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11 The Schwarzschild Spacetime

11.1 ®The general Schwarzschild metric
The line element
ds? =e2vMge2 — 220 qr2 — 12492 — 12 sin2 6 d¢p?

11.1.1 P°Geodesic equations and Christoffel symbols.
To find the geodesic we use

0 — d (BK) 0K
“ds\axe)  axe
K = Egabxaxb
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_ %ez"(r)tz _ %eza(r)f,z _ %rze'z _ lrz sin2 6 ¢
x*=t
oK _,
5k
= e2v(M¢
d agt j d
v
— (= =2 2v(r) Z 7 - 2v(r)i:
7 (57) =20 gt e
dv . "
= 0 =22 —si 4 e2™Mi
dr
Lo adv .
= 0 =t+2—7t
dr
x*=r:
0K dv . da . ,
5 = ez"(r)at2 —e“mafz —7r0% —rsin? 0 ¢
O_K = 24y
d algf da
(= — _9,2A1) 22 L2A() 5
ds<ar') e e
= 0 =—e2™ d—if"z — e j — g2v() %tz +716% +rsin? 0 ¢
PN 0 =#+ ﬂfz + ez(v(r)—/l(r)) ﬂtz _ re—zz(r)gz — rsinZ 9 e—zA(r)q'bz
dr dr
x*=0
0K ,
8 —12 cos 6 sin @ ¢?
oK .
— = -r°0
d 616(9
— (—) = —2rr —r?6
dS 69 . .. .
= 0 =-2r70 — 120 +r%cosfsinf ¢>
. 2. .
e 0 =8 +—76—cos@sinf ¢?
x* = "
oK _,
o
oK 2 o 29 i
b —r“sin“ 0 ¢
4 O_K = —2rsin®? @ +¢ — 2r? cos Hsin ¢ — 2r? sin? 0 ¢
ds\d¢
= 0 =—2rsin?07¢ — 2r?cos@sinf ¢ —r?sin? 6 ¢
. 2. ..
o 0 =§+id+2c0t000

.. dv
0 =t+2—7t

dr
0 =#+ Z_’lfz + ez(v(r)—l(r))?tz _ re—z/l(r)g'z —rsinZ 9 e_ZA(T)(]SZ
r

. 2. .
0 =9+;1“9—cos€sin9¢2
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L2 .
0 =g¢+-ip+2cotf 6

11.1.2 The Christoffel symbols
Now we can find the Christoffel symbols from the equation
_dExt dx? dx¢

0 =——"_ -~ -
ds? e ds ds

11.1.2.1 Collecting the results

dv 0 1
rtrt = fi;tr = E I = Feﬂr = ;
rr = re = —cosOsind

rr dr . dP .
v
r ) -2 ¢ _r® _
| = g2(v" (r))a Fr¢ F¢r_;
Mgy = —re 240 F¢9¢ = F¢¢e = cotf
[Mpp = —rsin?ge 241

11.1.3 “The Riemann and Ricci tensor of the general Schwarzschild metric

The line element:
ds? =Mt — e22qr2 — 2492 — 12 sin? 6 d¢h?
The Basis one forms

March 21, 2023

wf — ev(r)dt dt = e—v(r)wf
w' =etMgr dr =e*y"
_ 1 -
w? =rdo de =@
T
_ 1 _
w® =rsinfdp dp =——w?®
rsinf
1
ij =
n 1
-1
Cartan’s First Structure equation and the curvature one-forms:
d(,l)a = —Fdl; N (J)b
dot = d(ev(r)dt) =v'e"Odradt =v'e Mo Awl = —v'e MMt A’ = - Aw’

dow’ = d(e}‘(r)dr) =0

> 1 . 5 1 5 R 3 R
dw® =d(rdf) =drndf = ;e‘l(r)wr ANw? = —;e"l(r)wg Ao =-T% A"

dw® =d(rsinfdg) =sinfdr Adg +rcosfdd Adp

= le"l(r)a)f Aw® + coth 0 Aw® = —le‘l(r)wa’ Ao —
r r
__r? P ) ]
=-T" A" -T s Nw
11.1.3.1 Collecting the results
[t =yle= 2™yt 9 = le—/l(r)wa)
T Id r
ré, = le‘)‘(r)a)é FaA = cotd w?
r T o r
4

http://physicssusan.mono.net

w® A w?

logik.susan@gmail.com


http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Chapter 11 — The Schwarzschild Spacetime March 21, 2023

Summarized in a matrix - Where @ refers to column and b to row:

(0 v'e=AM yt 0 0 )
Ve—Ar) yt 0 le—/l(r)wﬁ le—l(r)wi)
r r
a —
ré, =- 0 —le_l(r)a)g 0 cotHw(»ﬁ ;
r r
0 —le_’l(r)a)&S —COtga):ﬁ 0
r r

11.1.4 The Ricci Rotation coefficients

rfy =r%
ri, =ve?® 10 — %e—z(r)
Iy =ve M ré 35 =-— CO:Q
Mo = —%e—m r‘ﬂa = %e—ﬂ(r)
r 55 = —%e‘“” F{[,% _ CO:H

11.1.5 The curvature two forms

0% =dri + e AT, = %R“Béawf A
We need
dr'; =d('e*Mwt) = d(v'eV™-2Mgqy)
=" +V = 1)e’D AN dr adt = (v +v' (V' = 1))e D" A wf

1 ] 1 o
dr?, = d(-eMa?) = d(e0d0) = ~Xe*Vdr ndo = e V0 p o

1 _
ar®, =d (;e"l(r)wqb) =d(e*Msing de)
=-Ae *Msin@drAdp + e * cosd do Ado

!

R - 1 _ _
= —?e‘m(r)wr Aw? + r—ze"l(r) cot 8 w? A w?

3 cotd - ] 1 5 P
ar® = d(Tw"’) = d(cos0 dp) = —sin6.d0 Ad = — 07 A w
Summerizing:
def = (v” +v'(v' — A’))e‘za(r)wf A wt

. A

drb . e~24) )0 A
Tl’ 1
drf, =-"e 20" A u? + =2 cot 6 w? A w?
T T
_ 1 . _
¢ _ _ -8 ¢
art = i Aw

The curvature two-forms

5 5 5 N 5 3 1 5 sV 5 s
0% =dr +19. AT, + Fga) A Fd’{r =—e 2 Av'e MMyt = — 7241 ,)0 Ayt
r r

!

- - —~ n —~ ~ v —~ ~
0%, =dr® +1% AT +1%, ATY, = 7e—2W>w¢ A wt

5 T | S
=dr% + 1% AT + 195 AT?, = —e 0w Ao’
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& _ rd ¢ ¢ é ]
a®, =ar®, +1% ATl 410 AT,
li
= —7e_2)l(r)wf Aw® + rlze"w) cot 0 wf A w? + cot9w$ /\%e_)‘(r)wg
li
= —A—e_”(r)wf Aw®

r
¢ _ o é ¢ ) P
= —lza)a Aw® —ize_z’l(r)cu&S Aw?
r

200y
1—e 24M)
_(1=e") 5

2
ANw
72

R , ;¢ 3 A 3 R
-Qrf — (VH + V’(V’ _ A’))e_ZA(r)(lJr A (lJt Qef — 76—2/1(7‘)0)9 Aw'

. ,VI _ N - 1 — e_ZA(r) —~ —~
o®, = ?e—ZA(r)wqb Aol a?, = %w‘b A w?

Summarized in a matrix - Where @ refers to column and b to row
A !

0 (v'+v'( —21))e 2 Mw A wi L o220 p Y em221) 3 p
t ] Pt
Qd. =15 0 —e 2 yo A " Z 220y p \
p = T T
1 — e_ZA(r) —~ —~
S AS 0 %w‘b A w?
\S AS AS 0
The independent elements of the Riemann tensor in the non-coordinate basis
2 " e 1 — @ V’ _
Ry =@"+v' (v —2))e 24(r) R¢f$f =—e 24(r)
0 _V ¢ A
R =7 € 2 R 53¢ =€ 20
_ ' - -21
RHAAA — A_e—ZA(T) R(PAAA _ (1 — e 2 (T'))
7ot r 6¢0 r2
Rap = R4z ,
_ pt 9 (’ﬁ _ " 1ol 1 v —22
Rit =R g + R + R g, = (V' +V'(v —/'L)+27>e 2A(r)
A 2 a oy
Ri# =R er =R sgp + R, + R¢ffﬁf
] (73 17 1 (ol 1] ' —22
thff+Rr9rA+Rr$ =—|v'+v'(v —l)—Z—)ez(r)
__ _ p¢ _ pt 7 )
Rog =R g9 =R gsg T R grg T R 555
_ _ — ! / _ ,—2A(r)
_ 0 0 ¢ _ VvV _aa A —22 (1 e )
=-R t§E+Rf§f+R§$§__?e (T)+7e @+ 72
. _ pt _ pt # 2] _ _p® @ é
Rap =Rep =R gig t R gip R gog = ~R'ige + Rogs T R g0
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' ! _ p—24(1)
_ VA e, (1= 7)
T T r2
The non-diagonal elements:
. _ pt ? 9 o _
Rap =R g5 t R 45 Ra@B"'Ra&;B_O

11.1.5.3 Collecting the results
_VI
Ry = (v” +v' (v =)+ 27> e =24

AI
R (v” +v'(v' =2") -2 _> g2
_ p—2A(r)
Ra3 _V e —2A(r) + A e—2A() 4 u
r e A
_—2A(r
Raa — _1; —2A(7) + /1 —21(7‘) + u

r2
11.1.6 ¢°The Vacuum equations

1
Gap = Rap—5NapR =0

=1 RaB =0
So in order to find the parameters v and A we can solve:
vl
Ry = (v” V' =)+ 27> e 24 =0 (11.1.)
/’{I
Rpyp =— (v” +v'(v' =21) - 27> e 24" =0 (11.2.)
/ _ ,—2A(r)
Rgg = Rgs = —1; —24(r) + r e—2A) 4 (1j—2) =0 (11.3))
Adding eq. (11.1.) and eq. (11.2.)
2
Rig + Rep =~ (' + 2024 =0
N vo==) (11.4.)
Substituting (11.4.) into (11.3.)
’ _ 5=2A(r)
= 0 =% -z (A=)
T r2
= 0 =(2rd —1)e 2™ 11
Defining
y = e—2/1(r)
1
= A =2 _ye2)
= 0 =(Q2rA —1)e 220 + 1 =2r1e 24 — =24 11
1
=2r (—Ey’e“(r)> e M —y+1=—ry —y+1
k
= Yy = 3] — —
T

1 See the chapter named: The Vacuum Einstein Equations
2]/' = —21e —2A(r) =1 = __yleza(r)

1
3yelrr = fl 3 gy 4 e = yeln™ = fl e™"Mdr + k = yr = r + k (Spiegel, 1990) (18.2)
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_1_ 1
I
T

eZV(r) =e—2/1(r)=y=1_E

T

Substituting in the line element
ds? =e2vMgt2 — e2AMgr2 — 12402 — r2sin? 0 dp?

k 1
= (1 — —) dt? — | —— |dr? —r%2d6? — r?sin? 6 d¢?
r 1_k
T

We can use the geodesic equations to justify the choice of 2m by investigating the geodesic equations in
e d d . . . .

the classical limit i.e. r > 2m, d—z - landv = d—: « ¢, where v is the velocity and 7 is the proper time.

We want to investigate the case of a radially infalling particle i.e. d6 = 0 and d¢ = 0. We also want to

. . . G . dt _dt 1. d d

work in Sl-units so we have to substitute m by —T Also remember that i = — =~ — — j = = = = =

5 2y . c ds cdrt c ds cdt
v .. asr . . . .
- and i = 9 = g = oo where a is t?e partlc)le acceleration. We use equation (10.38):

m m(r—2m), . .
0 =+#-— 72 + 3 t?2 — (r — 2m)6? — (r — 2m) sin? @ ¢?
r(r —2m) T

Now before we carry on with the physics we also have to be sure that each term in this equation has the
same dimension. It turns out that they don’t and therefore the third term has to be multiplied by c?, in

which case each term gets the dimension*

length’
m m(r—2m) ., . .
= 0 =#-— 72 + c?t? — (r — 2m)8?% — (r — 2m) sin? 6 ¢?
r(r —2m) r3 ( ) ( ) ¢
dd =0,d¢ = 0:
m m(r —2m ,
= 0 =+-— 72 + ( )cztz
r(r —2m) r3
r>2m
m m
E 0 =T'——2‘f'2+—2C2t2
r
=lioZpon
Cc Cc Cc
a mv: m 1 m ., mc?
= 0 Te e trTa\tTeEY T
Gm
m— C_z:
Gm \2 Gm
= =q——(— —
0 T2 (c) r2
v KLc:
Gm
= a = _‘r_z
Multiplying with M on both sides we get precisely the Newtonian gravitational law
GMm

= F = Ma=-—

r2

4 This actually originates from the line element of the Schwarzschild metric itself, because in order to get the same

-1
dimension of each term, the first term has to be multiplied by c?: ds? = (1 - sz) c?dt? — (1 - sz) dr? —
72d0? — r? sin? 0 d 2
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11.1.8 &The meaning of the coordinate r.
The coordinate r is not a distance from any centre, rather it is related to the area A of a two-dimensional

sphere for some fixed t and r.
1

)
4
How: If you look at the Schwarzschild line-element
2m 2my\ "t

ds? = —<1—T)dt2+(1—7) dr2+r2(d92+sin29d¢2)
You can see that embedded in this is the geometry of a two-dimensional sphere with line-element

d¥? =71r2(d6? +sin®? 6 d¢?)
The areal element

dA =dl?dI® =r?sinf dfd¢

b 2
= A = f r?sinf d@f d¢ = 4mr?
0 0

11.2 The Schwarzschild geometry

The line element
-1

2m 2m
ds? =—(1-Z0)ae? +(1-20)  dr? +12d0% + 2 sin? 0.dg?

11.2.1 "Length and volume of the Schwarzschild geometry

The spatial part of the Schwarzschild line element is
2my\ "t
ds? = - (1 - 7) dr? —r2de? — r?sin®  d?

(a) The radial distance between the sphere r = 2M and the sphere r = 3M

l—fdllLFdr—er

= [ = ZM)r] (r-— 2M)r
=6 [,/ (r—2M)r + 2M1n(\/F +Vr — ZM)EZ

=M *3M + 2M In(V3M + VM) — 2M In(v2M) = (?Hn(ﬁH))*ZM

V2
~ 152*2M
(b) The spatial volume between the sphere r = 2M and the sphere r = 3M

= dirdi?di® = d¢ = 41 x 17,15 * M3

3M 27
—j j drf sdeBJ
v 2M 2M ,1 _m 0

4

11.2.2 'Geodesics in the Schwarzschild Spacetime
To find the geodesic we use the Euler-Lagrange equation

5 px+q _ +(ax+b)(px+q) aq—bp dx .
) —, dx = - + f oo (Spiegel, 1990) (14.123)

ln(\/a(px + q) + \/p(ax + b)) (Spiegel, 1990) (14.120)

6
f\/(aX+b)(px+q) Vap

9
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2m . .
— (1 ——) 72 —1r20?% —r?sin? 0 ¢

0 — d (6F) oF
" ds \9x@ 0x@
where
-1
F = (1 - Z_m) 2
T T
x* =t
oF
=0
ot

r

dF 2

d (OF\ _ 4m . 2 (1 2my ..
g(%) =2ttt (_T)t

4m 2my ..
= 0 :—ZTt‘l‘Z(l—_)t
T T
0 =t+ I,
< B r(r—Zm)r
x*=r:
oF 2m,2 2m 2 . o o
= =37 +mr —2r6? — 2rsin? 0 ¢
oF 2my
- =2 (1——) T
ar r
d <6F) B 2<1 2m>_1 “+2(1 Zm)"2 2m .,
ds\or/ T 4 r 2T
- 0 — 2<1 Zm)_1 - 2m .
B T r (r—Zm)Zr
m m(r —2m) .
o 0 - & 2
" r(r—Zm)r r3 t
x*=0
oF 212 cos 6 sin 6 ¢>
- = — i
a0
JdF .
— =—2T29
a0
d (OF . ..
— (—) = —4176 — 21?0
ds 69 . .. .
= 0 = —4770 — 2r?0 + 2r? cos O sin O p?
. 2. .
= 0 =8 +—76—cos@sinf ¢?
x% = '
oF _,
g
oF 2 2 29 i
09 = —2r-sin“ 6 ¢
4 O_F = —4rsin® B¢ — 4r% cos Hsin @ ¢ — 2r? sin? O ¢
ds\d¢
= 0 = —4rsin?07¢ —4r?cosfsinb ¢ — 2r?sin?6 ¢
W 2 . ..
S 0 =¢+;7'"¢+2C0t99¢
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4im )

2m , . .
2 ——-t% 4+ 2r0% + 2rsin® 0 ¢*
T

— (r—2m)62 — (r — 2m) sin2 0 ¢2
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11.2.2.1 Collecting the results

0 =Fr—
N r(r—Zm)r
m m(r —2m) . . .

0 _r_r(r—Zm)fZ (r3 )tz—(r—2m)92—(r—2m)sin29q[)2

. 2. .
0 =9+;7"9—cos€sin9¢>2

. 2. ..
0 =¢+;1’”¢+2cot99¢

11.2.3 IThe Riemann tensor of the Schwarzschild metric

1
Solving the vacuum equations we find v = —1and e?V =1 — sz, g2t = (1 - sz)

The line element:
2 2m 2my " .
ds® = (1 _T) dt? — (1 _T) dr? —r2df? — r?sin? 6 d¢p?

Now we can find the independent elements of the Riemann tensor in the non-coordinate basis:

” 1 —2vd(21/)_1 —2vd(1 2m>_1 _2v(2m>_ m
_Ze dre _Ze dr r _Ze r2)  r2—r2m
d(1 d d 1 d?
oo | Z 572V (p2V — 2yl p=2V___ (p2v —,2v 2v
v dr(Ze dr(e ) ve dr(e )+Ze drz(e )
1 d /2m 2m
_ -2 _ -2
A = —ZV’V’ +Ee VE(T'_2> = —ZV,V’ _T'_3€ v
= Ry =0"+v( —1))e 0 = (v + 2v'v)e?V ™
= (—ZV’V’ —me‘zv + 2v’v’) e2v() = _m
r3 r3
14 A
9 Ve VY 11 2m _m
R or = 78 2A(r) — ?eZV(T) — ;Ee 2v T_Z e2v(r) — T_3
5 A m
0 _ —2A(r) _
Roegr =—e 0 =——
S B v Ay M
R f(’l\)f ?e 2A(r) 1‘_3
S B A ey m
R f(’ﬁr ?e 22(r) r_3
2m
3 1-(1-%2
By Goemo) ooy (170-F) 4,
N r2 N 2 N 2 T3

11.2.3.1 Collecting the results

2m
r —
Rt =——3
] _pé _Mm
R =R%g: =3
] _pd __M
Rr@r _Rf'an*_ 7,-3
3 2m
R4 =—3

11.3 The general time-dependent Schwarzschild space-time

11.3.1 *The Ricci tensor, Ricci scalar and Einstein tensor
The line element:

11
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ds? = etz — o241 qr2 _ r2d92 — 12 sin? O d¢h?
The Basis one forms
wf — ev(t,r)dt dt = e—v(t,r)wf
w' =eMtNgr  dr = e AN ,f
_ 1 -
a)g =rdf ao =- o
r 1
w? =rsinfdp dp =— w®
rsinf
1
nl] =
-1
_1 R
Cartan’s First Structure equation and the calculation of the Cartan structure coefficients FQE:
dw? = —Fag A w?
dwt =d(ev®dt) =v'evEdr Adt = v'e 2D A wlt = —v'e NGt A »f
do” =d(e*tMdr) = 12t dt Adr = eV Wt A 0" = —JeVED W A wl
= —Fff N (,l)f
= 1 . = 1 = N 5 N
dw? =d@rdd)=drndd = ;e‘l(r't)wr ANw? = —;e')“(r't)we Aw" =T Aw'
dw® =d(rsinfdep) =sinfdr Adp + rcos0do A dep
T r r T

— 1% A —T% AW?
=T A" =T Aw

In this case we have to be particular careful in reading off the curvature one forms. The curvature one-
forms are antisymmetric: I35 = —I}4.This means that Fff = T]ffrﬁ') = —nffl}g = —nffnﬁl"ff = Fff. But
in the former calculation we found that [‘ff =v'e 2Nyt and Fff = le V&M " which means that we
in order to fulfill the antisymmetric properties need to require that Fff = Fff = le V&N T 4
v'e Mttt hecause Fff = v'e MMyt 4 (something that makes T antisymmetric), and Fff =
Ae=VEM T + (something that makes [#¢ antisymmetric).

rt. =v'e 24t + Symmetric = v'e MMl + Je™vED HF
Iy =21e7"Eo’ + Symmetric = v'e M@t 4 fe~VEN o
~ 1 ~
8 _,-Art), .0
1-‘ 7 —_— ;e (T t)(l)
¢ = le—x(r,t)wa)
r T
»  _ cotf w?
o T
Summarizing the curvature one forms in a matrix - Where @ refers to column and b to row:
0 Ae VN T 4oLyt 0 0
S 0 le—l(t,r)wé le—l(t,r)wa)
ra. = r r
b cotfd -
[0 AS 0 - w? |
k0 AS AS 0 J
12

http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Chapter 11 — The Schwarzschild Spacetime

1 . A ~
— a ¢ d
R pea@W  Nw

a
0l = > R%

b

We need
dl‘ff = d()'le“’(t'r)wf + v’e"l(”)wf)

— d(/"le/l(t,r)—v(t,r) dr + Vlev(t,r)—l(t,r)dt)

= dFaB + FaéAFCB

March 21, 2023

= A+ AA=v)erEDVEDGe Adr + (v + V' (v = X))eVENALD) gr a dt
= [ — (A +A(A- v)) e VD 4 (v + v/ (v — A’))e‘z’l(”)] W’ Awt

dréf =0
dr*, =0
_ 1 ~ .
aré, =d (;e—l(”)wf’) = d(e~*®1dg) = —Ae 2 ENdt Adf — Ve M dr A dB

!
— ﬁe—v(t,r)—/l(t,r)wé Aot + A_e—zl(t,r)wé Aw'
T r

1 ~
dF¢rA =d (;e‘“t'r)a)"’) = d(e_’l(”) sin d(j))

= _—/'le‘)‘(t'r) sinfdt Adgp — Ve 2 sin@ dr Adg + e 2 cos 0 dO A dg

!

r r2

= cotd
ar®, = d(
T

Summerized i an matrix where @ corresponds to column and b to row
—(A+A(h-v))e 20
+(v" + V(v = 2))e 2AED

W' A wt

[il e—v(t,r)—/l(t,r)w'é Aot
T

drag = S A’ ~
_l__e—zll(t,r)we/\wf
T
AS
AS R AS
P _ gt 7 9 7 ¢
= .Qf —de+F§AFE+F (ﬁAFf

e e e

[ 4

= %e“’(t'r)"l(t'r)wa’ Awt + A—e‘“(”)wa’ Aw + ie‘)‘(t'r) cot 0 w? A w?
r

_ . 1 5 _
w¢) =d(cos8dp) = —sin0do Adp = g Aw®

2o vEn-2n) 4,3 p ot ]l
r

A -
+—e 2N A of
r

1 _ ~
+T—ze"1(”) cot 8 w? A w?

1 . .
——wAw?
TZ

= [ - (A +A(A- v)) e V& 4 (V' v (v - l’))e‘za(”)] o’ A wt

5 _ G} ] P G} ® _ b P
Qf =drl f+F f/\l“rf+1“ @AFE_F f/\Frf
— le—l(t,r)wg A (ie—v(t,r)wf + vle—ﬂ(t,r)wf)
T
/“l !

= Lo AN —v(t) B p of + L e=2AEN) B A of
r r

) ¢ P ) 6 _ o 7
0f, =dr®; + 1% AT +1% AT =%, AT7,

— le—l(t,r)wa A (ie—v(t,r)wf + Vle—/l(t,r)wf)

r

— %e—l(t,r)—v(t,r)wa) Ao’ + v_e—zl(t,r)wfﬁ A wf
r r

13
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0P, =drf, +1% ATt +17; AT?,
!

— /_1e—v(t,r)—/1(t,r)w A wf + A_e—Z)L(t,r)w’é Aw'
T T

& _ gr® é £ é 9
0%, =dr?. +T% AT, +T9 ATY,

¢ _ o é ¢ é 7
A &-Atr), P t A —2A(t,1) , 2
:7;(3” T N®Aw +?e N? Ao’
—2/1(t r) _ N
:—lw /\a)‘i’—le_z’l(”)a)‘i’/\w (- )w¢Aw9
r2 r2 r2
The diagonal elements:
Qaa =draa+ra5AFCa=0
11.3.2.2 Collecting the results
Summerized i an matrix where @ corresponds to column and b to row
_A" _ A_ _i R A_
(5 s —2v(t, Ze~ A -v(tr) )0 A T Ze A v (, b A T
(ﬂ-l—ﬂ(ﬂ v))e v(t,r) f/\wf T‘e w w Te w w
+(v" + V(v = X))e2AEN +V7e—2/1(t,r)w§ R +v7e—2/1(t,r)w$ Aot
. 4 —v(t,r)-A(t,r), .0 f_ 4 —v(tr)-AET) P f_
% =<S oe Mw? Aw ce Mw?® Aw
X em o s N o
i +?e 2467 y8 A |1 +7e 24t gy A
1 — -2t
AS (7”72)0)05 A 0)9
AS AS
11.3.3 The independent elements of the Riemann tensor in the coordinate basis
RTp = — (A +A(A- v)) e Va4 (V' v/ (v — A'))e 2D
li
0 _Y o
Rope =—e 724D
Rgf@f _ % o= At ~v(tr)
" !
RY _A e—2A(tT)
707 -
¢ Ve
R i3t 76 tr)
S y)
R¢E$f _ ;e—l(t,r)—v(t,r)
- !
R? _ /1 e—2A(ET)
PP -
RE)AAA 3 (1 _ e—Zﬂ(f,T))
006 = 2

7= %e“’(t'r)_’l(”)(ua’ Awt+ /1719‘2’1“'”(1)‘3S Ao’ + rize"l(”) cot 6 w? A w? + gwa’ /\%e"lmwa =

14
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(A +A(A— v)) 2v(tr) 4 <v” +v'(v' =-A)+2 ,> e~ 2ALT)
Rit = Ry = RE g+ Ry + RO, + RO, = R+ R&f@f _ zée—l(t,r)—v(t,r)
= Rir
Rp: = RCO(:L‘ = Rthf + Rrert + R999t + R¢’9‘Z¢St =0
Rgt =Rgu=Ri g +R 5+ ROo + RO =0
Rpp =RCps = Rtﬂ?f + Raf’éf + R¢ffi)f = _erff + Ref@f + Ra)faf
= (A +A(A- v)) e2v(Er) (V" +v'(v' =2)=2 %,) e~2AEN
Rgr =Rg, =Rig; +R 5, +R6@@T+R =0
Ry = RCJ,M =0
Rog = Rge5 = Rgeg + R gs5 + ROg5 + R, 90 = R + R, + Ra@aa
- <_V_'+ l > ~2A(t7) +w
r r r
Rgs = Ré{ﬁé@ =0 ~ ~ ~
Ryp =Rpep =R gip+ R g+ Rgag + Rgaq = —RO + RO 4 R
_ <_v7+/1> 2 4 (1- T‘—Zzl(tr))

Collecting the results: Summerized i an matrix where @ corresponds to column and b to row

—(i+i(i=7))e-2ve&n .
( + ( v)) ev, Zﬂe-a(:,r)—v(r,r)
+ (v” +V ) +2 ?) e2Aen "
(A+i(A-v))e2en
S by
_ (V” + ,Vl(,vl _ /11) _ 2?) e—ZA(t,T)
Rap = (_V_,+A’) —24(t7)
(1 —Z)L(tr))
TZ
[(_V_’+AI) —zz(:r)l
(1 —Zl(tr))
| +—— |
Notice:
viA —2A(t1)
Rff+R‘rT =2 7+? e ’
Rgg = R33
R =n%Ra5 =n""Rez + 1" Rer + 1°Rop + 1°PRg3 = Rtz — Rys — 2Rpp

15
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. s 1 v X 1
=8—-2 (A +A(A - v)) eVt 2 (v” +V' W =)+ +2 <— — —)) e 2t — 2 —
Tr r Tr Tr
1
Gap = Rap —5MasR
1 A1 1
= Gie = Rig —omitR = 9<27—r—2>3_2’1(m t32
1 A e
Git = Rpp — SMitR = Rpp = 2—e EN=VED = G
1 1 1 v’ 1
Grp = Rpp = 5MpR = Ryp + SR =10 <r_2+ 27>3_u(”) 2
1
Gga = Rgg —57gaR
1
= Rgg + ER

r

oA v A
=1 —(A1+A(A- v)) e~2v(tn) ¢ (v” +v'(v' -2) + <? - —>) e~2Am)

o
Collecting the results: Summerized i an matrix where @ corresponds to column and b to row

b= = (A4 A=) e 1 (v £/ — 1) + 2L e ((z (1)) e -
(10 22 o0m) (2 4 2)sson 4 )

=~ (A4 A1 =) e 1 (v £/ — 1) +2L) e ;(—z (1+ 40— ) e2ven 4
2 (v” VO = X) 5+ 2 ("7' -~ %’)) e~2An) _ 2 r%) = (v v -1y +2 VT') e 2An) _

(v” +v' (V' =2A)+ riz +2 (V?’ - ’17’)) e M) 4 riz =

0= (4 40— 9)) e = (v 4 /(' = 2) — 22) e 4 2 <—2 (14 401 - v)) e=2ve 4

r

" (v — ) 1 V_’_A_’ —2Atr) _ o L) = _(y,m (v — ") — A_’ —2A(t,T)
2(1/ +v'(v /1)+r2+2(r ))e 2r2 = (v +v'(v' =-1) Zr)e +
" et 1 1 v’ A —2A(t,r) 1 _
(V +V(V —A)+T—2+2(7—7))6 r _r_z_
o (LY LA pm2aen (=D 1l o v 0 )) em2ven) T VAN

—( r+r)e + — +3 2(/1+/1(/1 v))e +2(v'+VI(V =)+ 5+

=) -2 -

16
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(2 A l) -2 i
r o r? 22 p-aen-vien
T

(l 2 V_> o2t
r? r
1

r2

— (A4 A(i= 7)) ez ]

v A
[+ <vu 4 V'(V' _ l’) + (_ _ _)> ele(t,r)
r r

- (A +A(A- v)) em2ven
Y
+ (v” +v' (v -+ (V7 - 7)) em2AEn

11.3.7 'The Ricci and Einstein tensor in the coordinate basis:
The Ricci tensor
Ry = AéaAdbRéa
ev(t,r)

N A(t,r)
A _ e
Ca
‘r‘
rsin @

A 5 2 N2
T R = AA%Reg = (M) Re ,
— o2v(t7) (_ (A +A(A - V)) e—2v(tr) 4 <vu V=) 2"7) e—Z/'l(t,r))

=— (A +A(A- v)) + (v” FV W =)+ 2 V?> o 2V(6T)=2A(t7)

I Aoz A A
CrAdtRé& — ArrAttRﬁ = Mt pv(tr) ) ; e~ At —v(tr) = 9 ;
R

CrAar éd = (Afr)ZRfrA

. e A
= g2A(tm) ( A+ A(A- v)) e 2Vt (v” +V'(V =) =2 7) e‘z’l(”))

. s A
= (A +A(A - v)) e 2v(EN+2A(ET) <v” +v' (v =) -2 7)

. ~ 2
Res = NgA%Req = (%) Rgp
’ / _ —Zﬂ(tﬂ")
— 2 <_V_ A > e—2MET) 4 (1‘3—2)
r r r
=((—v' + 2 )r—1)e 240 +1
R ¢ ad $\°
b0 =N yNyRea = (0%) Ry
v (1 _ e—ZA(t,T))
— 2 cin2 9 I + _ —21([‘,1") + N s
r= sin ( - - )e T2

= (((—v’ + A )r—1)e 20 4 1) sin? 6
Collecting the results:

I

Ry =-— (/1 +A(A- v)) + (v” +v'(v' =-21)+2 v7> e2v(tr)=24(tr)
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A
Ryt =R, = 2;

RTT‘ — (/1 + /1(& _ V)) e—2v(t,r)+2/1(t,r) _ <VII + _VI(VI _ /1’) -2

=((—v' + A )r—1)e 20 41
( )
= (((—V' + A )r—1)e 240 4 1) sin? = Rgg sin? @

Rpe
Rgg

11.3.8 The Einstein tensor
Gap = AéaAdb Gé&
ev(t,r)
e/l(t,r)

Aé
a
T

rsin@

R .2
Gee = AN Geg = (A°) Gy = 2D (( e ~2AtT)

2 _
r

VA |
r2

March 21, 2023

!

)

r

1
Tz

)

. - . A A
Gy = ACT‘A(ftGéa — ArrAt;fo — el(t,r)ev(t,r)z;e—l(t,r)—v(t,r) — 2;
Grr = ACrAeré& = (Arr) Gpp
’ ’ 2A(t,
_ e [(L Y e _ L\ (L, V) €D
e +2—])e
r2 T r2 r2 T r2

A ~ = \2
Goo = NpN%Gaq = (A%) Ggg
=r?| - (/'l + /"l(/i - v)) e—2v(tr) 4 (v" +v' (V' -1+ <1;
o o2
Gpp = NyATy6 = (M%) Ga

=1r2sin?6 [ - (A + /’l(i — v)) e—2v(tr) 4 <vu FV =) + (

Collecting the results:

A1 1
— L2v(t, A2\ 2awn 4
Gy =e?”( T)<<2r r2>e ( r)+r2>
A
Gre =Gy =2-
1 ,VI ezl(fﬂ")
GTT - - -_—
r? r r?
. v
Gog =T17° [ — (/'l +A(A - v)) e2v(tn) 4 (v” +v' (v -+ <r
G¢¢ = Sil’l2 0 Ggg

11.3.9 The Einstein tensor of second kind
G%H =g%Gp

18
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_e—ZA(t,r) ]
1
ab _
g7 { Tz }

l -
r2sin2 0

A1 1
Gtt — gtCGtc — gttht = e—2v(tr) p2v(tr) <<27 _ _2> e ~2A(tT) + r_z)

"
V| 1
—2A(t,
—<2———z>6’ 0+

( e =2v(t,r)

r r

A

Gtr — gtCGT‘C — gttGrt — e—ZV(t,T)Z;
A
G-rt — ngGtc — grrGtr — _e—zl(t,r)z;

1 v\ e2AEn 1 1 v’
— — —2A(t, — —2A(t, - -
Grr _grrGrT—_e r) <r—2+27>— 2 —T—Z—e (r)<r2+2 >

G% =9°°Goo
1, s ars Y L—2v(en) Y e v AN s
=—=r —(/1+/1(/1—v))e VD v+ v =)+ === |e ”
r ror

= (/1 + /’l(i - v)) e~2v(tr) _ (v” +v'(v' =21+ <v? — /1_)> e—2A(tT)

r
,VI /1/
— 12 (/1 +A(A- V)) e—2v(tT) _ <Vu V=) + <7 _ 7)) e~ 2AtT)
Collecting the results
14
Gtt — (2 £ _ %) e—Z/l(t,r) + riz

ror
Gtr - e—Zv(t,r)Z/_1
r .
G, = _g—2attnpt
r
1 1 V'
— —2A(t, _ _
G" —r—z—e (tr)<1'2+2r>
. s v A
G4 = (/'l +A(4 - v)) e—2v(tr) _ (v” +v' (V' =21+ <— - —)) g ~2ALT)
ror
¢
G ¢ - Gge
2= mrz sin® 6 [ - ()l +A(A - v)) e 2v@n 4 <v" +v'(v =)+ (v7’ - %’)) e‘“(t'r)] =
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11.4 Other Examples

11.4.1 ™Calculation of the scalar R z5.q R*?? in the Schwarzschild metric

my /m r m 7;;
=) () (5 (-
2m 2m 2m\ /2
e
48m

11.4.2 "Geodesics and Christoffel symbols of the Schwarzschild metric with @ = g

The line element
-1

2m 2m
ds? =—<1—T)dt2+<1—7) dT2+T2d¢2
To find the geodesic we use the Euler-Lagrange equation:
_d (aF ) JoF
~ds\9x) 9xe
where
2my | 2my\ ! .
F = —(1——)t2+<1——) 72+ rig?
r T
x% =t
JoF
=0
at
oF 2m
= =—2(1-2)¢
dat r
d (aF) _ 4m i o (1 Zm)t
ds\ot 2’ T
0 t+ 2m rt
& =
r(r —2m) r
x%=r:
20
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oF _ ., 2m., 2m 2m 2 1 2
5 =ttt (1-T) e
oF 2m\ "t
7 =2(1-7) 7
i(a_F) _ (1 2m\ ! 4m1 2m 2.2
zla) =2(-7) =05 7
2m 2m 2m\ 2 m
= 0 =2<1—T) T—r—z(l——> 72 + 2t2—2T¢2
o 0 =% m 72+ (r —2m)—=t? — (r — 2m)¢?
r(r —2m) 3
x% =
oF _o
ap
oF .y
ag P
d (OF i 4 2028
s\ 3¢ =411 + 2r°¢
= 0 =4rig+2r%¢p
W 2 .
= 0 :¢+;T¢
Collecting the results
0 =it i
- r(r—Zm)r
0 =F-— 24 (r—2m) =% — (r — 2m)¢)?
r(r —2m) r3
W 2 .
0 = —7
b+7

We can now find the Christoffel symbols:

l"t — L
rt r(r —2m)
o_m

m r(r —2m)
o m(r —2m)
e =T 3
T
Fr¢¢ = —(T‘ - Zm)
¢ 1
r _r¢ _
T¢) = F ¢)T = ;

11.4.3 The general Schwarzschild metric with nonzero cosmological constant.

11.4.3.1 °The Ricci rotation coefficients and Ricci tensor for the Schwarzschild metric with nonzero cosmologi-
cal constant.
The line element

ds? = f(r)dt? ———=dr? —r2d6? — r?sin? 0 d¢?

f()

(0-)7) =00 =
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f) =12 2
r 3
Now we can compare with the line element of the Schwarzschild metric with zero cosmological constant,

where the primes should not be mistaken for the derivative d /dr.
ds? = e2v(M)de'? — e2Mr)gr'? — 1'2d0'* — r'*sin2 0’ d¢p'*

eVMar = Jf)dt
1

e/’l(r’)drl = ﬁdr
r'dg’ =rdo
r'sinf'd¢’ =rsinfd¢
Comparing the two metricswe see: ¢' = ¢,0' = 0,r" = rev() = Jm,v==-A4t' =t
Next we can use the former calculations of the Schwarzschild metric with zero cosmological constant to
find the Ricci rotation coefficients and the Ricci tensor for the Schwarzschild metric with non-zero cosmo-
logical constant.

And choose:

e =ngg=dv(r’) ) — 1 df(r)m: 1 df(r)

t dr’ ¢ C2f(r) dr 2\/f(r) dr
2m 2
e —z —34r _ 3m — Ar3
_2m_1, ., 2\/ 18m 2
2\/1 - 3Ar r 9—7—3Ar
3m — Ar3

N 12 1
[Mgg =T"g5=-T%=-T%;= —76_’1(” =V
1 2m 1
== [1-=— A2
r r 3
3 - cotd’ cotd
rf.- —_ré.. —_ =—
o) 69 r! r

The Ricci tensor
We have R;; = 155/ valid in vacuum systems with a cosmological constant, from which we immediately
can see that (15 = diag(1, —1,—1,—1)) Rt = —Rpp = —Rppg = —Rgg = A

11.4.3.2 PThe general Schwarzschild metric in vacuum with a cosmological constant: The Ricci scalar
The line element

ds? =e?¥Mdt? — e22XMdr? — r2(d6? + sin? 0 dp?)
In this case we can write the Einstein equation in the local frame (non-coordinate basis):

1
0 =Ru— EU@BR + Nap

ab 1 a5 ab 1
=n""Rap = 51" napR +n"napA = R — 4R + 47

11.4.3.3 9The general Schwarzschild metric in vacuum with a cosmological constant: Integration constants
It can be shown that®®

a2
“Multiply by 22>

2
15 From the vacuum equations
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Ar) =lnk—-v(r)
= Air) =-=v'(r)
e—ZA(r) 1

=ﬁe

2v(r)

We need

(re2v®™) = e 4 2rv' (r)e?™
2v()Y
o vi(r) = —(re ) _t
2rezv  2r
We use the Ricci tensor in the non-coordinate basis for the coordinate

! ! _ —ZA(T)
Rgg = Y p-2at0 4 & o2 , (1=€717)
" ’ T 2v(r)
! ! - T ! v(r
- LAY S ST € Sl o BUP AP S S
T r2 k2r r2 = k2r2

k2r r2? + k2r2

r
(reZV(r))' 1 eZV(T‘) 1 eZv(r)
=2 2re2v®  2r B

Renaming
g@r) = re?®
_(9'(m) L\g) 1  g)
= A = _- -
gr) r)k*r? r2  k?r3
=3 g'(r) =—k?+k?Ar?

We guess the solution (polynomials with exponents higher than 3 cannot contribute):
g(r) =re?™ = A+ Br+Cr?+ Dr3

= g'(r) =B+ 2Cr +3Dr?
= —k?+ k?Ar? =B+ 2Cr + 3Dr?
Now comparing the coefficients we find
B = —k?
c =0
D = 1kZA
-3

and we can conclude that
1
re?V™ = A—k2r + §k2Ar3

= 20 =A_ 2y Tppe
T 3
and the line element

ds? = e2Me2 — 22 qr2 — y2de2% — 12 sin? 0 dgp>
becomes
A 1 A 1 -1 _
ds? = (; —k*+ §k2Ar2> dt? — (7 —k*+ §k2Ar2) dr? —r?2df? — r?sin? 6 d¢?
If k2 = —1 and A = 0 this should be identical to the ordinary Schwarzschild vacuum metric, which means
that 4 has to be equalto: A = —2m

The line element

ds? =e2Mgt2 — 22 gr2 — r2492 — r2sin? G dep?
can in Gaussian normal coordinates be written as

ds? =dt?—a?(t)do?
In this case we want to find the spatial part of the line element
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dO'z = gijdxidxj
and to do that we will use the method® where the metric is found from the Ricci-tensor:

Rij =2Kg;;
1
(=4 gU :_Ri'
2K Y
1 1 e 32 L amy? A aam
2 9 =R =g (W) R = o (") A= —ope

In another chapter we found that

e 24 = iez"m = i(é — k% + lkZAr2> _ 4 1+ lAr2

March 21, 2023

k2 k2\r 3 k2r 3
A 1
= 9 2K A 1,
1 W_11+§A 1 A
SN2
=—Rpp=—(A%,) Rang = ——(1)2A = ——12
oo = oo ZK( ) Ros Tk 2K
g —iR —L(Aa’ )ZRAA——i(rsinH)ZA——ArzsinZG
P Tk Tk \te) Tee T Tk K
A dr A A
2902 2 qin2 2
= do? =" 5% ——r°df* ——r*sin“0d¢o
2K%—1+1Ar2 2K 2K
kér 3 A
where we can omit the common factor = — Y and finally get if we choose as before A = —2m and k? =
-1
dr? 2902 2 qin2 2
do? = 1 +r°df“ 4+ r*sin“ 0 d¢o
1—=——35Ar?
T 3
11.5
4L r 1 h t
u = m |[— — —
e - cos =
4L r 1 sinh t
v = m |[— — o
e /2m sin yy
where
r o,
2_ 2 — 51 _
u v eZm(zm 1)
We calculate

ou 1 - [T 1 sinh t v
_ = —_— m —— — T s
ot 4me 2m St i4m 4m
ov 1 4L ,r 1 cosh t u
-_ = —_— m —— — T s
ot 4me 2m cos i4m 4m

ou 1 r [r t r 1 1 t u
4 =—em |——1cosh—+e4m ——-——cosh—=—
or 4m 2m 4m 2m r_4 4m 4m 1_24m

v 1 r [r _ t r 1 1 _ t v
Y =—e4m [— —1sinh—+e4m————sinh— =—
or 4m 2m 4m 2m r_ 4 4dm  4m\  _im

Now we can use the chain rule

du _6udt+6ud
T

24
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iy — v gt + avd
Tt T
Written as a matrix
Ju Jdu
{du} _Jat or {dt}
dv v ov( Udr
ot or
With the inverse
ou du\ ! v ou
{dt} _wJot or {du} _ 1 or or {du}
dr v 0v dv dudv dudv Jv Jdu dv
ot or otdr ordt \" 5t ot
( v 1 u 1 )
_ 1 4m 2m | am 2m || (du
N e v
v u u %
@) |\ - () - )
4m "y —u
__ 2m 2m {du}
)
4im
= dt = e R— (vdu — udv)
16m?
= dt? = m(vzduz + u?dv? — 2uvdudv)
> d am (1 2m> du + vd
T = R —
v2 —y? r ( Z U+ vdv)
16m? 2m
= dr? = —(1 - —) w?du? + v2dv? — 2uvdudv)
(W2 — u?)? -
Next we find
2m 2m\ 16m?
(1 - —) dt? = (1 - —)—(vzdu2 + u?dv? — 2uvdudv)
T r ) (v?—u?)?
2my\ ! 2m\  16m?
(1 - —) dr? = (1 - —)—(uzdu2 + v2dv? — 2uvdudv)
T r ) (v2 —u?)?

Substituting into the Schwarzschild line element
-1

2 2
ds? = (1 - Tm) dt? — (1 - Tm) dr? — r2(d6 + sin2 6 d¢b)
2m\ 16m?
IR
) w2 —u?)?
3 (1 Zm) 16m?
- (u? —v?)
2 r -1
= 16m? (1 - _m) e 2m (L — 1) (du? — dv?*) — r2(df + sin® 6 d¢)
T 2m

32m® _r :
=—e 2m(dv? — du?®) —r%(d6 + sin®  d¢)

2du? + u?dv? — (u?du® + v3dv?)) — r2(d6 + sin? 0 d¢)

" (dv? — dr?) — r?(d6 + sin? 0 d¢)

We use the same method as before

-1

16{? Z} =adibc{—dc _ab}

25
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Chapter 11 — The Schwarzschild Spacetime

us —v
Jdu
ot

()

= dt
= dt?
= dr
= dr?
m
-2

T

2m
-2

T

= ds?

http://physicssusan.mono.net

2m

1 4T 1 T h t v
= — m _— _—=

am &N T 2m % o T am

1 4T [1 T h t u
= — m _— _—=

4me 2mSlrl I4m 4m

1 4L ,1 T h t 4L 1 1 inh t u
= — m _—— _— m —m— _—=—

4me ZmSln im ¢ 2m T sl im 4m

2 1—2—
m

1 4r ,1 T h t 4 h 1
= —e4m — _ m— -

4me ZmCOS im ¢ 2m2 1 r cos 4m 4m

ou du\ ! au
_J)ot or {du}:; ar Cor {du}

ov ov dv) dudv dudv) dv Ju (ldv

ot or ator Odr dt \" 3t ot

( 1 u

()

v —u2
4im

2 — Y2

e

{ o2 1) U(T_l)}{iﬁﬁ}

(vdu — udv)

16m?

(v?
im

- 2 — 2
16m?
(w2 —u

-(1-2)
(o-2)

— u2)2

(v?du? + u?dv? — 2uvdudv)

(27m — 1) (—udu + vdv)

2m 2
(T — 1) (w?du? + v2dv? — 2uvdudv)

16m?
(V2 —u2)?
16m?

(UZ — u2)2
-1

2)2

(w?du? + u?dv? — 2uvdudv )

(u?du? + v2dv? — 2uvdudv)

2m 2m )
= (1 - T) dt? — (1 - T) dr? —r%(df + sin? 6 d¢)

32m

e

r
2m(dv? — du?) — r?(df + sin? 0 d¢)
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11.6

In order to avoid problems in the r = 2m singularity in the Schwarzschild space-time we can use a trans-
formation of coordinates: The Eddington-Finkelstein coordinates, which introduces a new coordinate
v(t,r) defined by
r
t =v—r—2mln|——1|
2m

Where the numerical value ensures that the transformation is valid both outside and inside the horizon
r = 2m. Also notice that t —» oo when r — 2m which we saw in the Schwarzschild solution.

t =v—r—2mln|L—1|
2m
=dv—dr—d(2min|5;——1|) = dv - dr - dr = dv — d
-~ 4t =dv—dr ngm =dv rL_lr—v > A7
2m 1-—-
2 2
= dt? =|dv- dr | =dv?+ dr? -2 dvdr
2m 2m 2m
1-=— 1-—=— 1-—=—
T r T
Substituting this into the Schwarzschild line-element
2m 2my\ " ?
dsz = —<1—T)dt2 +<1—T) dr2+T2(d92+Sin20d¢2)
2m
=1718 — (1 - T) dv? + 2dvdr + r2(d6? + sin? 6 dp?)
The radial null geodesics implies that ds? = df = d¢ = 0
2m 2m
= 0 =—<1—T)dv2+2dvdr=(—(1—T)dv+2dr)dv
dv =0:
This solution leads to the familiar ingoing null rays in the Schwarzschild solution
2
1
dt? = dr?
2m
1 - =
T
r=2m
= d_v =0
dr

which are light rays that are neither ingoing nor outgoing.
Next we solve the differential equation:

2m
0 =—(1-"")av+2ar
dv 2my\ ! 2r
-
dr T r—2m

Notice if r > 2m then % > 0 and the radial light rays are outgoing
Notice if r < 2m then % < 0 and the radial light rays are ingoing

2
-1
V= (1 - sz) (dvz + (1_127,”) dr? — Zédvdr> + (1 - sz) dr? + r2(d6? + sin? 0 d¢?) =

18 Notice: For r = oo the Eddington-Finkelstein space-time approaches the flat space-time: ds? = —dv? + 2dvdr +
r2d0? + r? sin? 0 d¢ which is the same as flat Minkowsky space-time.
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Solving
2
dv = r dr
r—2m
= v—v, “=20+2mln|r—2m|)

In summary: For r > 2m we have both ingoing and outgoing radial light rays, the ingoing light rays can
either pass the event horizon or stop at the event horizon. The event horizon is so to speak a one way
membrane and no light can go out again. If r < 2m all the light rays are ingoing.

As illustrated by the drawing below’ the radial null-geodesic points both outward and inward outside the
event horizon but only inward inside the event horizon. Also notice that for an astronaut his trajectory
always lies inside the light cone so the same rules applies for him.

t4 <. '
g 7 2
Y e

g

Y30 7 2M
11.7 The Kerr metric

11.7.1 *The Kerr-Newman geometry
A more general metric is the Kerr-Newman geometry, corresponding to a simultaneously rotating and
electrically charged black hole of mass m, charge @ and angular momentum S.

sin? @

A 3
ds? =222 (dt — asin? § dp)? - ((r2 + a®)de — adt)” - Fdr? —dg?

< 2mr Q2> 42 4 4amr sin® @ 2a’mr sin? 6

1-—+ 5

X
A =71%-2mr+a®+Q>?

)
dtde — Kdr2 —Xd6? — <r2 +a? + >sin2 0 d¢?

Xax _x_ iln(ax +b)

a

= —[dt2 + (asin H)qubz - 2a sin? 0 dtd¢] — sin’ 0 —[a2dt® + (r? + a®)?d¢p? — 2a(r? + a?)dtd¢p] — Zdr? —

A

rdg? = 5 2[A — a?sin? 0]dt? + z[ —A2asin? 0 + 2sin? 0 a(r? + a?)]dtd¢ — %dr2 —>d6? +%[A(a sin? §)? —
sin? 0 (r? + a®)?]d¢? =
A= % [A — a?sin? 0]dt? + ——[-A+ (r% + a?)]dtd¢p — —dr —%do? + [Aa sin? 8 — (r? + a?)?]d¢? =
2 =%[(Z —2mr + a?sin? 0 + Q ) — a?sin? ]dt? + M[—(Z —2mr + a?sin? ) + (T + a? sin? 8)]dtd¢ —
%drz —>2d6? + sin’ 0 —[(Z — 2mr + a®sin? B)a?sin? § — (T + a?sin? 6)?]d¢p? =

23=(1—22ﬂ ?) dt? + Mdtdd)——dr —2d6? + [Za sin? @ — 2mra? sin? 6 + (a?sin? 8)? —

(22 + (a? sin? 8)? + 22a? sin? t9)]d(j>2
b

2
#e(1-204 L) de + de&p —Zdr? —1d6 +

2
25=(1—22ﬂ+%)dtz Mdtdd)—%dr Zd02—51n H[a sin? 6 +

19 (Spiegel, 1990) (14.60) f

2asin? @

sin? @

——[-Xa?sin? § — 2mra? sin® 6 — 22]d¢? =

2mra? sin? 9+Z]d¢)2 _

28
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
https://www.google.dk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=2ahUKEwjjkPSfnOHiAhVBLlAKHdIhD_sQjRx6BAgBEAU&url=https://physics.stackexchange.com/questions/57726/future-light-cones-inside-black-hole&psig=AOvVaw0i6DfpQO-C0aAh8jXe8vHA&ust=1560335258887157

Lots of Calculations in GR — Chapter 11 — The Schwarzschild Spacetime March 21, 2023

Y =7r?2+a’cos?0 =r?+a’—a’sin?0 =A—Q?+2mr —a?sin?6

S
a =—
m

In the case of @ = 0 we see immediately that the Kerr-Newman geometry reduces to the Kerr geometry
describing a non-charged rotating black hole.

2mr 4amr sin? 0 X
dSZ = (1 —T)dtz +Tdtd¢ —Zdrz —Zd@z — T'z + az +

A =71%-2mr+ad?
Y =r24a%cos?0=1r%4+a%—a*sin?0 = A+ 2mr —a?sin?6

2a’*mrsin? 0

5 ) sin? 6 d¢?

S
a =—
m

In the case of S = 0 we see immediately that the Kerr-Newman geometry reduces to the Reissner-
Nordstrgm geometry describing a charged non-rotating black hole.

2mr Q2 z
2 — 26 R 2~ 2 _ 2 22 2
ds <1 S + Z>dt Adr Xd6“ —r“sin“0d¢o
2m Q2 1
(-2 dt? ——————dr? — r2d§? — r? sin® 9 d¢p?
r o r? 2m  Q
r r

A =1r?—-2mr+Q>?
T =r?

In the case of Q = 0 and S = 0 we see immediately that the Kerr-Newman geometry reduces to the
Schwarzschild geometry describing a non-charged non-rotating black hole.
2m 1
ds2 =7 (1——) dt? — Zmdr2 —12d0% — r?sin? 0 d¢?

r 1 _2m
r

A =r%-2mr
T =12

Citerede vaerker

A.S.Eddington. (1924). The Mathematical Theory of Relativity. Cambridge: At the University Press.

C.W.Misner, K. a. (1973). Gravitation. New York: W.H.Freeman and Company.

Carroll, S. M. (2004). An Introduction to General Relativity, Spacetime and Geometry. San Fransisco, CA:
Addison Wesley.

d'Inverno, R. (1992). Introducing Einstein's Relativity. Oxford: Clarendon Press.

Hartle, J. B. (2003). An Introduction to Einstein's General Relativity. San Francisco: Pearson Education.

Hartle, J. B. (2003). Gravity - An introduction to Einstein's General Relativity. Addison Wesley.

McMahon, D. (2006). Relativity Demystified. McGraw-Hill.

Spiegel, M. R. (1990). SCHAUM'S OUTLINE SERIES: Mathematical Handbook of FORMULAS and TABLES.
McGraw-Hill Publishing Company.

sin? 8 d¢? =
sin? 0 d¢? =

2 in2
o= (1-20+ D) de? + 2 ded — S dr? - 3d6? — (12 +a? +
2a?mr sin? 9)

2
27 = (1 —Zzﬂ) dt? + 2 dedg - Zdr? - 5d6? — (rz +a%+

2a®mr sin? 9)

29
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified

Lots of Calculations in GR — Chapter 11 — The Schwarzschild Spacetime March 21, 2023

2 (A.S.Eddington, 1924, p. 83)

b (McMahon, 2006, s. 231)

¢ (McMahon, 2006, s. 204)

4 (McMahon, 2006, s. 204)

¢ (McMahon, 2006, s. 211)

f (McMahon, 2006, s. 218)

& (Hartle, 2003, p. 187)

P (Hartle, 2003, p. 166)

" (McMahon, 2006, s. 216)

i (McMahon, 2006, s. 215), (Hartle, 2003, p. 546)

k(McMahon, 2006, s. 231), (Hartle, 2003, s. 546)

'(d'Inverno, 1992, p. 90)

™ (McMahon, 2006, s. 216), equation (10.35)

" (Hartle, 2003, p. 183)

° (McMahon, 2006, s. 231-32)

P (McMahon, 2006, s. 277)

9 (McMahon, 2006, s. 277)

" (McMahon, 2006, s. 277)

$ (McMahon, 2006, s. 260)

t(McMahon, 2006, s. 242)

Y (Hartle, An Introduction to Einstein's General Relativity, 2003, s. 279)
V(McMahon, 2006, s. 239), (Hartle, An Introduction to Einstein's General Relativity, 2003, s. 256), (Carroll, 2004, p.
221)

" (Hartle, An Introduction to Einstein's General Relativity, 2003, s. 277)
¥ (Hartle, An Introduction to Einstein's General Relativity, 2003, s. 259)
Y |https://physics.stackexchange.com/questions/57726/future-light-cones-inside-black-hole
z (C.W.Misner, 1973) chapter 33

30
http://physicssusan.mono.net logik.susan@gmail.com



http://physicssusan.mono.net/9035/General%20Relativity%20-%20Relativity%20demystified
lhttps://physics.stackexchange.com/questions/57726/future-light-cones-inside-black-hole

