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Space-time  Line-element 
Chap-

ter 

Alcubierre drive warp drive 𝑑𝑠2 = −𝑑𝑡2 + [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]
2 + 𝑑𝑦2 + 𝑑𝑧2 4 

Classically anti-de-Sitter space-time 𝑑𝑠2 
= −cosh2(𝑟) 𝑑𝑡2 + 𝑑𝑟2 + sinh2(𝑟) 𝑑𝜃2

+ sinh2(𝑟) sin2 𝜃 𝑑𝜙2 
4 

Cylindrical coordinates 𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜙2 + 𝑑𝑧2 4 
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Einstein cylinder 𝑑𝑠2 
= −𝑑𝑡2 + (𝑎0)

2(𝑑𝜃2

+ sin2 𝜃 (𝑑𝜙2 + sin2𝜙𝑑𝜓2)) 

9 (4), 
13 

Hyperbolsk plane – Poincaré Half 
plane 

𝑑𝑠2 =
1

𝑦2
(𝑑𝑥2 + 𝑑𝑦2) 4,7 

Rindler metric 𝑑𝑠2 = −𝑋2𝑑𝑇2 + 𝑑𝑋2 2,3,4,7 

Three-dimensional flat space-time in 
polar coordinates 

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑𝜙2 4 

Two-dimensional flat space 𝑑𝑆2 = 𝑑𝑥2 + 𝑑𝑦2 4 

Two-dimensional flat space-time 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 3,4 

Worm hole geometry 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2) 4 

4 Christoffel Symbols, Geodesic Equations and Killing Vectors 

4.1 Christoffel symbols. 

4.1.1 aDefinitions 
The Christoffel symbols of first kind1 
 

Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) 

 

The Christoffel symbols of second kind2 
 

Γ   𝑏𝑐
𝑎  =

1

2
𝑔𝑎𝑑(𝜕𝑐𝑔𝑑𝑏 + 𝜕𝑏𝑔𝑑𝑐 − 𝜕𝑑𝑔𝑏𝑐) 

 

The connection between the Christoffel symbols of the first and the second kind3 
 Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑  

4.1.1.1 Important remarks on the notation of the Christoffel symbols. 
We find that there are a variety of notations when introducing the Christoffel symbols, and we will state 
some of them here. 
bMisner, Thorne, Wheeler 
The Christoffel symbols of first kind4 
 

Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑐𝑔𝑏𝑎 + 𝜕𝑏𝑔𝑎𝑐 − 𝜕𝑎𝑔𝑏𝑐) 

 

The Christoffel symbols of second kind5 6 
 Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑑𝑏𝑐  
cD’Inverno 
The Christoffel symbols of first kind7 
 

{𝑎𝑏, 𝑐} =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) 

 

The Christoffel symbols of second kind8 
 {

𝑎
𝑏𝑐
} = 𝑔𝑎𝑑{𝑏𝑐, 𝑑}  

                                                           
1 Symmetric in the first two indices: Γ𝑎𝑏𝑐 = Γ𝑏𝑎𝑐 
2 Symmetric in the last two indices: Γ   𝑏𝑐

𝑎 = Γ   𝑐𝑏
𝑎  

3 Notice: The third subscript is raised 
4 Symmetric in the last two indices: Γ𝑎𝑏𝑐 = Γ𝑎𝑐𝑏  
5 Symmetric in the last two indices: Γ   𝑏𝑐

𝑎 = Γ   𝑐𝑏
𝑎  

6 Notice: The first subscript is raised 
7 Symmetric in 𝑎𝑏 
8 Symmetric in 𝑏𝑐 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified


Chapter 4: Christoffel Symbols, Geodesic Equations and Killing Vectors 
Susan Larsen   21 March 2023 

 

3 
http://physicssusan.mono.net/  logik.susan@gmail.com 
 

4.1.2 dProperties 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) =

1

2
(𝜕𝑏𝑔𝑎𝑐 + 𝜕𝑎𝑔𝑐𝑏 − 𝜕𝑐𝑔𝑏𝑎) = Γ𝑏𝑎𝑐 

 

 Γ𝑎𝑎𝑎 =
1

2
(𝜕𝑎𝑔𝑎𝑎 + 𝜕𝑎𝑔𝑎𝑎 − 𝜕𝑎𝑔𝑏) =

1

2
(𝜕𝑎𝑔𝑎𝑎) 

 

 Γ𝑎𝑎𝑏 =
1

2
(𝜕𝑎𝑔𝑎𝑏 + 𝜕𝑎𝑔𝑏𝑎 − 𝜕𝑏𝑔𝑎𝑎) =

1

2
(2𝜕𝑎𝑔𝑎𝑏 − 𝜕𝑏𝑔𝑎𝑎) 

 

 Γ𝑎𝑏𝑏 = Γ𝑏𝑎𝑏 =
1

2
(𝜕𝑎𝑔𝑏𝑏 + 𝜕𝑏𝑔𝑏𝑎 − 𝜕𝑏𝑔𝑎𝑏) =

1

2
(𝜕𝑎𝑔𝑏𝑏) 

 

 Γ𝑎𝑏𝑐 + Γ𝑎𝑐𝑏 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏) +

1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑐𝑔𝑏𝑎 − 𝜕𝑏𝑔𝑎𝑐) = 𝜕𝑎𝑔𝑏𝑐 

 

 Γ   𝑏𝑐
𝑎  =

1

2
𝑔𝑎𝑑(𝜕𝑐𝑔𝑑𝑏 + 𝜕𝑏𝑔𝑑𝑐 − 𝜕𝑑𝑔𝑏𝑐) =

1

2
𝑔𝑎𝑑(𝜕𝑏𝑔𝑑𝑐 + 𝜕𝑐𝑔𝑑𝑏 − 𝜕𝑑𝑔𝑐𝑏) 

 

  = Γ   𝑐𝑏
𝑎   

 Γ   𝑎𝑎
𝑎  = 9𝑔𝑎𝑑Γ𝑑𝑎𝑎  

 Γ   𝑏𝑏
𝑎  = 𝑔𝑎𝑑Γ𝑏𝑏𝑑  

 Γ   𝑎𝑏
𝑎  = Γ   𝑏𝑎

𝑎 = 10𝑔𝑎𝑑Γ𝑎𝑏𝑑  

4.1.3 The Christoffel Symbols of a diagonal metric in Three Dimensions 
The line element 
 𝑑𝑠2 = 𝑔𝑥𝑥𝑑𝑥

2 + 𝑔𝑦𝑦𝑑𝑦
2 + 𝑔𝑧𝑧𝑑𝑧

2  

The metric tensor and its inverse 
 

𝑔𝑎𝑏 = {

𝑔𝑥𝑥
𝑔𝑦𝑦

𝑔𝑧𝑧

} 

 

 

𝑔𝑎𝑏 =

{
  
 

  
 
1

𝑔𝑥𝑥
1

𝑔𝑦𝑦
1

𝑔𝑧𝑧}
  
 

  
 

 

 

The Christoffel symbols of first kind Christoffel symbols of the second kind 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏)  Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

⇒ Γ𝑥𝑦𝑧 = Γ𝑥𝑧𝑦 = Γ𝑦𝑧𝑥 = 0 ⇒ Γ   𝑥𝑦
𝑧  = Γ   𝑥𝑧

𝑦
= Γ   𝑦𝑧

𝑥 = 0 

 Γ𝑎𝑎𝑎 =
1

2
𝜕𝑎𝑔𝑎𝑎  Γ   𝑎𝑎

𝑎  = 11𝑔𝑎𝑑Γ𝑎𝑎𝑑 

⇒ Γ𝑥𝑥𝑥 =
1

2
𝜕𝑥𝑔𝑥𝑥 ⇒ Γ   𝑥𝑥

𝑥  = 𝑔𝑥𝑥Γ𝑥𝑥𝑥 

 Γ𝑦𝑦𝑦 =
1

2
𝜕𝑦𝑔𝑦𝑦 ⇒ Γ   𝑦𝑦

𝑦
 = 𝑔𝑦𝑦Γ𝑦𝑦𝑦 

 Γ𝑧𝑧𝑧 =
1

2
𝜕𝑧𝑔𝑧𝑧 ⇒ Γ   𝑧𝑧

𝑧  = 𝑔𝑧𝑧Γ𝑧𝑧𝑧 

 Γ𝑎𝑎𝑏 =
1

2
(2𝜕𝑎𝑔𝑎𝑏 − 𝜕𝑏𝑔𝑎𝑎) = −

1

2
𝜕𝑏𝑔𝑎𝑎  Γ   𝑎𝑎

𝑏  = 𝑔𝑏𝑑Γ𝑎𝑎𝑑 

⇒ Γ𝑥𝑥𝑦 = −
1

2
𝜕𝑦𝑔𝑥𝑥 ⇒ Γ   𝑥𝑥

𝑦
 = 𝑔𝑦𝑦Γ𝑥𝑥𝑦 

                                                           
9 Only sum over 𝑑 
10 Only sum over 𝑑 
11 Only sum over 𝑑 
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 Γ𝑥𝑥𝑧 = −
1

2
𝜕𝑧𝑔𝑥𝑥 ⇒ Γ   𝑥𝑥

𝑧  = 𝑔𝑧𝑧Γ𝑥𝑥𝑧 

 Γ𝑦𝑦𝑥  = −
1

2
𝜕𝑥𝑔𝑦𝑦 ⇒ Γ   𝑦𝑦

𝑥  = 𝑔𝑥𝑥Γ𝑦𝑦𝑥 

 Γ𝑦𝑦𝑧 = −
1

2
𝜕𝑧𝑔𝑦𝑦 ⇒ Γ   𝑦𝑦

𝑧  = 𝑔𝑧𝑧Γ𝑦𝑦𝑧 

 Γ𝑧𝑧𝑥  = −
1

2
𝜕𝑥𝑔𝑧𝑧 ⇒ Γ   𝑧𝑧

𝑥  = 𝑔𝑥𝑥Γ𝑧𝑧𝑥 

 Γ𝑧𝑧𝑦 = −
1

2
𝜕𝑦𝑔𝑧𝑧 ⇒ Γ   𝑧𝑧

𝑦
 = 𝑔𝑦𝑦Γ𝑧𝑧𝑦 

 Γ𝑎𝑏𝑏 = Γ𝑏𝑎𝑏 =
1

2
𝜕𝑎𝑔𝑏𝑏  Γ   𝑎𝑏

𝑏  = Γ   𝑏𝑎
𝑏 = 12𝑔𝑏𝑑Γ𝑎𝑏𝑑 

⇒ Γ𝑥𝑦𝑦 = Γ𝑦𝑥𝑦 =
1

2
𝜕𝑥𝑔𝑦𝑦 ⇒ Γ   𝑥𝑦

𝑦
 = Γ   𝑦𝑥

𝑦
= 𝑔𝑦𝑦Γ𝑥𝑦𝑦 

 Γ𝑥𝑧𝑧 = Γ𝑧𝑥𝑧 =
1

2
𝜕𝑥𝑔𝑧𝑧 ⇒ Γ   𝑥𝑧

𝑧  = Γ   𝑧𝑥
𝑧 = 𝑔𝑧𝑧Γ𝑥𝑧𝑧 

 Γ𝑦𝑥𝑥 = Γ𝑥𝑦𝑥 =
1

2
𝜕𝑦𝑔𝑥𝑥 ⇒ Γ   𝑦𝑥

𝑥  = Γ    𝑥𝑦
𝑥 = 𝑔𝑥𝑥Γ𝑦𝑥𝑥 

 Γ𝑦𝑧𝑧 = Γ𝑧𝑦𝑧 =
1

2
𝜕𝑦𝑔𝑧𝑧 ⇒ Γ   𝑦𝑧

𝑧  = Γ    𝑧𝑦
𝑧 = 𝑔𝑧𝑧Γ𝑦𝑧𝑧 

 Γ𝑧𝑥𝑥 = Γ𝑥𝑧𝑥 =
1

2
𝜕𝑧𝑔𝑥𝑥 ⇒ Γ   𝑧𝑥

𝑥  = Γ   𝑥𝑧
𝑥 = 𝑔𝑥𝑥Γ𝑧𝑥𝑥 

 Γ𝑧𝑦𝑦 = Γ𝑦𝑧𝑦 =
1

2
𝜕𝑧𝑔𝑦𝑦 ⇒ Γ   𝑧𝑦

𝑦
 = Γ   𝑦𝑧

𝑦
= 𝑔𝑦𝑦Γ𝑧𝑦𝑦 

 

4.2 eCylindrical coordinates. 
The line element: 
 𝑑𝑠2 = 𝑑𝑟2 + 𝑟2𝑑𝜙2 + 𝑑𝑧2  
The metric tensor and its inverse: 
 
𝑔𝑎𝑏 = {

1
𝑟2

1

} 
 

 

𝑔𝑎𝑏 = {

1
1

𝑟2

1

} 

 

4.2.1 The non-zero Christoffel symbols 
The Christoffel symbols of first kind Christoffel symbols of the second kind 

 Γ𝑎𝑏𝑐 =
1

2
(𝜕𝑎𝑔𝑏𝑐 + 𝜕𝑏𝑔𝑐𝑎 − 𝜕𝑐𝑔𝑎𝑏)  Γ   𝑏𝑐

𝑎  = 𝑔𝑎𝑑Γ𝑏𝑐𝑑 

 Γ𝜙𝜙𝑟 = −
1

2
𝜕𝑟𝑔𝜙𝜙 = −

1

2
𝜕𝑟(𝑟

2) = −𝑟 ⇒ Γ   𝜙𝜙
𝑟  = 𝑔𝑟𝑟Γ𝜙𝜙𝑟 = −𝑟 

 Γ𝑟𝜙𝜙 = Γ𝑟𝜙𝜙 =
1

2
𝜕𝑟𝑔𝜙𝜙 =

1

2
𝜕𝑟(𝑟

2) = 𝑟 ⇒ Γ   𝑟𝜙
𝜙

 = Γ   𝜙𝑟
𝜙

= 𝑔𝜙𝜙Γ𝑟𝜙𝜙 =
1

𝑟
 

 

4.2.2 The geodesic equation for cylindrical coordinates 
13The  geodesics equation: 

 
𝑑2𝑥𝑎

𝑑𝑠2
+ Γ    𝑏𝑐

𝑎
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 = 0 

 

                                                           
12 Only sum over 𝑑 
13 In this case we know the Christoffel symbols and want to find the geodesic equations 
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𝑥𝑎 = 𝑟: 
𝑑2𝑟

𝑑𝑠2
+ Γ    𝑏𝑐

𝑟
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 = 0 

 

⇒ 
𝑑2𝑟

𝑑𝑠2
− 𝑟 (

𝑑𝜙

𝑑𝑠
)
2

 = 0 
 

𝑥𝑎 = 𝜙: 
𝑑2𝜙

𝑑𝑠2
+ Γ    𝑏𝑐

𝜙 𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 = 0 

 

⇒ 
𝑑2𝜙

𝑑𝑠2
+ Γ    𝑟𝜙

𝜙 𝑑𝑟

𝑑𝑠

𝑑𝜙

𝑑𝑠
+ Γ    𝜙𝑟

𝜙 𝑑𝜙

𝑑𝑠

𝑑𝑟

𝑑𝑠
 = 0 

 

⇒ 
𝑑2𝜙

𝑑𝑠2
+
2

𝑟

𝑑𝑟

𝑑𝑠

𝑑𝜙

𝑑𝑠
 = 0 

 

𝑥𝑎 = 𝑧: 
𝑑2𝑧

𝑑𝑠2
+ Γ    𝑏𝑐

𝑧
𝑑𝑥𝑏

𝑑𝑠

𝑑𝑥𝑐

𝑑𝑠
 = 0 

 

⇒ 
𝑑2𝑧

𝑑𝑠2
 = 0 

 

4.2.3 14The Christoffel symbols from the geodesic equations 
We have  

 𝐾 =
1

2
𝑔𝑎𝑏𝑥̇

𝑎𝑥̇𝑏 =
1

2
(𝑟̇)2 +

1

2
𝑟2(𝜙̇)

2
+
1

2
(𝑧̇)2 

 

Now we need 

 
𝜕𝐾

𝜕𝑥𝑎
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕𝑥̇𝑎
) 

 

𝑥𝑎 = 𝑟: 
𝜕𝐾

𝜕𝑟
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕𝑟̇
) 

 

⇒ 𝑟𝜙̇2 =
𝑑

𝑑𝑠
(𝑟̇) = 𝑟̈ 

 

⇒ 0 = 𝑟̈ − 𝑟𝜙̇2  

𝑥𝑎 = 𝜙: 
𝜕𝐾

𝜕𝜙
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕𝜙̇
) 

 

 0 =
𝑑

𝑑𝑠
(𝑟2𝜙̇) = 2𝑟𝑟̇𝜙̇ + 𝑟2𝜙̈ 

 

⇒ 0 = 𝜙̈ +
1

𝑟
𝑟̇𝜙̇ +

1

𝑟
𝜙̇𝑟̇ 

 

𝑥𝑎 = 𝑧: 
𝜕𝐾

𝜕𝑧
 =

𝑑

𝑑𝑠
(
𝜕𝐾

𝜕𝑧̇
) 

 

⇒ 0 =
𝑑

𝑑𝑠
(𝑧̇) = 𝑧̈ 

 

Collecting the results 
 0 = 𝑟̈ − 𝑟𝜙̇2  
 
0 = 𝜙̈ +

1

𝑟
𝑟̇𝜙̇ +

1

𝑟
𝜙̇𝑟̇ 

 

 0 = 𝑧̈  
 

We can now find the Christoffel symbols from the geodesic equation: 
 Γ    𝜙𝜙

𝑟   = −𝑟  

 
Γ   𝑟𝜙
𝜙

 = Γ   𝜙𝑟
𝜙

=
1

𝑟
 

 

 

                                                           
14 In this case we know the geodesic equations and want to find the Christoffel symbols 
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4.3 The plane in Cartesian coordinates 

4.3.1 fSolve the geodesics equations of the plane in Cartesian coordinates. 
We use the Euler-Lagrange method. 
 

0 =
𝑑

𝑑𝑆
(
𝜕𝐹

𝜕𝑥̇𝑎
) −

𝜕𝐹

𝜕𝑥𝑎
 

 

 
𝐹 =

1

2
𝑔𝑎𝑏𝑥̇

𝑎𝑥̇𝑏 
 

The line element 
 𝑑𝑆2 = 𝑑𝑥2 + 𝑑𝑦2  
 

𝐹 =
1

2
𝑥̇2 +

1

2
𝑦̇2 

 

𝑥𝑎 = 𝑥: 
𝜕𝐹

𝜕𝑥
 = 0 

 

 𝜕𝐹

𝜕𝑥̇
 = 𝑥̇ 

 

⇒ 𝑥̈ = 0  

𝑥𝑎 = 𝑦: 
𝜕𝐹

𝜕𝑦
 = 0 

 

 𝜕𝐹

𝜕𝑦̇
 = 𝑦̇ 

 

⇒ 𝑦̈ = 0  
Collecting the results 
 𝑥̈ = 0  
 𝑦̈ = 0  
The solution is obviously a straight line: 

 𝑥̈ =
𝑑2𝑥

𝑑𝑆2
= 0 

 

⇒ 𝑥̇ =
𝑑𝑥

𝑑𝑆
= 𝑘0 

 

⇒ 𝑥 = 𝑘0𝑆 + 𝑘1  
 

𝑦̈ =
𝑑2𝑦

𝑑𝑆2
= 0 

 

⇒ 𝑦̇ =
𝑑𝑦

𝑑𝑆
= 𝑐0 

 

⇒ 𝑦 = 𝑐0𝑆 + 𝑐1 = 𝑐0
(𝑥 − 𝑘1)

𝑘0
+ 𝑐1 =

𝑐0
𝑘0
𝑥 + 𝑐1 − 𝑐0

𝑘1
𝑘0
= 𝐾0𝑥 + 𝐾1 

 

4.4 The Hyperbolic Plane 

4.4.1 gGeodesics in the Hyperbolic Plane 
The line element: 
 𝑑𝑆2 = 𝑦−2(𝑑𝑥2 + 𝑑𝑦2) 𝑦 ≥ 0 
To find the geodesics we need a few integrals which we can solve: 
a. Killing vector:  
Because the metric is independent of 𝑥 a Killing vector is 
 𝝃 = (𝜉𝑥 , 𝜉𝑦) = (1,0)  
𝝃 ⋅ 𝒖 is a conserved quantity along a geodesic, where 
 

𝒖 = (𝑢𝑥 , 𝑢𝑦) = (
𝑑𝑥

𝑑𝑆
,
𝑑𝑦

𝑑𝑆
) 

 

⇒ 𝝃 ⋅ 𝒖 = 𝜉𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜉

𝑏𝑢𝑎 = 𝑔𝑎𝑥𝜉
𝑥𝑢𝑎 = 𝑔𝑥𝑥𝜉

𝑥𝑢𝑥 = 𝑦−2𝑢𝑥 = 𝐾1  
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⇒ 
𝑑𝑥

𝑑𝑆
 = 𝑦2𝐾1 (4.1.) 

b. The line-element 
 𝑑𝑆2 = 𝑦−2(𝑑𝑥2 + 𝑑𝑦2)  

⇒ 1 = 𝑦−2 ((
𝑑𝑥

𝑑𝑆
)
2

+ (
𝑑𝑦

𝑑𝑆
)
2

) (4.2.) 

Substituting eq. (4.1.) into eq. (4.2.) 

⇒ 1 = 𝑦−2 ((𝑦2𝐾1)
2 + (

𝑑𝑦

𝑑𝑆
)
2

) 
 

⇒ (
𝑑𝑦

𝑑𝑆
)
2

 = 𝑦2𝐾1
2 (

1

𝐾1
2 − 𝑦

2) 
 

⇒ 
𝑑𝑦

𝑑𝑆
 = ±𝑦𝐾1√

1

𝐾1
2 − 𝑦

2 (4.3.) 

Combining eq. (4.1.) and eq. (4.3.) 

⇒ 
𝑑𝑥

𝑑𝑦
 

= ±
𝑦

√
1
𝐾1
2 − 𝑦

2

 

 

⇒ 𝑑𝑥 
= ±

𝑦𝑑𝑦

√
1
𝐾1
2 − 𝑦

2

 
 

⇒ 𝑥 − 𝑥0 
= ±∫

𝑦𝑑𝑦

√
1
𝐾1
2 − 𝑦

2

= 15 ±√
1

𝐾1
2 − 𝑦

2 
 

⇒ (𝑥 − 𝑥0)
2 + 𝑦2 =

1

𝐾1
2 𝑦 ≥ 0 

If 𝑦 = 0 the geodesics are the vertical lines 𝑥 = 𝑥0 ±
1

𝐾1
. If 𝑦 > 0 the geodesics are semicircles centered 

on the 𝑥-axis in (𝑥0, 0) with radius 
1

𝐾1
. 

𝑥 and 𝑦 as a function of 𝑆: 
 

𝑑𝑦

𝑑𝑆
 = ±𝑦𝐾1√

1

𝐾1
2 − 𝑦

2 
 

 

𝑑𝑆 
= ±

𝑑𝑦

𝑦𝐾1√
1
𝐾1
2 − 𝑦

2

 
 

                                                           
15 (Spiegel, 1990) (14.238) ∫

𝑟𝑑𝑟

√𝑎2−𝑟2
= −√𝑎2 − 𝑟2 
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⇒ 𝑆 − 𝑆0 = ±∫
𝑑𝑦

𝑦𝐾1√
1
𝐾1
2 − 𝑦

2

= 16 ± ln

(

 
 
 
1
𝐾1
+√

1
𝐾1
2 − 𝑦

2

𝑦

)

 
 
 

 

 

⇒ exp(±(𝑆 − 𝑆0)) 
=

1
𝐾1
+√

1
𝐾1
2 − 𝑦

2

𝑦
 

 

⇒ 0 = (𝑦 exp(±(𝑆 − 𝑆0)) −
1

𝐾1
 )
2

+ 𝑦2 −
1

𝐾1
2 

 

  
= 𝑦2 exp(±2(𝑆 − 𝑆0)) −

2𝑦

𝐾1
exp(±(𝑆 − 𝑆0)) + 𝑦

2 
 

  
= 𝑦 (𝑦(1 + exp(±2(𝑆 − 𝑆0))) −

2

𝐾1
exp(±(𝑆 − 𝑆0))) 

 

⇒ 𝑦1 = 0  

 𝑦2 =
2exp(𝑆 − 𝑆0)

𝐾1(1 + exp(2(𝑆 − 𝑆0)))
= 17

1

𝐾1 cosh(𝑆 − 𝑆0)
 

 

 𝑦3 =
2exp(−(𝑆 − 𝑆0))

𝐾1(1 + exp(−2(𝑆 − 𝑆0)))
= 18

1

𝐾1 cosh(𝑆 − 𝑆0)
= 𝑦2 

 

 
𝑑𝑥

𝑑𝑆
 = 𝑦2𝐾1 = (

1

𝐾1 cosh(𝑆 − 𝑆0)
)
2

𝐾1 =
1

𝐾1 cosh
2(𝑆 − 𝑆0)

 
 

⇒ 𝑥 − 𝑥0 =
1

𝐾1
∫

1

cosh2(𝑆 − 𝑆0)
𝑑𝑆 = 19

1

𝐾1
tanh(𝑆 − 𝑆0) =

1

𝐾1
tanh(𝑆 − 𝑆0) 

 

Rescaling and collecting the results20 

 𝑦 =
1

𝐾1 cosh(𝑆)
 

 

 𝑥 =
1

𝐾1
tanh(𝑆) = 𝑦 sinh(𝑆) 

 

4.5 The Geodesic of two-dimensional Minkowski space-time 
The line element:  
 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2  
⇒ 𝑑𝜏2 = 21 𝑑𝑡2 − 𝑑𝑠2  

                                                           

16 (Spiegel, 1990) (14.241) ∫
𝑑𝑦

𝑦√𝑎2−𝑦2
= −

1

𝑎
ln (

𝑎+√𝑎2−𝑦2

𝑦
) 

17 
2𝑒𝑥

1+𝑒2𝑥
=

2𝑒𝑥

𝑒𝑥(𝑒−𝑥+𝑒𝑥)
=

2

𝑒−𝑥+𝑒𝑥
=

1

cosh 𝑥
 

18 
2𝑒−𝑥

1+𝑒−2𝑥
=

2𝑒−𝑥

𝑒−𝑥(𝑒𝑥+𝑒−𝑥)
=

2

𝑒−𝑥+𝑒𝑥
=

1

cosh 𝑥
 

19 (Spiegel, 1990) (14.571) ∫
1

cosh2(𝑥)
𝑑𝑥 = tanh 𝑥 

20Checking: 1 =
1

𝑦2
((

𝑑𝑥

𝑑𝑆
)
2

+ (
𝑑𝑦

𝑑𝑆
)
2

) = 𝐾1
2 cosh2(𝑆) ((

𝑑(
1

𝐾1
tanh(𝑆))

𝑑𝑆
)

2

+ (
𝑑(

1

𝐾1 cosh(𝑆)
)

𝑑𝑆
)

2

) = cosh2 𝑆 ((
1

cosh2(𝑆)
)
2

+

(−
1

cosh(𝑆)
tanh(𝑆))

2

) =
1

cosh2(𝑆)
+ tanh2(𝑆) = 1 

21 Negative time-signature i.e. 𝑑𝜏2 = −𝑑𝑠2. See chapter 2 
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⇒ 
 

1 = (
𝑑𝑡

𝑑𝜏
)
2

− (
𝑑𝑥

𝑑𝜏
)
2

 
 

Killing vector: Because the metric is independent of 𝑡 a Killing vector is 
 𝝃 = (𝜉𝑡 , 𝜉𝑥) = (1,0)  
𝝃 ⋅ 𝒖 is a conserved quantity along a geodesic, where 

 𝒖 = (𝑢𝑡 , 𝑢𝑥) = (
𝑑𝑡

𝑑𝜏
,
𝑑𝑥

𝑑𝜏
) 

 

⇒ 𝝃 ⋅ 𝒖 = 𝜉𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜉

𝑏𝑢𝑎 = 𝑔𝑡𝑡𝜉
𝑡𝑢𝑡 + 𝑔𝑥𝑥𝜉

𝑥𝑢𝑥 = −
𝑑𝑡

𝑑𝜏
 

 

⇒ 
𝑑𝑡

𝑑𝜏
 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝐾 

 

Substituting this into the line element we find 

 1 = 𝐾2 − (
𝑑𝑥

𝑑𝜏
)
2

= 𝐾2 − (
𝑑𝑡

𝑑𝜏

𝑑𝑥

𝑑𝑡
)
2

= 𝐾2 − 𝐾2 (
𝑑𝑥

𝑑𝑡
)
2

 
 

⇒ 
𝑑𝑥

𝑑𝑡
 = ±√

𝐾2 − 1

𝐾2
= ±𝐾′ 

 

When we solve this we find the familiar geodesics 
 𝑥(𝑡) = ±𝐾′𝑡   

Or 

 𝑡(𝑥) = ±
1

𝐾′
𝑥 

 

We can check whether these are timelike or spacelike and find the expected results 

 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 = (−1 + (
𝑑𝑥

𝑑𝑡
)
2

)𝑑𝑡2 = (−1 + (𝐾′)2)𝑑𝑡2 
 

  {

< 0 𝑡𝑖𝑚𝑒𝑙𝑖𝑘𝑒, 𝑖𝑓 𝐾′ < 1 𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑙𝑖𝑔ℎ𝑡𝑐𝑜𝑛𝑒      

= 0 𝑙𝑖𝑔ℎ𝑡𝑠𝑝𝑒𝑒𝑑, 𝑖𝑓 𝐾′ = 1 𝑜𝑛 𝑡ℎ𝑒 𝑙𝑖𝑔ℎ𝑡𝑐𝑜𝑛𝑒        

> 0 𝑠𝑝𝑎𝑐𝑒𝑙𝑖𝑘𝑒, 𝑖𝑓 𝐾′ > 1 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑙𝑖𝑔ℎ𝑡𝑐𝑜𝑛𝑒 

 

 

4.6 The Flat Space-time in two dimensions – 22Rindler Space-time 

4.6.1 hThe time-like geodesic 𝑿(𝑻) of the Flat Space-time metric in two dimensions  
To find 𝑋(𝑇) we need a few integrals which we can solve: 
a.The line element: 
 𝑑𝑆2 = −𝑋2𝑑𝑇2 + 𝑑𝑋2  
⇒ 𝑑𝜏2 = 23 𝑋2𝑑𝑇2 − 𝑑𝑋2  

⇒ 1 = 𝑋2 (
𝑑𝑇

𝑑𝜏
)
2

− (
𝑑𝑋

𝑑𝜏
)
2

 (4.4.) 

b. Killing vectors: Because the metric is independent of 𝑇 a Killing vector is 
 𝝃 = (𝜉𝑇 , 𝜉𝑋) = (1,0)  
𝝃 ⋅ 𝒖 is a conserved quantity along a geodesic, where 
 

𝒖 = (𝑢𝑇 , 𝑢𝑋) = (
𝑑𝑇

𝑑𝜏
,
𝑑𝑋

𝑑𝜏
) 

 

⇒ 𝝃 ⋅ 𝒖 = 𝜉𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜉

𝑏𝑢𝑎 = 𝑔𝑇𝑇𝜉
𝑇𝑢𝑇 + 𝑔𝑋𝑋𝜉

𝑋𝑢𝑋  
  

= −𝑋2 ⋅ 1 ⋅
𝑑𝑇

𝑑𝜏
+ 1 ⋅ 0 ⋅

𝑑𝑋

𝑑𝜏
= −𝑋2

𝑑𝑇

𝑑𝜏
 

 

                                                           
22 See chapter 2 
23 Negative time-signature i.e. 𝑑𝜏2 = −𝑑𝑆2. See chapter 2 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified


Chapter 4: Christoffel Symbols, Geodesic Equations and Killing Vectors 
Susan Larsen   21 March 2023 

 

10 
http://physicssusan.mono.net/  logik.susan@gmail.com 
 

⇒ 𝑋2
𝑑𝑇

𝑑𝜏
 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 𝐾 (4.5.)  

Substituting eq. (4.5.) into eq. (4.4.) 
 

1 = 𝑋2 (
𝐾

𝑋2
)
2

− (
𝑑𝑋

𝑑𝜏
)
2

=
𝐾2

𝑋2
− (

𝑑𝑋

𝑑𝜏
)
2

 
 

⇒ 
𝑑𝑋

𝑑𝜏
 = 24 ±√

𝐾2

𝑋2
− 1 (4.6.) 

If 
𝑑𝑋

𝑑𝜏
> 0: 

Dividing eq. (4.6.) by eq. (4.5.) 

⇒ 

𝑑𝑋
𝑑𝜏

𝑋2
𝑑𝑇
𝑑𝜏

 
=
√𝐾

2

𝑋2
− 1

𝐾
 

 

⇒ 
𝑑𝑋

𝑑𝑇
 =

𝑋2

𝐾
√
𝐾2

𝑋2
− 1 =

𝑋

𝐾
√𝐾2 − 𝑋2 

 

⇒ 𝑑𝑇 =
𝐾

𝑋√𝐾2 − 𝑋2
𝑑𝑋 

 

⇒ 𝑇 − 𝑇∗ = 𝐾∫
𝑑𝑋

𝑋√𝐾2 − 𝑋2
= 25 26 − ln (

𝐾 + √𝐾2 − 𝑋2

𝑋
) 

 

Isolating 𝑋 
 

(
𝐾 + √𝐾2 − 𝑋2

𝑋
) = exp(−(𝑇 − 𝑇∗)) 

 

⇒ √(
𝐾

𝑋
)
2

− 1 = exp(−(𝑇 − 𝑇∗)) −
𝐾

𝑋
 

 

⇒ (
𝐾

𝑋
)
2

− 1 = (exp(−(𝑇 − 𝑇∗)) −
𝐾

𝑋
)
2

 
 

  
= exp(−2(𝑇 − 𝑇∗)) + (

𝐾

𝑋
)
2

−
2𝐾

𝑋
exp(−(𝑇 − 𝑇∗)) 

 

⇒ 
2𝐾

𝑋
 =

exp(−2(𝑇 − 𝑇∗)) + 1

exp(−(𝑇 − 𝑇∗))
= exp(−(𝑇 − 𝑇∗)) + exp(𝑇 − 𝑇∗) 

 

  = 2cosh(𝑇 − 𝑇∗)  
And we find the geodesics  
 

𝑋(𝑇) = 27
𝐾

cosh(𝑇 − 𝑇∗)
 

 

4.6.2 Are these geodesics space-like or time-like 

 𝑑𝑆2 = −𝑋2𝑑𝑇2 + 𝑑𝑋2 = (−𝑋2 + (
𝑑𝑋

𝑑𝑇
)
2

)𝑑𝑇2 = (−𝑋2 + (
𝑋

𝐾
√𝐾2 − 𝑋2)

2

)𝑑𝑇2 
 

                                                           
24 𝐾2 > 𝑋2 

25 ∫
𝑑𝑥

𝑥√𝑎2− 𝑥2
= −

1

𝑎
ln(

𝑎+√𝑎2−𝑥2

𝑥
) (Spiegel, 1990) (14.241) 

26 (
𝐾+√𝐾2−𝑋2

𝑋
) > 0 𝑖𝑓 𝐾 > 𝑋 

27 Notice: If 
𝑑𝑋

𝑑𝜏
< 0: 𝑋(𝑇) =

𝐾

cosh(𝑇∗−𝑇)
=

𝐾

cosh(𝑇−𝑇∗)
 

http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified


Chapter 4: Christoffel Symbols, Geodesic Equations and Killing Vectors 
Susan Larsen   21 March 2023 

 

11 
http://physicssusan.mono.net/  logik.susan@gmail.com 
 

  = −
𝑋4

𝐾2
𝑑𝑇2 = −

𝐾2

cosh4(𝑇 − 𝑇∗)
𝑑𝑇2 < 0 

 

Which is inside the light-cone and these geodesics are time-like 

4.6.3 iIs the world-line 𝑿(𝑻) = 𝑨𝒄𝒐𝒔𝒉(𝑻) time-like or space-like: 

 𝑑𝑆2 = −𝑋2𝑑𝑇2 + 𝑑𝑋2 = (−𝑋2 + (
𝑑𝑋

𝑑𝑇
)
2

)𝑑𝑇2 = (−𝑋2 + (
𝑑(𝐴 cosh𝑇)

𝑑𝑇
)

2

)𝑑𝑇2 
 

  = 𝐴2(− cosh2 𝑇 + sinh2 𝑇)𝑑𝑇2 = −𝐴2𝑑𝑇2 < 0  
Which is inside the light-cone and the world-line is time-like. 

4.7 Three-dimensional flat space-time. 

4.7.1 jNull geodesics in three-dimensional flat space-time. 
The line element:  
 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + 𝑟2𝑑𝜙2  
 𝑑𝜏2 = 28𝑑𝑡2 − 𝑑𝑟2 − 𝑟2𝑑𝜙2  

To find the null-geodesics we need a few integrals which we can solve:  
a. Killing vectors:   
Because the metric is independent of 𝑡 a Killing vector is  
 𝝃 = (𝜉𝑡 , 𝜉𝑟, 𝜉𝜙) = (1,0,0)  

𝝃 ⋅ 𝒖 is a conserved quantity along a geodesic, where  
 

𝒖 = (𝑢𝑡 , 𝑢𝑟, 𝑢𝜙) = (
𝑑𝑡

𝑑𝜏
,
𝑑𝑟

𝑑𝜏
,
𝑑𝜙

𝑑𝜏
)  

⇒ 𝝃 ⋅ 𝒖 = 𝜉𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜉

𝑏𝑢𝑎 = 𝑔𝑎𝑡𝜉
𝑡𝑢𝑎 = 𝑔𝑡𝑡𝜉

𝑡𝑢𝑡 + 𝑔𝑟𝑡𝜉
𝑡𝑢𝑟 + 𝑔𝜙𝑡𝜉

𝑡𝑢𝜙  

  = −𝑢𝑡  

⇒ 
𝑑𝑡

𝑑𝜏
 = 𝐾1 (4.7.) 

Because the metric is independent of 𝜙 a Killing vector is 
 𝜻 = (𝜁𝑡, 𝜁𝑟, 𝜁𝜙) = (0,0,1)  

⇒ 𝜻 ⋅ 𝒖 = 𝜁𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜁

𝑏𝑢𝑎 = 𝑔𝑎𝜙𝜁
𝜙𝑢𝑎  

  = 𝑔𝑡𝜙𝜁
𝜙𝑢𝑡 + 𝑔𝑟𝜙𝜁

𝜙𝑢𝑟 + 𝑔𝜙𝜙𝜁
𝜙𝑢𝜙 = 𝑟2𝑢𝜙  

⇒ 𝑟2
𝑑𝜙

𝑑𝜏
 = 𝐾2 (4.8.) 

b. Conservation of the four-velocity for a light ray 

 𝒖 ⋅ 𝒖 = 𝑢𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝑢

𝑏𝑢𝑎 = 𝑔𝑡𝑡𝑢
𝑡𝑢𝑡 + 𝑔𝑟𝑟𝑢

𝑟𝑢𝑟 + 𝑔𝜙𝜙𝑢
𝜙𝑢𝜙  

  
= (

𝑑𝑡

𝑑𝜏
)
2

− (
𝑑𝑟

𝑑𝜏
)
2

− 𝑟2 (
𝑑𝜙

𝑑𝜏
)
2

= 0 (4.9.) 

Substitute eq. (4.7.) and eq. (4.8.) into eq. (4.9.) 

⇒ 0 = (𝐾1)
2 − (

𝑑𝑟

𝑑𝜏
)
2

− 𝑟2 (
𝐾2
𝑟2
)
2

  

⇒ (
𝑑𝑟

𝑑𝜏
)
2

 = (𝐾1)
2 −

1

𝑟2
(𝐾2)

2  

⇒ 
𝑑𝑟

𝑑𝜏
 = √(𝐾1)

2 −
1

𝑟2
(𝐾2)

2 (4.10.) 

Combining eq. (4.7.) and eq. (4.10.) 

                                                           
28 Negative time-signature i.e. 𝑑𝜏2 = −𝑑𝑠2. See chapter 2 
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⇒ 
𝑑𝑟

𝑑𝑡
 =

1

𝐾1
√(𝐾1)

2 −
1

𝑟2
(𝐾2)

2 = √1 −
1

𝑟2
(
𝐾2
𝐾1
)
2

  

⇒ 𝑑𝑡 
=

𝑑𝑟

√1 −
1
𝑟2
(
𝐾2
𝐾1
)
2

=
𝑟𝑑𝑟

√𝑟2 − (
𝐾2
𝐾1
)
2

 
 

⇒ 𝑡 − 𝑡0 
= ∫

𝑟𝑑𝑟

√𝑟2 − (
𝐾2
𝐾1
)
2

= 29√𝑟2 − (
𝐾2
𝐾1
)
2

 
(4.11.) 

Notice we can rewrite this into a hyperboloid. 

 (
𝐾2
𝐾1
)
2

 = 𝑟2 − (𝑡 − 𝑡0)
2 (4.12.) 

Combining eq. (4.7.), eq. (4.8.) and eq. (4.11.) 

⇒ 𝑟2
𝑑𝜙

𝑑𝑡
 =

𝐾2
𝐾1

  

⇒ 
𝑑𝜙

𝑑𝑡
 
=
𝐾2
𝐾1

1

(𝑡 − 𝑡0)
2 + (

𝐾2
𝐾1
)
2 

 

⇒ 𝜙 − 𝜙0 
=
𝐾2
𝐾1
∫

𝑑𝑡

(𝑡 − 𝑡0)
2 + (

𝐾2
𝐾1
)
2 =

30 tan−1 [
𝐾1
𝐾2
(𝑡 − 𝑡0)]  

⇒ 𝑡 − 𝑡0 =
𝐾2
𝐾1
tan(𝜙 − 𝜙0) (4.13.) 

Combining eq. (4.11.) and eq. (4.13.)  

⇒ √𝑟2 − (
𝐾2
𝐾1
)
2

 =
𝐾2
𝐾1
tan(𝜙 − 𝜙0)  

⇒ 𝑟 = ± 
𝐾2
𝐾1
√tan2(𝜙 − 𝜙0) + 1 (4.14.) 

Collecting the results we find the null-geodesics: 

 (
𝐾2
𝐾1
)
2

 = 𝑟2 − (𝑡 − 𝑡0)
2 (4.12.) 

 𝑡 − 𝑡0 =
𝐾2
𝐾1
tan(𝜙 − 𝜙0) (4.13.) 

 𝑟 = ± 
𝐾2
𝐾1
√tan2(𝜙 − 𝜙0) + 1 (4.14.) 

Light rays moves on straight lines in curved space. From our point of view the tip of the light cone (𝑡, 𝑟) 
moves along a hyperbolic path eq. (4.14.). 

                                                           
29 (Spiegel, 1990) (14.210) ∫

𝑟𝑑𝑟

√𝑟2−𝑎2
= √𝑟2 − 𝑎2 

30 (Spiegel, 1990) (14.125) ∫
𝑑𝑡

𝑡2+𝑎2
=

1

𝑎
tan−1

𝑡

𝑎
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4.8 The worm-hole geometry 

4.8.1 kVolume in the Wormhole geometry 
The three-dimensional volume on a 𝑡 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 slice of the wormhole geometry bounded by two 
spheres of coordinate radius 𝑅 on each side of the throat. 
The line-element 
 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)  
 𝑑𝜏2 = 31𝑑𝑡2 − 𝑑𝑟2 − (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)  

The volume  
 

𝑉 = ∫𝑑𝑙1∫𝑑𝑙2∫𝑑𝑙3 = ∫ (𝑏2 + 𝑟2)𝑑𝑟
𝑅

−𝑅

∫ sin𝜃 𝑑𝜃
𝜋

0

∫ 𝑑𝜙
2𝜋

0

= 4𝜋∫ (𝑏2 + 𝑟2)𝑑𝑟
𝑅

−𝑅

 
 

  
= 4𝜋 [𝑟𝑏2 +

1

3
𝑟3]

−𝑅

𝑅

= 4𝜋 ((𝑅𝑏2 +
1

3
𝑅3) − ((−𝑅)𝑏2 +

1

3
(−𝑅)3)) 

 

  
=
4𝜋

3
∗ 2𝑅 ∗ (3𝑏2 + 𝑅2) 

 

4.8.2 lGeodesic Equations in a Wormhole Geometry 
We use the Euler-Lagrange method. 
 

0 =
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝑥̇𝑎
) −

𝜕𝐹

𝜕𝑥𝑎
 

 

 
𝐹 =

1

2
𝑔𝑎𝑏𝑥̇

𝑎𝑥̇𝑏 
 

The line element 
 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)  

⇒ 𝐹 = −
1

2
𝑡̇2 +

1

2
𝑟̇2 +

1

2
(𝑏2 + 𝑟2)𝜃̇2 +

1

2
(𝑏2 + 𝑟2) sin2 𝜃 𝜙̇2 

 

𝑥𝑎 = 𝑡: 
𝜕𝐹

𝜕𝑡
 = 0 

 

 𝜕𝐹

𝜕𝑡̇
 = −𝑡̇ 

 

⇒ 𝑡̈ = 0  

𝑥𝑎 = 𝑟: 
𝜕𝐹

𝜕𝑟
 = 𝑟(𝜃̇2 + sin2 𝜃 𝜙̇2) 

 

 𝜕𝐹

𝜕𝑟̇
 = 𝑟̇ 

 

⇒ 𝑟̈ = 𝑟𝜃̇2 + 𝑟 sin2 𝜃 𝜙̇2  

𝑥𝑎 = 𝜃: 
𝜕𝐹

𝜕𝜃
 = (𝑏2 + 𝑟2) sin𝜃 cos𝜃 𝜙̇2 

 

 𝜕𝐹

𝜕𝜃̇
 = (𝑏2 + 𝑟2)𝜃̇ 

 

 𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝜃̇
) = 2𝑟𝑟̇𝜃̇ + (𝑏2 + 𝑟2)𝜃̈ 

 

⇒ 𝜃̈ = sin𝜃 cos𝜃 𝜙̇2 −
2𝑟

(𝑏2 + 𝑟2)
𝑟̇𝜃̇ 

 

𝑥𝑎 = 𝜙: 
𝜕𝐹

𝜕𝜙
 = 0 

 

 𝜕𝐹

𝜕𝜙̇
 = (𝑏2 + 𝑟2) sin2 𝜃 𝜙̇ 

 

                                                           
31 Negative time-signature i.e. 𝑑𝜏2 = −𝑑𝑠2. See chapter 2 
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⇒ 0 =
𝑑

𝑑𝑠
((𝑏2 + 𝑟2) sin2 𝜃 𝜙̇) 

 

  = 2𝑟 sin2 𝜃 𝑟̇𝜙̇ + 2(𝑏2 + 𝑟2) sin𝜃 cos𝜃 𝜃̇𝜙̇ + (𝑏2 + 𝑟2) sin2 𝜃 𝜙̈  

⇒ 𝜙̈ = −
2𝑟

(𝑏2 + 𝑟2)
𝑟̇𝜙̇ − 2 cot 𝜃 𝜃̇𝜙̇ 

 

Collecting the results 
 𝑡̈ = 0  
 𝑟̈ = 𝑟𝜃̇2 + 𝑟 sin2 𝜃 𝜙̇2  
 

𝜃̈ = sin𝜃 cos𝜃 𝜙̇2 −
2𝑟

(𝑏2 + 𝑟2)
𝑟̇𝜃̇ 

 

 
𝜙̈ = −

2𝑟

(𝑏2 + 𝑟2)
𝑟̇𝜙̇ − 2 cot 𝜃 𝜃̇𝜙̇ 

 

mThe non-zero Christoffel symbols are 

 Γ   𝜃𝜃
𝑟  = −𝑟 Γ   𝜙𝜙

𝑟  = −𝑟 sin2 𝜃 

  Γ   𝜙𝜙
𝜃  = −sin𝜃 cos𝜃 Γ   𝑟𝜃

𝜃  = Γ   𝜃𝑟
𝜃 =

𝑟

(𝑏2 + 𝑟2)
 

 Γ   𝑟𝜙
𝜙

 = Γ   𝜙𝑟
𝜙

=
𝑟

(𝑏2 + 𝑟2)
 Γ   𝜃𝜙

𝜙
 = Γ   𝜙𝜃

𝜙
= cot 𝜃 

 

4.8.3 nThe travel time through a wormhole 
Use the geodesic equations to calculate the proper travel time of an astronaut travelling through a worm-
hole throat along the coordinate radius 𝑟 from 𝑟 = 𝑅 to 𝑟 = −𝑅. The initial radial four-velocity is 𝑢𝑟 ≡ 𝑈, 

and because of spherically symmetry 𝑢𝜃 = 𝑢𝜙 = 0 
The four-velocity is 
 

𝑢𝑎 = (𝑢𝑡 , 𝑢𝑟, 𝑢𝜃, 𝑢𝜙) = (
𝑑𝑡

𝑑𝜏
,
𝑑𝑟

𝑑𝜏
,
𝑑𝜃

𝑑𝜏
,
𝑑𝜙

𝑑𝜏
) = 32 (√1 + 𝑈2, 𝑈, 0, 0) 

 

we will only look at 𝑢𝑟. We use the geodesic equation 
 𝑟̈ = 𝑟𝜃̇2 + 𝑟 sin2 𝜃 𝜙̇2  
which we can rewrite 
 𝑑2𝑟

𝑑𝜏2
 = 𝑟𝜃̇2 + 𝑟 sin2 𝜃 𝜙̇2 = 0 

 

⇒ 
𝑑2𝑟

𝑑𝜏2
 =

𝑑

𝑑𝜏
(
𝑑𝑟

𝑑𝜏
) =

𝑑𝑢𝑟

𝑑𝜏
= 0 

 

which implies that 𝑢𝑟 = 𝑈 is a constant along the astronauts world-line. So we can solve 
 

𝑢𝑟 =
𝑑𝑟

𝑑𝜏
= 𝑈 

 

⇒ 𝑑𝜏 =
1

𝑈
𝑑𝑟 

 

⇒ Δ𝜏 = ∫
1

𝑈
𝑑𝑟

𝑅

−𝑅

=
1

𝑈
[𝑟]−𝑅

𝑅 =
1

𝑈
(𝑅 − (−𝑅)) =

2𝑅

𝑈
 

 

So the travel time through the wormhole Δ𝜏 =
2𝑅

𝑈
 is very much alike the usual time/speed calculation: 

distance=time*velocity except with the velocity replaced by the four velocity. 

4.8.3.1 Is the trajectory time-like or space-like? 
The line-element33 

                                                           
32 𝑢𝑡 is found from the fact that the 𝑢𝑎𝑢𝑎 = −1 is a conserved quantity: 𝑢𝑎𝑢𝑎 = 𝑢𝑎𝜂𝑖𝑗𝑢

𝑎 = −(𝑢𝑡)2 + (𝑢𝑟)2 +

(𝑢𝜃)
2
+ (𝑢𝜙)

2
= −(𝑢𝑡)2 + 𝑈2 = −1 ⇒ 𝑢𝑡 = √1 + 𝑈2, where 1 + 𝑈2 > 0 

33 If we instead used the line-element 𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑟2 + (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2) we would find 𝑑𝑡2 (
1

1+𝑈2
) <

0, which is time-like. 
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𝑑𝜏2 = 𝑑𝑡2 − 𝑑𝑟2 − (𝑏2 + 𝑟2)(𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)  
 

= 𝑑𝑡2(1 − (
𝑑𝑟

𝑑𝑡
)
2

− (𝑏2 + 𝑟2) ((
𝑑𝜃

𝑑𝑡
)
2

+ sin2 𝜃 (
𝑑𝜙

𝑑𝑡
)
2

)  

 

= 34𝑑𝑡2 (1 − (
𝑑𝑟

𝑑𝜏

𝑑𝜏

𝑑𝑡
)
2

− (𝑏2 + 𝑟2)((0)2 + sin2 𝜃 (0)2)) = 𝑑𝑡2 (1 − (𝑈 ⋅
1

√1 + 𝑈2
)
2

)  

 
= 𝑑𝑡2 (

1 + 𝑈2 − 𝑈2

1 + 𝑈2
) = 𝑑𝑡2 (

1

1 + 𝑈2
) > 0  

i.e. the trajectory is time-like. 

4.9 oWarp space-time – The Alcubierre Drive 
The line-element 
 𝑑𝑠2 = −𝑑𝑡2 + [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]

2 + 𝑑𝑦2 + 𝑑𝑧2  
⇒ 𝑑𝜏2 = 35𝑑𝑡2 − [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]

2 − 𝑑𝑦2 − 𝑑𝑧2  

  = (1 − 𝑉𝑠(𝑡)
2𝑓(𝑟𝑠)

2)𝑑𝑡2 + 2𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑥𝑑𝑡 − 𝑑𝑥
2 − 𝑑𝑦2 − 𝑑𝑧2  

Notice: The line-element is dependent on the velocity of the spaceship 𝑉𝑠(𝑡). If the velocity is zero the 
line-element reduces to flat Minkowsky space-time. 
The metric 
 

𝑔𝑎𝑏 = {

−1 + 𝑉𝑠(𝑡)
2𝑓(𝑟𝑠)

2 −𝑉𝑠(𝑡)𝑓(𝑟𝑠) 0 0

−𝑉𝑠(𝑡)𝑓(𝑟𝑠) 1 0 0
0 0 1 0
0 0 0 1

} 

 

Where 𝑉𝑠(𝑡) ≡
𝑑𝑥𝑠(𝑡)

𝑑𝑡
, 𝑟𝑠

2 ≡ [(𝑥 − 𝑥𝑠(𝑡))
2
+ 𝑦2 + 𝑧2] and 𝑓(𝑟𝑠) is a smooth positive 36function that satis-

fies 𝑓(0) = 1 and decreases away from the origin to vanish for 𝑟𝑠 ≫ 𝑅 for some 𝑅. 
The trajectory 
A spaceship travels along a curve 
 (𝑡, 𝑥, 𝑦, 𝑧) = (𝑡, 𝑥𝑠(𝑡), 0,0)  
With the four-velocity 
 

𝑢 = (𝑢𝑡 , 𝑢𝑥 , 𝑢𝑦, 𝑢𝑧) = (
𝑑𝑡

𝑑𝜏
,
𝑑𝑥𝑠(𝑡)

𝑑𝜏
, 0,0) 

 

Manipulating the line element we get 
 𝑑𝜏2 = 𝑑𝑡2 − [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]

2 − 𝑑𝑦2 − 𝑑𝑧2  

  = (1 − [
𝑑𝑥

𝑑𝑡
− 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]

2

− (
𝑑𝑦

𝑑𝑡
)
2

− (
𝑑𝑧

𝑑𝑡
)
2

)𝑑𝑡2 
 

  = (1 − [
𝑑𝑥𝑠(𝑡)

𝑑𝑡
− 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]

2

)𝑑𝑡2 
 

  = (1 − [1 − 𝑓(𝑟𝑠)]
2𝑉𝑠(𝑡)

2)𝑑𝑡2 > 0  
Which means the trajectory is time-like and at every point along the curve 

 (𝑡, 𝑥, 𝑦, 𝑧) = (𝑡, 𝑥𝑠(𝑡), 0,0)  
the four-velocity of the spaceship lies inside the light cone if 𝑉𝑠(𝑡)

2 < 1, i.e. smaller than the velocity of 
light. 

                                                           
34 Because all the differentials with respect to 𝜃 and 𝜙 are zero, we can use the chain rule in this simple manner. 
35 Negative time-signature i.e. 𝑑𝜏2 = −𝑑𝑠2. See chapter 2 

36 𝑓(𝑟𝑠) =
tanh(𝜎(𝑟𝑠+𝑅))−tanh(𝜎(𝑟𝑠−𝑅))

2 tanh(𝜎𝑅)
  with arbitrary parameters 𝑅 > 0 and 𝜎 > 0 
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4.9.1 Ship time and coordinate time. 
Imagine a spaceship traveling between two space-stations. What is the spaceship proper time Δ𝜏 com-
pared to the coordinate time 𝑡 = Δ𝑇. 
The line element 

 𝑑𝜏2 = 𝑑𝑡2 − [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]
2 − 𝑑𝑦2 − 𝑑𝑧2  

⇒ (
𝑑𝜏

𝑑𝑡
)
2

 = 1 − [
𝑑𝑥

𝑑𝑡
− 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]

2

− (
𝑑𝑦

𝑑𝑡
)
2

− (
𝑑𝑧

𝑑𝑡
)
2

 
 

The ship moves on a curve in the (𝑥, 𝑦)-plane with the coordinates (𝑡, 𝑥𝑠(𝑡), 0,0) 

⇒ (
𝑑𝜏

𝑑𝑡
)
2

 = 1 − [
𝑑𝑥𝑠(𝑡)

𝑑𝑡
− 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]

2

= 1 − [𝑉𝑠(𝑡) − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]
2 

 

  = 1 − 𝑉𝑠(𝑡)
2[1 − 𝑓(𝑟𝑠)]

2  

 𝑑𝜏 = √1 − 𝑉𝑠(𝑡)
2[1 − 𝑓(𝑟𝑠)]

2𝑑𝑡  

If we assume the spaceship has a constant velocity 𝑉𝑠(𝑡)
2 = 𝑉𝑠(0)

2 

⇒ Δ𝜏 = √1 − 𝑉𝑠(0)
2[1 − 𝑓(𝑟𝑠)]

2Δ𝑇  

In detail 

  Δ𝑇 →

{
 
 

 
 
         Δ𝜏      𝑖𝑓 𝑟𝑠 → 0 , 𝑓(0) = 1                                        (𝑖)

Δ𝜏

√1 − 𝑉𝑠(0)
2[1 − 𝑓(𝑟𝑠)]

2
≫ Δ𝜏      𝑖𝑓 0 < 𝑟𝑠 < 𝑅      (𝑖𝑖)

Δ𝜏

√1 − 𝑉𝑠(0)
2
> Δ𝜏      𝑖𝑓 𝑟𝑠 ≫ 𝑅, 𝑓(𝑟𝑠) = 0                (𝑖𝑖𝑖)

 

 

where (ii) corresponds to the warp period and (iii) to the Minkowski space-time 
On the light cone, 𝑑𝜏2 = 0: 
The line-element is depending on the velocity of the space ship 𝑉𝑠(𝑡). This has a rather peculiar effect. 

 0 = −𝑑𝑡2 + [𝑑𝑥 − 𝑉𝑠(𝑡)𝑓(𝑟𝑠)𝑑𝑡]
2 = (−1 + [

𝑑𝑥

𝑑𝑡
− 𝑉𝑠(𝑡)𝑓(𝑟𝑠)]

2

)𝑑𝑡2  

⇒ 
𝑑𝑥

𝑑𝑡
 = ±1 + 𝑉𝑠(𝑡)𝑓(𝑟𝑠)  

Now, as you can see there are areas where 
𝑑𝑥

𝑑𝑡
 is larger the than one. This means that from our point of 

view, there are areas where the spaceship seems to move with a velocity larger than the speed of light. 
There is no contradiction here though, because locally the velocity of the spaceship 𝑉𝑠(𝑡) is smaller than 
the speed of light. 

4.10 pClassic Anti-de Sitter Spacetime 

4.10.1 Classic Anti-de Sitter Space-time is conformally related to the Einstein cylinder 
The line element 
 𝑑𝑠2 = −cosh2(𝑟) 𝑑𝑡2 + 𝑑𝑟2 + sinh2(𝑟) 𝑑𝜃2 + sinh2(𝑟) sin2 𝜃 𝑑𝜙2  
We use the transformation 
 

cosh(𝑟) =
1

cos𝜓
 

 

⇒ sinh2(𝑟) =
1

cos2𝜓
− 1 = tan2𝜓 

 

 
𝑑(cosh(𝑟)) = 𝑑 (

1

cos𝜓
) 

 

 
sinh(𝑟) 𝑑𝑟 =

sin𝜓

cos2𝜓
𝑑𝜓 
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⇒ 𝑑𝑟2 =
sin2𝜓

sinh2(𝑟) cos4𝜓
𝑑𝜓2 =

1

cos2𝜓
𝑑𝜓2 

 

⇒ 𝑑𝑠2 = −
1

cos2𝜓
𝑑𝑡2 +

1

cos2𝜓
𝑑𝜓2 + tan2𝜓𝑑𝜃2 + tan2𝜓 sin2 𝜃 𝑑𝜙2 

 

  
=

1

cos2𝜓
(−𝑑𝑡2 + 𝑑𝜓2 + sin2𝜓𝑑𝜃2 + sin2𝜓 sin2 𝜃 𝑑𝜙2) 

 

  
=

1

cos2𝜓
(−𝑑𝑡2 + 𝑑𝜓2 + sin2𝜓 (𝑑𝜃2 + sin2 𝜃 𝑑𝜙2)) 

 

Which is conformally related to the Einstein cylinder  
 𝑑𝑠2 = −𝑑𝑡2 + (𝑎0)

2(𝑑𝜃2 + sin2 𝜃 (𝑑𝜙2 + sin2𝜙𝑑𝜓2))  

4.10.2 The Path of a light ray – the null geodesics in the Classic Anti de Sitter space-time 
To find the null-geodesics we need some integrals which we can solve: 
a. Killing vectors: 
Because the metric is independent of 𝑡 a Killing vector is 
 𝝃 = (𝜉𝑡 , 𝜉𝑟, 𝜉𝜃, 𝜉𝜙) = (1,0,0,0)  

𝝃 ⋅ 𝒖 is a conserved quantity along a geodesic, where 
 

𝒖 = (𝑢𝑡 , 𝑢𝑟, 𝑢𝜃, 𝑢𝜙) = (
𝑑𝑡

𝑑𝑠
,
𝑑𝑟

𝑑𝑠
,
𝑑𝜃

𝑑𝑠
,
𝑑𝜙

𝑑𝑠
)  

⇒ 𝝃 ⋅ 𝒖 = 𝜉𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜉

𝑏𝑢𝑎 = 𝑔𝑎𝑡𝜉
𝑡𝑢𝑎  

  = 𝑔𝑡𝑡𝜉
𝑡𝑢𝑡 + 𝑔𝑟𝑡𝜉

𝑡𝑢𝑟 + 𝑔𝜃𝑡𝜉
𝑡𝑢𝜃 + 𝑔𝜙𝑡𝜉

𝑡𝑢𝜙 = −cosh2(𝑟) 𝑡̇  

⇒ 𝑡̇ =
𝐾1

cosh2(𝑟)
 (4.15.) 

Because the metric is independent of 𝜙 a Killing vector is 
 𝜻 = (𝜁𝑡, 𝜁𝑟, 𝜁𝜃, 𝜁𝜙) = (0,0,0,1)  

⇒ 𝜻 ⋅ 𝒖 = 𝜁𝑎𝑢
𝑎 = 𝑔𝑎𝑏𝜁

𝑏𝑢𝑎 = 𝑔𝑎𝜙𝜁
𝜙𝑢𝑎  

  = 𝑔𝑡𝜙𝜁
𝜙𝑢𝑡 + 𝑔𝑟𝜙𝜁

𝜙𝑢𝑟 ++𝑔𝜃𝜙𝜁
𝜙𝑢𝜃 + 𝑔𝜙𝜙𝜁

𝜙𝑢𝜙  

  = sinh2(𝑟) sin2 𝜃 𝑢𝜙  

⇒ 𝜙̇ =
𝐾2

sinh2(𝑟) sin2 𝜃
 (4.16.) 

b. Conservation of the four-velocity for a light ray 
 𝒖 ⋅ 𝒖 = 𝑢𝑎𝑢

𝑎 = 𝑔𝑎𝑏𝑢
𝑏𝑢𝑎  

  = 𝑔𝑡𝑡𝑢
𝑡𝑢𝑡 + 𝑔𝑟𝑟𝑢

𝑟𝑢𝑟 + 𝑔𝜃𝜃𝑢
𝜃𝑢𝜃 + 𝑔𝜙𝜙𝑢

𝜙𝑢𝜙  

  = −cosh2(𝑟) 𝑡̇2 + 𝑟̇2 + sinh2(𝑟) 𝜃̇2 + sinh2(𝑟) sin2 𝜃 𝜙̇2 = 0 
⇒ 0 = −cosh2(𝑟) 𝑡̇2 + 𝑟̇2 + sinh2(𝑟) 𝜃̇2 + sinh2(𝑟) sin2 𝜃 𝜙̇2 (4.17.) 

c. The geodesic equations. 
We use the Euler-Lagrange method. 

 0 =
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝑥̇𝑎
) −

𝜕𝐹

𝜕𝑥𝑎
  

 𝐹 =
1

2
𝑔𝑎𝑏𝑥̇

𝑎𝑥̇𝑏  

  = −
1

2
cosh2(𝑟) 𝑡̇2 +

1

2
𝑟̇2 +

1

2
sinh2(𝑟) 𝜃̇2 +

1

2
sinh2(𝑟) sin2 𝜃 𝜙̇2  

𝑥𝑎 = 𝑡: 
𝜕𝐹

𝜕𝑡
 = 0  

 𝜕𝐹

𝜕𝑡̇
 = −cosh2(𝑟) 𝑡̇  

 𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝑡̇
) = −cosh2(𝑟) 𝑡̈ − 2 sinh(𝑟) 𝑡̇𝑟̇  

⇒ 0 = cosh2(𝑟) 𝑡̈ + 2 sinh(𝑟) 𝑡̇𝑟̇ (4.18.) 
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𝑥𝑎 = 𝑟: 
𝜕𝐹

𝜕𝑟
 = −sinh(𝑟) 𝑡̇2 + cosh(𝑟) 𝜃̇2 + cosh(𝑟) sin2 𝜃 𝜙̇2  

 
𝜕𝐹

𝜕𝑟̇
 = 𝑟̇  

 
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝑟̇
) = 𝑟̈  

⇒ 0 = 𝑟̈ + sinh(𝑟) 𝑡̇2 − cosh(𝑟) 𝜃̇2 − cosh(𝑟) sin2 𝜃 𝜙̇2 (4.19.) 

𝑥𝑎 = 𝜃: 
𝜕𝐹

𝜕𝜃
 = sinh2(𝑟) cos 𝜃 𝜙̇2  

 
𝜕𝐹

𝜕𝜃̇
 = sinh2(𝑟) 𝜃̇  

 
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝜃̇
) = 2cosh(𝑟) 𝑟̇𝜃̇ + sinh2(𝑟) 𝜃̈  

⇒ 0 = 2cosh(𝑟) 𝑟̇𝜃̇ + sinh2(𝑟) 𝜃̈ − sinh2(𝑟) cos 𝜃 𝜙̇2 (4.20.) 

𝑥𝑎 = 𝜙: 
𝜕𝐹

𝜕𝜙
 = 0  

 
𝜕𝐹

𝜕𝜙̇
 = sinh2(𝑟) sin2 𝜃 𝜙̇  

 
𝑑

𝑑𝑠
(
𝜕𝐹

𝜕𝜙̇
) = 2cosh(𝑟) sin2 𝜃 𝜙̇ + 2 sinh2(𝑟) cos 𝜃 𝜙̇ + sinh2(𝑟) sin2 𝜃 𝜙̈  

⇒ 0 = 2cosh(𝑟) sin2 𝜃 𝜙̇ + 2 sinh2(𝑟) cos 𝜃 𝜙̇ + sinh2(𝑟) sin2 𝜃 𝜙̈ (4.21.) 
Collecting the results 

 𝑡̇ =
𝐾1

cosh2(𝑟)
 (4.15.) 

 𝜙̇ =
𝐾2

sinh2(𝑟) sin2 𝜃
 (4.16.) 

 0 = −cosh2(𝑟) 𝑡̇2 + 𝑟̇2 + sinh2(𝑟) 𝜃̇2 + sinh2(𝑟) sin2 𝜃 𝜙̇2 (4.17.) 
 0 = cosh2(𝑟) 𝑡̈ + 2 sinh(𝑟) 𝑡̇𝑟̇ (4.18.) 
 0 = 𝑟̈ + sinh(𝑟) 𝑡̇2 − cosh(𝑟) 𝜃̇2 − cosh(𝑟) sin2 𝜃 𝜙̇2 (4.19.) 
 0 = 2cosh(𝑟) 𝑟̇𝜃̇ + sinh2(𝑟) 𝜃̈ − sinh2(𝑟) cos 𝜃 𝜙̇2 (4.20.) 
 0 = 2cosh(𝑟) sin2 𝜃 𝜙̇ + 2 sinh2(𝑟) cos 𝜃 𝜙̇ + sinh2(𝑟) sin2 𝜃 𝜙̈ (4.21.) 

The coordinates 𝑡 and 𝑟: 
We need 

 𝑡̈ = −
2 sinh(𝑟) cosh(𝑟)

cosh4(𝑟)
𝐾1 (4.22.) 

Substituting eq. (4.15.) and eq. (4.22.) into eq. (4.18.) 

⇒ 0 = cosh2(𝑟) (−
2 sinh(𝑟) cosh(𝑟)

cosh4(𝑟)
𝐾1) + 2 sinh(𝑟) (

𝐾1
cosh2(𝑟)

) 𝑟̇  

⇒ 0 = −cosh(𝑟) + 𝑟̇  

⇒ 𝑟̇ = cosh(𝑟) (4.23.) 
Dividing eq. (4.15.) with eq. (4.23.) 

 
𝑡̇

𝑟̇
 =

𝑑𝑡

𝑑𝑟
=

𝐾1
cosh3(𝑟)

  

⇒ ∫ 𝑑𝑡
𝑡

𝑡0

 = ∫
𝐾1

cosh3(𝑟)
𝑑𝑟

𝑟

𝑟0
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⇒ 𝑡 − 𝑡0 = 37 [
sinh(𝑟)

2 cosh2(𝑟)
]
𝑟0

𝑟

+
1

2
∫

𝑑𝑟

cosh(𝑟)

𝑟

𝑟0

= 38 [
sinh(𝑟)

2 cosh2(𝑟)
+ tan−1(𝑒𝑟)]

𝑟0

𝑟

  

 
 

=
sinh(𝑟)

2 cosh2(𝑟)
+ tan−1(𝑒𝑟) − (

sinh(𝑟0)

2 cosh2(𝑟0)
+ tan−1(𝑒𝑟0))  

 

 

= {
 
sinh(𝑟)

2 cosh2(𝑟)
+ tan−1(𝑒𝑟) − 𝐾3 𝑖𝑓 𝑟0 → 0

→ 𝐾4 𝑖𝑓 𝑟 → ∞

  

Interpreting this means, that no matter how far the light travels in this spacetime from 𝑟 = 0 to 𝑟 → ∞ 
this happens within a limited time39. 
As an exercise we will look at the other coordinates as well. 
The coordinates 𝑟 and 𝜃 : 
We need 

 𝜙̈ = −2𝐾2 (
2 cosh(𝑟) sinh(𝑟)

sinh4(𝑟) sin2 𝜃
𝑟̇ +

cos 𝜃 sin 𝜃

sinh2(𝑟) sin4 𝜃
𝜃̇)  

  = −2𝐾2 (
2 cosh(𝑟) sinh(𝑟)

sinh4(𝑟) sin2 𝜃
cosh(𝑟) +

cos 𝜃 sin 𝜃

sinh2(𝑟) sin4 𝜃
𝜃̇) (4.24.) 

Manipulate eq. (4.23.) and substitute eq. (4.16.) and eq. (4.24.) 
 0 = 2cosh(𝑟) sin2 𝜃 𝜙̇ + 2 sinh2(𝑟) cos 𝜃 𝜙̇ + sinh2(𝑟) sin2 𝜃 𝜙̈  

  = 402𝐾2 [
cosh(𝑟)

sinh2(𝑟)
+
cos𝜃

sin2 𝜃
−
cosh2(𝑟)

sinh(𝑟)
−
cos 𝜃

sin 𝜃
𝜃̇]  

⇒ 𝜃̇ =
cosh(𝑟) tan 𝜃

sinh2(𝑟)
+

1

sin 𝜃
−
cosh2(𝑟) tan 𝜃

sinh(𝑟)
 (4.25.) 

Dividing (IX) with (VIII): 

 
𝜃̇

𝑟̇
 =

𝑑𝜃

𝑑𝑟
=

tan𝜃

sinh2(𝑟)
+

1

cosh(𝑟) sin 𝜃
−

tan𝜃

tanh(𝑟)
  

This illustrates how difficult it is to solve the geodesic equations in GR. 
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37 ∫

𝑑𝑟

coshn(𝑟)
=

sinh(𝑟)

(𝑛−1) coshn−1(𝑟)
+

(𝑛−2)

(𝑛−1)
∫

𝑑𝑟

coshn−2(𝑟)
  (14.588) (Spiegel, 1990) 

38 ∫
𝑑𝑟

cosh(𝑟)
= 2 tan−1(𝑒𝑟)  (14.567) (Spiegel, 1990) 

39 Notice: We haven’t used eq. (III) so this result also valid for an object with mass. 
40 = 2 cosh(𝑟) sin2 𝜃

𝐾2

sinh2(𝑟) sin2 𝜃
+ 2 sinh2(𝑟) cos 𝜃

𝐾2

sinh2(𝑟) sin2 𝜃
+ sinh2(𝑟) sin2 𝜃 [−2𝐾2 (

2 cosh(𝑟) sinh(𝑟)

sinh4(𝑟) sin2 𝜃
cosh(𝑟) +

cos 𝜃 sin 𝜃

sinh2(𝑟) sin4 𝜃
𝜃̇)] = 
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