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— Poi 4 1
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Rindler metric ds? | = —X2dT? + dX? 2,3,4,7
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4  Christoffel Symbols, Geodesic Equations and Killing Vectors

4.1 Christoffel symbols.

4.1.1 “?Definitions
The Christoffel symbols of first kind?

1
Tabe = 2 (0a9bc + ObGca — 9cGan)

The Christoffel symbols of second kind?

1
% = Egad(acgdb + 0pGac — 9a9nc)
The connection between the Christoffel symbols of the first and the second kind?®

T%: = g%Tpeq

4.1.1.1 Important remarks on the notation of the Christoffel symbols.
We find that there are a variety of notations when introducing the Christoffel symbols, and we will state

some of them here.
®Misner, Thorne, Wheeler

The Christoffel symbols of first kind*
1

1—‘abc =5 (acgba + al)gm: - aagbc)

2
The Christoffel symbols of second kind® ®

[%c = g™ Tyape
‘D’Inverno
The Christoffel symbols of first kind’

1
{ab,c} = E (0a9bc + 0bGca — 9cGan)

The Christoffel symbols of second kind?®
a
{bc} = g*be, d}

1 Symmetric in the first two indices: Typ, = Tpac
2 Symmetric in the last two indices: ['%,, = T'%,
3 Notice: The third subscript is raised

4 Symmetric in the last two indices: Ty = Tgep
5 Symmetric in the last two indices: ['%, =T%,
5 Notice: The first subscript is raised

7 Symmetric in ab

8 Symmetric in bc
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4.1.2 ‘Properties
lape = %(aagbc +0p9ca — 0cYap) = %(abgac +0a9ch — 9c9pa) = Thac
laga = %(%gaa +049aa — 9agp) = %(aagaa)
Taap = %(aagab +0a9ba — 0pYaa) = %(Zaagab — 0pYGaa)
Tabp = Tpap = %(aagbb +0p9pa — OpYap) = %(aagbb)
lape + Taeh = %(aa.gbc +0p9ca — 0cYap) + % (0a9pc + 0cGva — OpYac) = 0anc

1 1
% = Egad (OcGap + pGac — 9aGpc) = Egad(abgdc + 0c9ap — 9aGcn)

- cb
[ea = 9gadrdaa
T%, = g™ Thpa
Ty =T%q =199 Ty

4.1.3 The Christoffel Symbols of a diagonal metric in Three Dimensions
The line element
ds? = Gurdx® + gyydy® + g,,dz*
The metric tensor and its inverse

Gxx
ab = Gyy
gZZ
(1 \
Gxx
1
gab = - \
Gyy
1
\ 922/
The Christoffel symbols of first kind Christoffel symbols of the second kind
1
Tape = E (0a9pc + pGca — OcGap) l—‘abc = gadrbcd
= Dz =Dy =L =0 = T%y =07%,=1%,=0
1
laaa = Eaagaa Faaa = 11gadl—‘aad
1
> Dox = Eaxgxx = 1—‘xxx =49 xxrxxx
1 y
Dyyy = angyy = Iy =97Ty,
1
FZZZ - E ZgZZ = FZZZ = gZZFZZZ
1 1
laap = E (2049ab — 9 Gaa) = _Eabgaa Fbaa = gbdraad
= Fxxy = _angxx = 1—‘yxx = gyyrxxy

® Only sum over d
10 Only sum over d
11 Only sum over d

http://physicssusan.mono.net/ logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Chapter 4: Christoffel Symbols, Geodesic Equations and Killing Vectors

Susan Larsen 21 March 2023
1 Z ZZ
Dexz = _E 29 xx = [ = 9% Tixz
1
Fyyx = —Eaxgyy = nyy = xxryyx
1
Fyyz = —Eazgyy = Fzyy — gZZFyyZ
1
[z = _E 977 = szz = gxxrzzx
1
o2y =- angzz = Iy =97
1
Tabp = Tpap = Eaa.gbb [Py =TP, =12g" Ty
1 y Y
= nyy Fyxy = Eaxgyy = T xy = r yx — gyyl"xyy
1
Lyzz | P Eaxgzz = szz = 1-‘sz =g 2T xzz
1
Tyxx Deyx = angxx = I =T% =9"Tyun
1
l-‘yzz Fzyz an 9zz = T Zyz = 1-‘Zzy =g eryzz
1
Loxx =Type = Eazgxx = I =T%=9"%Th
1 y y
Fzyy = Fyzy = Eazgyy = r zy =T yz = g:)/yr‘zyy
4.2 “=Cylindrical coordinates.
The line element:
ds? =dr? +r2d¢p? + dz?
The metric tensor and its inverse:
1
Yabr = r?
1
1
ab _—_
A R
1
4.2.1 The non-zero Christoffel symbols
The Christoffel symbols of first kind Christoffel symbols of the second kind
1
labe = E (aagbc + abgca - ac.gab) 1—‘abc = gadrbcd
1 1
Togr =—50199p = =50, =—1 = [ =g"Tpgr =7

1 1 0 1
Fr¢¢ = r¢¢=§arg¢¢=§ar(r2):r > Fr¢ :F¢¢r:g¢¢rr¢¢=;

4.2.2 The geodesic equation for cylindrical coordinates
13The geodesics equation:
2,.a b c
Ext o i
ds? ¢ ds ds

2 Only sum over d
13 In this case we know the Christoffel symbols and want to find the geodesic equations
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2 b [
x4 =r: E_}_rrb dx” dx =0
ds? ¢ ds d52
2
ds? lgis
L4 = d*¢ o dxPdx€ —0

ds? ' beds ds
d*¢ 4 drdgp 4 dpdr

= 41 ——T4r? T =0
ds? T ds ds :_ ¢ ds ds

R a’¢ _ 2drd _
, ds? rolljs ds
d“z dx® dx°

x4 =z — 42, —— =0
ds? e ds dzs

= E =0
ds?

4.2.3 “The Christoffel symbols from the geodesic equations
We have

1 .., 1. 1 .,,..2 1.
K =§gabxaxb =§(T)2+§T2(¢) +§(Z)2

Now we need

oK  d (61()
9x2  ds\9x@
a 0K d (61()
X =T _— =— =
Jar ds \dr
(2 a ...
= r¢s =—@@F) =+
ds =~
= 0 =#—r¢?
0K d (0K
xa = Q. -— =\
d¢ ds \d¢
d ; . ..
0 = £(1~2q>) =2r7p +r2¢
.1 . 1.
= 0 = d) + ;T‘d) + ;(l)‘l"
a oK d (61()
x4 =z — =— (=
0z CZiS 0z
Collecting the results
0 =7#—r¢?
0 — ..+1,.+1 .
= $+—i¢+—¢r
0 =%
We can now find the Christoffel symbols from the geodesic equation:
Mgp =-r )
¢ _r® _
F rd) —_ F ¢)T _ ;

1 In this case we know the geodesic equations and want to find the Christoffel symbols
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4.3 The plane in Cartesian coordinates

43.1 fSolve the geodesics equations of the plane in Cartesian coordinates.
We use the Euler-Lagrange method.

_d
T ds

F = Egabxax

The line element

dS? =dx? +dy?

JF
dx4

oF
Ox?

(x —kq)

F =_323_352
o > x“ + 2y
x*=x: — =0
dx
oF .
- =X
0x
= ¥ =0
a_ . dF _ 0
x% =y y
dF .
ay 7
= y =0
Collecting the results
¥ =0
j =0
The solution is obviously a straight line:
P d’x 0
- ds?
N v - dx "
ds
= X = koS + k1
.. d?
y = —y =
5
. Yy
= y = E = CO
= Yy =cyS+c=¢g

4.4 The Hyperbolic Plane

ko

44,1 8Geodesics in the Hyperbolic Plane

The line element:

ds?

=y *(dx* + dy?)

Cl—k

Co

0

k
x+C1_C0k_1=KOx+K1
0

To find the geodesics we need a few integrals which we can solve:

a. Killing vector:

Because the metric is independent of x a Killing vector is

= (§%,¢7) = (1,0

& - uis a conserved quantity along a geodesic, where

21 March 2023

u = W) = (dx dy)
- =S as
= Su = ‘faua = gab‘fbua = gax’fxua = gxx’a;xux = y—Zux =K;

http://physicssusan.mono.net/
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= dx  _ 2K
P YR
b. The line-element
ds? =y~ ?(dx?+dy?)

- v =re((@) + (@)

Substituting eq. (4.1.) into eq. (4.2.)

d 2
(o)
dy ? 2 2< 1 2>
= - =y*Ki|l—=—y
(dS) "A\K?
dy 1
= — = 4yK, [——y?
as M k2T
Combining eq. (4.1.) and eq. (4.3.)
_ Y
dx ~— — 1
= —
dy Kz~
d
—+ yay
= dx 1 2
p—y
= +f ydy =15 4 1 _yz
— - - |K?
= X —Xg 1 ) 1
F_y

= (x—x)*+y* =—
0 K12

21 March 2023

(4.1.)

(4.2.)

(4.3.)

y=0

: i 1 , .
If y = 0 the geodesics are the vertical lines x = xy £ o If y > 0 the geodesics are semicircles centered
1

on the x-axis in (x,, 0) with radius Ki
1

x and y as a function of S:

dy 1

— =4yK /—— 2

ds Ty, K12 y
d

N y
ds f1
vK; K_f_yz

15 (Spiegel, 1990) (14.238) [ % = —VaZ — 12
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1 1
— 4+ = - yZ
= S-S5, =if =16+ ]n
YKy |37z = ¥? \ /
1 1 2
= exp(+(S — Sp)) Ky + K2 Y
= f
= 0 = ( (£(S—50)) ! )2 + !
=\yexplx 0 K, y? K1

2
= yZexp(£2(S—Sp)) — K—lllexp(i(S —S0)) +y?

2
=y (y(l + exp(iZ(S — 50))) — Eexp(i(S‘ — SO)))

= 3’1 = 0
_ 2exp(S —Sy) 0 1
Y2 T K (1+exp(2(S—5p)))  Kicosh(S —Sp)
2exp(—(S —5Sy) 1
V3 ( ) __ 18 =2

B Ki(1+exp(=2(5S—5Sp)))  Kicosh(S —Sp)

dx 2k — ( 1 )2 K - 1

as VM T K, cosh(S — SO) 17 K, cosh2(S — S,)
1

1 1 1
Klf coshZ(S S) K 1 tanh(S — So) = K, @0 (S —So)
Rescaling and collecting the results®
1

y o= K; cosh(S)
1

x = —tanh(S) = y sinh(S)
Ky

> X — Xg

4.5 The Geodesic of two-dimensional Minkowski space-time
The line element:
ds? = —dt? + dx?
=  dr® =2qt? — ds?

16 1o dy 1 a+\/a2—y2)

(Spiegel, 1990) (14.241) ny = aln( »
17 2% 2e* _ 2 _ 1

1+e2¥ ~ eX(e~Xt+eX)  e~X+eX  coshx
18 2e7% 2e™% _ 2 _ 1

1+e-2%  e=X(eXte—%) —X+ex ~ coshx
19 (Spiegel, 1990) (14. 571)f z( ) dx = tanh x

d(Ltanh(s))\ > a(—1]\? 2

Checking: 1 = %((Z—Z) + (%) ) = K2 cosh?(S) (( (i = )> + ( (& ZC’SSh(S))) = cosh?§ ((cosljz(S)) +

2 —
(- 2= tanh(s)) ) =L+ tanh’(s) =1
21 Negative time-signature i.e. dt2 = —ds?. See chapter 2
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> 1 _ (dt)z (dx)2
~ \dr dt
Killing vector: Because the metric is independent of t a Killing vector is
§ =@ =010
& - uis a conserved quantity along a geodesic, where
. x)_(dt dx)
- = dr
= §u =&ut= gabfbua = gue§ul + gor§ Ut = ——

t
— = constant = K
dt

Substituting this into the line element we find

dx\? dt dx\* dx\2
1 —g2_(Z2Z) —g2_ (2222 — g2 _p2(ZZ2
K (d‘r) K (dT dt) K K (dt)

dx K? -1 ,
dt = + —xZ K
When we solve this we find the familiar geodesics
x(t) =K't
Or
1
tix) = in
We can check whether these are timelike or spacelike and find the expected results
dx\*
ds? = —dt? +dx? = <—1 + (E) )dtz = (—1+ (K")?)dt?

< 0 timelike,if K' < 1 inside the lightcone
= 0 lightspeed, if K' = 1 on the lightcone
> 0 spacelike,if K' > 1 outside the lightcone

4.6 The Flat Space-time in two dimensions — 2?Rindler Space-time
4.6.1 "The time-like geodesic X(T) of the Flat Space-time metric in two dimensions

To find X(T) we need a few integrals which we can solve:
a.The line element:

dS? = —X2dT? + dX?
= dt? =23 X2dT2 — dXx2
2 2
- 1 = x2 (d_T) _ (d_X> (4.4.)
dt dt

b. Killing vectors: Because the metric is independent of T a Killing vector is
§ =¢"¢H =00

& - uis a conserved quantity along a geodesic, where

dT dX
- ()
@' u?) = -
= §-u =8&u’ = gopéPu® = grp&Tu’ + gyx&uX
—x21. L g0 Z o el
B dt dr dt
22 See chapter 2
23 Negative time-signature i.e. dt2 = —dS?2. See chapter 2
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dT
= X2 - = constant = K (4.5.)
T
Substituting eq. (4.5.) into eq. (4.4.)
K\? dX\* K? dX\*
() - (8
X2 dt X2 dt
ax 2
= — —o24 ’K_ —1 (4.6.)
dt = X2
f < > o
r—2>0:
Dividing eq. (4.6.) by eq. (4.5.)
ax
eq K2
= dT F -1
edl =N
dt K
dX X? |K? X
= _— = |—==1=— 2_ x2
aT % %2 1 K\/K X
dT K dX
= [ —
XVK? — X2
. dX K ++VK? - X2
= T—-T =Kj—=2526—ln - -
XVK?Z — X2 X
Isolating X
K +VK?—-X?2 .
(—) = exp(—=(T = T")
X
K\? K
(x) 1 =exp(—( ) -5
K\? K\?
< oY
K\* 2K
=exp(—2(T-T) + (}) - Yexp(—(T —-T")
2K exp(—2(T-T"))+1
= — = p( ( )) = exp(—(T — T*)) +exp(T —T")
X exp(—(T - T*))

= 2cosh(T —T%)

And we find the geodesics

X(T)

K
cosh(T —T*)

dx\* X 2
ds? =-X%dT? +dx? = (—XZ + (—) )dTZ = <—X2 + (—\/KZ - X2> >dT2

dT K

24 KZ > XZ
25 dx _ 1 a+ya?-x2 .
fxm = ——In(———) (Spiegel, 1990) (14.241)
2_y2
zs(’”— VI;X)>OifK>X

27 Notice: Ifz—f <0:X(T) =

http://physicssusan.mono.net/
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X4 K?
=——dl* = ————————dT? <0
K? cosh*(T — T*)

Which is inside the light-cone and these geodesics are time-like

4.6.3 Isthe world-line X(T) = A cosh(T) time-like or space-like:
dx\? d(AcoshT) 2
2 _ _y2q72 2 [ _y2 (22 2 [ _y2 2
dS? = —X?dT? +dX (X+(dT)>dT <X+< — dT
= A%(— cosh? T + sinh? T)dT? = —A2dT? < 0
Which is inside the light-cone and the world-line is time-like.

4.7 Three-dimensional flat space-time.

4.7.1 Null geodesics in three-dimensional flat space-time.
The line element:

ds? = —dt?+dr? +r?d¢?
dt?  =2dt? — dr? —r2d¢?
To find the null-geodesics we need a few integrals which we can solve:
a. Killing vectors:
Because the metric is independent of t a Killing vector is
§ =(¢5¢,¢%)=(,00)
& - uis a conserved quantity along a geodesic, where

dt dr do
u o= () = (G g

= u =&ut= 9ap&Pu® = garé'u® = gp&tut + g &tu” + g¢t§tu¢
= —yt
dt
= -— = K1
dt

Because the metric is independent of ¢ a Killing vector is
¢ =(¢-¢"¢?)=(001)
= (-u =qfut= gab(bua = ga¢(¢ua
= 90Ut + GrpCPuU" + gpplPu® = r2u®

d¢
= r’— =K,
dt 2
b. Conservation of the four-velocity for a light ray
u-u =uuut = ggpubu® = geutut + g uu’ + gpeudu?

dt\?  dr\? dpy>
- (4 -2 o
dt dt dt
Substitute eq. (4.7.) and eq. (4.8.) into eq. (4.9.)

dr\? K\?
- e ()
> (&) = w5y
dr 1
= E =\/(K1)2—r—2(1(2)2

Combining eq. (4.7.) and eq. (4.10.)

28 Negative time-signature i.e. dt2 = —ds?. See chapter 2
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(4.7.)

(4.8.)

(4.9.)

(4.10.)
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= ﬂ_l K.)?2 1K2_1 1K22
T = | = 1-5(F)

dr rdr

21 March 2023

= dt \/1_%(%) \/ 2 K2

- =29 -rz KZ
= t—to [ K K1 (4.11.)
2

Notice we can rewrite this into a hyperboI0|d

K> ? 2 2
— =r“—(t—t 4.12.
( Kl) (t — to) (4.12)
Combining eq. (4.7.), eq. (4.8.) and eq. (4.11.)
= r2 @ _K
dt Ky
K. 1
= i = K_2 K\
dt Lt —to)? + (22
) (t —t) y (%) )
2 t 30 _1[ 1 ]
=— =30tan™" [ (t — to)
= p—9¢ K K\* K
T -0+ () :
K.
= t—ty = K—ztan(qb — ¢o) (4.13))
1
Combining eq. (4.11.) and eq. (4.13.)
KZ 2 KZ
= 2_(=£) =-—-tan(¢ — ¢y)
r (Kl) Kl d) ¢0
K.
= r o=+ K—z\/tan2(¢ — o) + 1 (4.14.)
1
Collecting the results we find the null-geodesics:
K2\? 2 2
— =r“—(t—t 4.12.
(Kl) (t — to) (4.12)
K.
t—ty = K—ztan(cb — o) (4.13.)
1
K.
ro=+ K—ZJtan2(¢ — o) +1 (4.14.)
1

Light rays moves on straight lines in curved space. From our point of view the tip of the light cone (¢, 1)
moves along a hyperbolic path eq. (4.14.).

rdr 2

29 (Spiegel, 1990) (14.210) f =Vr2 — a2

-1t

30 (Spiegel, 1990) ( = ;tan
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4.8 The worm-hole geometry

481 “Volume in the Wormhole geometry
The three-dimensional volume on a t = constant slice of the wormhole geometry bounded by two
spheres of coordinate radius R on each side of the throat.
The line-element

ds? = —dt? +dr? + (b?> +1r?)(d6? +sin? 6 d¢p?)
dt?  =31dt2 — dr? — (b2 4+ r2)(d6? + sin? 0 d?)
The volume
R T 21 R
/4 =fdllfdlzfdl3 :f (b2+r2)drf sinedef de =4nf (b? + r?)dr
-R 0 0 -R

1 .° 1 1
=an|rb? 4203 = an( (R0 +58%) - (RBP4 2 (-R)?
CR 3 3
41
=3 *2R~ (3b% + R?)

4.8.2 'Geodesic Equations in a Wormhole Geometry
We use the Euler-Lagrange method.

_d <6F ) dF
~ds\9xa) o9xe
1 s N ]
Fo=2gapi®
The line element
ds? = —dt? +dr? + (b?> +1r?)(d6? +sin? 8 d¢?)
1, 1 1 . 1 ,
= F =—Etz+§7'"2+§(b2+r2)62+§(b2+r2)sin28¢2
x% =t a—F =0
ot
oF
— =-—t
at
= t =0
x% =r: oF =1(6% + sin? 0 ¢?)
ar
oF .
- =7
or . '
= 7 =102+ 1rsin? 0 ¢p?
oF .
x% = 0: 5 - (b? + 1r?) sinf cos O p?
JoF .
- = bz + 2 0
Y ( %)
d (aF) = 2r6 + (b% +r?)6
s\ag) = rT r
.. . 5 2r .
= 6 =sinfcosl ¢ —mre
. oF _ .
x% = ¢: i
O_F.' = (b% +r?)sin®0 ¢
¢
31 Negative time-signature i.e. dt2 = —ds?. See chapter 2
13
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= 0 = i((b2 +12) sin29¢3)
dS . . . ..
= 2rsin®?07¢ + 2(b? +r?)sinf cos 8 6¢ + (b? +12)sin? 0 ¢
. 2r ..
= ¢ = (b2 e 7 — 2 cotf ¢
Collecting the results
t =0
7 =16%+rsin? 6 ¢?
6 =sin@ cosb P> 2r -6
= sinf cosO ¢ (D) T
.. 2r .
¢ = (b2 +r2)r¢ 2cot06¢
™The non-zero Christoffel symbols are
[Tgg =-T My =-rsin?0
] _ : 0 =T = _r
[P¢p = —sinbcosb e = or = b7 1 12)
o _p¢ ___ T ¢ _rd _
LR, _F¢T_(b2+r2) [Mop =T 4 =cotb

Use the geodesic equations to calculate the proper travel time of an astronaut travelling through a worm-
hole throat along the coordinate radius r from r = R to r = —R. The initial radial four-velocity isu” = U,
and because of spherically symmetry uw=u®=0

The four-velocity is
dt dr do d
u® = (ut,u”,ulu?) = ( d))
dt’dt’ dt’ dt
we will only look at u™. We use the geodesic equation
7 =10% + rsin® 0 P>
which we can rewrite

1+U%U,0,0
2( )

d? . .
ar =r0%+7rsin?0¢p? =0
dt?
d?r d (dr\ du”
- Bt
dt? dt\dt) ~ dr
which implies that u™ = U is a constant along the astronauts world-line. So we can solve
o - dar
==
= dt ! d
= —dr
U
= A JR ! d ! (R-(-R))
T = —_ = — = — — = —
U0 T

, 2R . . . .
So the travel time through the wormhole At = ~ s very much alike the usual time/speed calculation:
distance=time*velocity except with the velocity replaced by the four velocity.

The line-element®

324t is found from the fact that the u®u, = —1is a conserved quantity: u®u, = u®n;u® = —(uhH?+ W2+
(ug)z + (u¢’)2 =—WwH)?+U?=-1=>u" =Vv1+ U2 wherel1+U?>0
33 |f we instead used the line-element ds? = —dt? + dr? + (b? + r2)(d6? + sin? 6 d¢?) we would find dt? (1 UZ) <

0, which is time-like.
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dt? =dt? —dr? — (b? +1?)(d8? + sin? 0 d¢?)

—ae21- (%) - @2+ ((g)z +sin? (Z_f)z)

, 2
= 342 1—(%%) — (0% +72)((0)* +5in® 6 (0)*) :dﬂ(l‘(U\/fiuz))

L (1+U2—U? o 1
= (g ) = 4 () > 0

i.e. the trajectory is time-like.

4.9
The line-element
ds? = —dt? + [dx — V;(t)f(ry)dt]? + dy? + dz?
= dt?  =35qt2 — [dx — V,(t)f (r;)dt]? — dy? — dz?

= (1 -V, (£)?f(ry)?)dt? + 2V, () f (ry)dxdt — dx? — dy? — dz?
Notice: The line-element is dependent on the velocity of the spaceship V;(t). If the velocity is zero the
line-element reduces to flat Minkowsky space-time.

The metric
—1+V(©?*f(r)* —Ve(®)f() 0 0
g =] HOFE 00
0 0 1 0
) 0 0 1
Where Vi (t) = dxd;t(t) r2 = [(x — xs(t)) +y% + Zz] and f(ry) is a smooth positive **function that satis-

fies f(0) = 1 and decreases away from the origin to vanish for r; > R for some R.

The trajectory
A spaceship travels along a curve

tx,y,z) = (txs(t),0,0)
With the four-velocity

dt dx,(t)
u = @WtuX,u,u?) =—,——20,0
( ) dt drt
Manipulating the line element we get

dr? =dt? — [dx — V,(t)f(r,)dt]?> — dy? — dz?
dx 2 rdy\* rdz\?
- (1 -l vore| - () - () )‘“2

dx(t) ’
:(1-[ o —Vs(t)f(rs)] )dtz

=1 —[1-f)PV(®)*)dt? >0
Which means the trajectory is time-like and at every point along the curve

(tx,y,z) = (txs(t),0,0)
the four-velocity of the spaceship lies inside the light cone if V;(t)? < 1, i.e. smaller than the velocity of
light.

34 Because all the differentials with respect to 6 and ¢ are zero, we can use the chain rule in this simple manner.

35 Negative time-signature i.e. dt? = —ds?. See chapter 2

36 _ tanh(a(rs+R))—tanh(a(rS—R))
f(n') - 2 tanh(oR)

with arbitrary parameters R > 0and o > 0
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Imagine a spaceship traveling between two space-stations. What is the spaceship proper time At com-
pared to the coordinate time t = AT.
The line element

dr? =dt? — [dx — V,(t)f (ry)dt]? — dy? — dz*?

- (5) mi-[E-vore] () -(5)
at) ar O dt dt
The ship moves on a curve in the (x, y)-plane with the coordinates (¢, x;(t), 0,0)

2
- (& - 1- |52 n0r6| = 1- ko - ke

dt
=1-V(®)[1 - f()]?

dv =1-V(02[1 - f(r)]?dt
If we assume the spaceship has a constant velocity V;(t)? = V;(0)?

= At = /1 -V,(0)2[1 — f(1;)]2AT
In detail
(bt ifn-0,f(0)=1 @
AT . .
AT 4 v ror o JosEsk @
|k—1 V(O)Z > AT if s > R, f(rs) =0 (iii)

where (ii) corresponds to the warp period and (iii) to the Minkowski space-time
On the light cone, d7? = 0:
The line-element is depending on the velocity of the space ship V;(t). This has a rather peculiar effect.

2
0 =—dt? + [dx - V,(Of (rp)dt]* = <—1 + [% - Vs(t)f(Ts)] >dt2

- o 1RO

dx . . .
Now, as you can see there are areas where s larger the than one. This means that from our point of

view, there are areas where the spaceship seems to move with a velocity larger than the speed of light.
There is no contradiction here though, because locally the velocity of the spaceship V;(t) is smaller than
the speed of light.

4.10

The line element

ds? = —cosh?(r)dt? + dr? + sinh?(r) d8? + sinh?(r) sin® 6 d¢?
We use the transformation
1
cosh(r) = cosU
= sinh?(r) = ! —1=tan®y

cos?
1

d(cosh(r)) _dew)

inh(r)dr = siny d
sinh(r) dr = o2 P
16
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s 4 sin J02 1 J02
T = =
sinh?(r) cos* ¢ v cos?y v
1 1 ]

= ds? =-— 5Ty dt? + o570 dip? + tan? ¢ d6? + tan? Y sin? 6 d¢p?

_coszlp( dt® + dy“ + sin“p d6* + sin“ Y sin“ 0 d¢p*)

1

— _4t2 2 4 cin2 2 4 cin2 2

_coszlp( dt? + dip? + sin® ¢ (d6? + sin® 6 d¢?))
Which is conformally related to the Einstein cylinder

ds®> = —dt? + (ag)?(d6? + sin? 0 (dp? + sin? ¢ dip?))

To find the null-geodesics we need some integrals which we can solve:
a. Killing vectors:
Because the metric is independent of t a Killing vector is

E = (ft, fr' {'9} €¢) = (1,0,0,0)

& - uis a conserved quantity along a geodesic, where

dt dr do do
u — t T 0 ¢ — (_ o _)
(utu”,uf,u?) ds'ds’ds’ ds
= $u = Eaua = gabfbua = gatftua
= gee§ U + greE U + gor§ul + ggeEtu® = —cosh®(r) ¢
. K
=—— 4.15.
=z t cosh?(r) ( )

Because the metric is independent of ¢ a Killing vector is
¢ =(¢4¢.¢%¢%)=(0,001)
= ¢-u =qu= gab(bua = ga(l)(qbua
= GepPut + 910U + + 90y CPu® + gy {Pu®
= sinh?(r) sin? 6 u®

' Kz (4.16.)
= = .16.
¢ sinh?(r) sin?
b. Conservation of the four-velocity for a light ray
u-u =umut = ggubu®

= gputut + g uu” + geoulul + gpputu?
= —cosh?(r) t? + 72 + sinh?(r) 62 + sinh?(r) sin% 8 ¢ = 0
= 0 = —cosh?(r) t? 4+ 72 + sinh?(r) 62 + sinh?(r) sin? 6 ¢? (4.17.)
c. The geodesic equations.
We use the Euler-Lagrange method.

_d (OF) JoF
~ds\9x) 9xe
1 “a.y.b
F :Egabx X
1 2pniz g oo Loy 1o 2 02
=—Ecosh (r)t +§r +§smh e +§smh (r)sin“ 6 ¢
x% =t O_F =0
5k
— = —cosh?(n)t
il
&(E) = — cosh?(r) t — 2sinh(r) tr7
= 0 = cosh?(r)t + 2sinh(r) i (4.18.)
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x& = 7r: a_F
ar
oF

U
o

d (6F)
ds\aé

= 0
oF

¢
oF

o
d (JF

i (3%)

= 0
Collecting the results

a

t

The coordinates t an

¢
0
0
0
0
0
dr

We need

= —sinh(r) 2 + cosh(r) 62 + cosh(r) sin? @ ¢?

=7

= # + sinh(r) £2 — cosh(r) 62 — cosh(r) sin? 6 ¢?
= sinh?(r) cos 0 ¢?

= sinh?(r) 0

= 2 cosh(r) 76 + sinh?(r) 6

= 2 cosh(r) 76 + sinh?(r) 6 — sinh?(r) cos 6 2
=0

= sinh?(r) sin® 0 ¢

21 March 2023

(4.19.)

(4.20.)

= 2 cosh(r) sin? 8 ¢ + 2 sinh?(r) cos O ¢ + sinh?(r) sin? 6 ¢

= 2 cosh(r) sin? 6 ¢ + 2 sinh?(r) cos 8 ¢ + sinh?(r) sin? 6 ¢

Ky
cosh?(r)
K,
sinh?(r) sin?

cosh?(r) t + 2 sinh(r) tr
# + sinh(r) £2 — cosh(r) 62 — cosh(r) sin? 6 ¢>
= 2 cosh(r) 76 + sinh?(r) 6 — sinh?(r) cos 0 ¢?

= 2 cosh(r) sin? 0 ¢ + 2 sinh?(r) cos 8 ¢ + sinh?(r) sin? 6 ¢

2 sinh(r) cosh(r)
B cosh*(r) 1

Substituting eq. (4.15.) and eq. (4.22.) into eq. (4.18.)

0 h2(r) 2 sinh(r) cosh(r)K + 2 sinh( )(
= = —
cosh*(r cosh® (1) 1 sinh(r
= 0 = —cosh(r)+r
= 7 = cosh(r)
Dividing eq. (4.15.) with eq. (4.23.)
¢ _dt K
7 dr cosh3(r)
t r K
f dt = f —dr
= to r, €osh3(1)
18
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— cosh?(r) £2 + 72 + sinh?(r) 82 + sinh?(r) sin? 6 ¢>

(4.21.)

(4.15.)

4.16.)

4.17.)
4.18.)
4.19.)
4.20.)
4.21)

_— e~~~ o~ —_

(4.22.)

%)r-

(4.23.)
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_ sinh() 1" 1 (" dr e sinh(r) 1y "
= t—to =7 [2 cosh?(r) + E,’; cosh(r) ’ [2 cosh?(r) +tan~ (e )]
To 0 To
=5t Sclon:;l(; ()r) + tan"1(e") — (—2 i:j;l(zr?:o) + tan_l(er°)>
sinh(r) 1y ]
_ m+tan (e")—Kzifry—0

> K,ifr > o0
Interpreting this means, that no matter how far the light travels in this spacetime fromr = 0tor — oo
this happens within a limited time®.
As an exercise we will look at the other coordinates as well.
The coordinates r and 8 :
We need

©-:
I

2 cosh(r) sinh(r) cosfsinf .
2 < sinh*(r) sin2 @ r sinh2(r) sin* @ )

2 cosh(r) sinh(r) cosfsinf .
z < sinh*(r) sin? 6 cosh(r) + sinh?(r) sin* 6 >
Manipulate eq. (4.23.) and substitute eq. (4.16.) and eq. (4.24.)

0 = 2cosh(r)sin?8 ¢ + 2sinh?(r) cos @ ¢ + sinh?(r) sin 6 ¢
cosh(r) cos@ cosh?(r) cos@ .

sinh?(r) ' sin?6 sinh(r) sin6 ]
cosh(r) tan 6 1 cosh?(r)tané

sinh?(r) sin@  sinh(r)

(4.24.)

= 402K, [

(4.25.)

.
|

=

Dividing (IX) with (VIII):
6 do tan @ 1 tan 8

= —= + -
7 dr sinh?(r) = cosh(r)sinf tanh(r)
This illustrates how difficult it is to solve the geodesic equations in GR.
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37 dar _ sinh(r) (n-2) dar
fcosh“(r) G =) cosh™~1(r) + (n—-1) f cosh™~2(r) (

38 ar__ _ 10,7 ;
f pwa 2tan"1(e”) (14.567) (Spiegel, 1990)
39 Notice: We haven’t used eq. (Ill) so this result also valid for an object with mass.
4 = 2 cosh(r) sin® 6 Al + 2 sinh?(r) cos  ———2— + sinh?(r) sin? 6 [—21(2 (

sinh2(r) sinZ @ sinh2(r) sin2 6
cos 6 sin 6 9)] _
sinh2(r) sin% @ -

14.588) (Spiegel, 1990)

2 cosh(r) sinh(r)
sinh*(r) sinZ @

cosh(r) +
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