dy(sin p) =
1 This is a special case of the three-dimensional space in polar coordinates: ds? = dr? + r2d6? + r2 sin? 8 d¢? with
constant radiusr = a
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1
Tppo = —Eaggw, =12 — g% cosOsinf = T%,; =g%Typp =13—cosOsing
1
Topp = Tpop = 500999 = 14g2 cos@sinf = Fd’gd) = F¢¢e = g®PTypp = 15 cot 8

5.4.2 ™Show that the great circle is a solution of the geodesic equation of a two-dimensional sphere.
We use the Euler-Lagrange method.

_ d (6F> oF
B cliS axe)  axe
F = Egabxaxb

The line element
dS? =a%df?+ a?sin? 0 d¢?

1 .. 1 ,
= F = EaZHZ +Ea2 sin? 6 ¢?
JoF ,
x*=0 36 = a?sin6 cos @ ¢p?
JoF 5
— =aqa“0
a6
d (OF) ey
as\oa) ~“ _
= 6 =sin6cosf ¢p?
— oF 0
x% =¢: b
oF 2 o 29 i
6 a“sin“ 0 ¢
ia_F _d 2-29'_22-9 99 2-29"
ds\a¢ —E(a sin (;b)— a“sinfcosB0¢ + a“sin“ 0 ¢
= ¢ =—-2cotfO¢
Collecting the results
6 =sinfcosh ¢p? (5.1.)
q',’)' = —2cot0 9(;[) (5.2.)
The non-zero Christoffel symbols are
F9¢¢ = —sinf cos O
F¢9¢ = F¢¢9 = cot@

To show that the great circle is a solution to the geodesic equations we choose to work in the plane 8 = g,
so the spherical polar coordinates are

x =asinfcos¢ =acose
y =asinfsin¢g = asing
z =acosf =0
= X = —a¢sing
2= —%ag(az sin? ) =
-1 2 ; —
13—a—2(—a cosf@sinf) =
= %ag(az sin? 9) =
15 _ 1 2 0 —
= oz @ Cosfsinb
5
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y =a¢cos¢
= %2 +y2 =a??
The right hand side we can find from the second geodesic eq. (5.2.), which is reduced to ¢ = 0 = ¢ =
constant. Next we use the law of conservation of the four velocity in Cartesian coordinates to show that
the left hand side is a constant as well.
u-u = d_xad_xb—lex2+'2—1
BRI T T =
And we can conclude that the great circle is a solution.

The line-element
dS? =a%d6?+ a?sin? 0 d¢?

The Christoffel symbols found earlier

F:M) = —¢sin 0 cos@

r 0p = r 00 = cotd
We need: Killings equation and the covariant derivative of a vector

0 = 17VaXb + VbXa
VoXp = 04Xy —T X,

a=b=20: Vng = ang - chgxc = 69X9 =0
= Xo =/f(¢$)
a=b=¢: VoXp = 04Xy —TppXe = 05Xy — T4 Xg = 03Xy +sin6 cos Xy =0
= 04Xy = —sinbcosO Xy = —sinfcosb f(¢p)
= Xy = —sin@cosd [ f(p)dp + g(b)
a=0b=¢: VoXs+VsXg =Xy — 94X +0pXg — T poX,

= 69X¢ + 6¢X9 -2 COt9X¢
= 189] £($)dep +0,(f ($)) + 0 (9(6)) — 2 cotb g(6) = 0

Separating the variables we get:

ki = [f(@)dp +04(f(¢)) = —09(9(8)) + 2 cot6 g(6)

= 06(f(P)) =—Jf(P)dp —ky
62
- LD 1w
= f(¢) =204sin¢g + Bcos¢
= 99(g(6)) =2cotb g(o)
= g(®) =Csin?0
The Killing Vector:
> X9 =f(¢)=Asing +Bcos¢

Xy = —sin@cosd [ f(p)dp + g(b)
= —sin@ cosO [ (Asing + B cos ¢) + C sin? 0

6 Recall: dS? = dx? + dy? = a?d0? + a?sin? 8 dp?
17 Do not confuse index a with the parameter a

1= 9y (—sinB cosf [ f(p)dep + g(8)) + 0y (f($)) — 2ot (—sinBcosd [ f($)dg + g(6)) =

= (sin? 0 — cos?0) [ f(@)dep + 0p(g(0)) + Dy (f(#)) + 2 cos? 8 [ f(p)d¢p — 2 cot & g(6) =
20 kl = O
6
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= —sinf cosf (—Acos¢p + Bsing + D) + C sin? 9
= 21sin6 cos @ (A cos p — B sin¢) + C sin?

The covariant Killing vector:

21 March 2023

1
X9 =g%%x, :;(Asin¢+Bcos¢) =A'sin¢ + B' cos ¢

X¢ = g%x =#(sin9c059(Acos¢—Bsin¢>)+Csin29)
¢~ aZsin? 6

= cotf (A ' cos¢ — B'sin¢g) + C’
N X :(X9>:( A'sin¢g + B' cos ¢
X® cotf (A" cos¢p —B'sin¢p) + C'
Because the metric is independent of ¢ a rotational Killing vector is

v == ()

The translational Killing vectors:

The translational Killing vectors we can find from the line-element in Cartesian coordinates

dS? =dx?+dy?
The Christoffel symbols

Fabc =0
The Killing equation:
aaXb =0
_(X*\ _ (A
= ¥ = () =(5)

Collecting the results:
¥ _(XG)_( A'sin¢g + B’ cos ¢ )
- \x¢ cot@ (A’ cos¢ — B’ singp) + C’

v -()

x =(p)=()

Definition of the angular momentum operators:
In the coordinate basis:
X =X%,=X%+ X%,
= (A'sin¢ + B’ cos $)dg + (cot 8 (A’ cosp — B singp) + C')0y
= A'(sin¢ dg + cotf cos p d) + B'(cos ¢ g — cotOsing) + C'dy,
°Which defines the angular momentum operators
Ly =sing dy+ cotbcose iy
Ly, =cos¢dg—cotfsing
LZ = 6¢,

%1 D has to be zero because: X, = —sin 6 cos 0 [ f(¢p)dop + g(8) = sinb cos 6¢(f(¢))) +g(0) =

sin @ cos 6 0 (A sin ¢ + B cos ¢) + C sin® @ = sin 6 cos 6 (A cos ¢ — Bsin ) + C sin* 0
22 This can be found if we choose A’ = B’ and C' = 1 and rotate the coordinate system into a system where 8 = gand

¢=-7
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5.5 23The Plane in polar coordinates

The line element
ds? =dr?+r2d¢?

21 March 2023

5.5.1 PGeodesics Equations and Christoffel symbols of the plane in polar coordinates

We use the Euler-Lagrange method.

_ d <6F) oF
T ds\oxe) 09xa
F = Egabxaxb

The line element
ds? =dr?+r?d¢?

1 1 ..
ai = ET'Z + Er2¢2
xt=r: — =r¢?
or
JdF )
= =T
or )
= 7P o=r¢?
a — aF —
x* = %
dF 5
og ¢
d . . ..
= 0 =—(r%¢)=2rrp +7%¢
d52
Collecting the results
P =rd?
. 2 .
¢ =-27¢
9The non-zero Christoffel symbols are
[Myp =-r .
] _r® _
Mg =T =7

5.5.2 " %Christoffel symbols calculated directly from the metric tensor

The Christoffel symbols of first kind

1
labe = E(aagbc + ab.gca - acgab)

Christoffel symbols of the second kind

1—‘abc = gad Thea

1 1
Togr =—5019pp = —50,)=—1 = Tgg =g"Tpgr =7

1

1 2
oo =Trpp =50rgpp = 50-(r) =7

¢ _pé _ _1
= Fr¢ _F¢,r_g¢¢'rr¢¢—;

2 This is a special case of the three-dimensional space in polar coordinates: ds? = dr? + r2d68? + r?sin? 8 d¢? in

the equatorial plane where 8§ = g

24 This is a copy of the calculation done in cylindrical coordinates: ds? = dr? + r2d¢? + dz?. We can do that because
the metric tensor does not depend on the z-coordinate.
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We know that the geodesics in the plane are straight lines. We can show this by using the line element,
the Killing vector & and the conserved quantity [ = ¢ - u = const.
The line element

ds? =dr?+r2d¢?

2 2
ds ds
The metric is independent of ¢ so we have a Killing vector
§ =01
And a conserved quantity
a b, a T T (oY} dr 2 d¢
L Zf'udzd)fau = gap$ U = gr$'u +g¢¢€ ur = 1'0'%4-7‘ ~1~E
— 2542 T
"ds
This we can substitute in the line element and integrate
dry? dg\>
= 1 =(= 2 (L
: (as) (st) 2 2
dr d l l
@ =) =1 =1-0)
ds ds 4 r2 r
dr I\2\2
= — —(1_(=
5 =(1-())
We want to find ¢ as a function of r
do dep dS l l l
P 1= 1= 1
dr ds dr N2\Z r(r?2—-12)7 r@?-12)z
(1=
r
l.[ dr
= dp = 1
r(r2 —12)2
= ¢ =2 2 cos™? s +¢* =cos™! (£> + ¢*
2V r2 r
> Il =rcos(¢p—¢*) =rcos¢pcos¢p” +rsingsing” =xcos¢p” + ysing*
= y =—XCOt¢ +Sin¢*:ax+b

And the geodesic is a straight line as expected.

We want to find the covariant derivative V,V® of the contravariant vector V“=(VT,V¢) =
(r? cos ¢, — sin ¢) in the polar plane?’.
We have

25 Notice this is equivalent with the geodesic equation we found before % (r2<],">) =0

69X __2_ p51 \/;‘;Z(Spiegel, 1990) (14.334)

xVxN—a™ nva™

27 This is a special case of three-dimensional flat space in polar coordinates: ds? = dr? + r2d6? + r?sin? 8 d¢? with

T
0=3
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ds? =dr?+r?d¢?

¢p =T
¢ _1r? _
F T'¢ —_ F 4)7, —_ ;
VT =r2cos¢
y® = —sing
vaa = abVa + FabCVC
Now
VaV® =280, V7 + T Ve +0,Ve +T% Ve
_ ¢ ¢
= 0.V +T7, VT +T7,,V? + a¢1v¢ +I%, VT +T ¢¢V¢
=09,(r?cos¢) + d4(—sing) + ;rz cos¢p = (3r — 1) cos ¢
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